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PREFACE 

It is a common observation that those who teach 
arithmetic in the intermediate grades tend to follow 
closely the pages of the textiiook which happens to he 
in use. There are fewer reasons to criticize this practice 
than there were before the development of recent im- 
jjrovemcnts in arithmetic texts but it is still true that the 
best teaching is the result of plans which are more com¬ 
prehensive than the mere following of a textbook. 

One reason for this is the fact that no textbook, how¬ 
ever well it may have been prepared, is ideally suited to 
the interests and needs of all pujnls and groups of pu¬ 
pils. Individual and local adaptations frcciuently are 
required if the most desirable program is to he provided. 
Furthermore, textljooks can contain no more than brief 
hints as to mctliod. Nor do they provide the teacher with 
basic points of view as to the contribution of arithmetic 
to an individual’s growth and development and with 
an adetjuate theory of arithmetic instruction. 

For twenty years, a considerable portion of the au¬ 
thor's time and energy has been occupied with the pro¬ 
fessional education of teachers and {uospective teachers 
in arithmetic. After seven years, the course for teachers 
in the intermediate gradfs had developed into a mimeo¬ 
graphed volume of some three hundred pages. Two 
years later (lyay) Teaching ARiTHMEnc in the Inter¬ 
mediate Grades was published. This volume found 
immediate favor and has been widely and extensively 
used for eleven years. Plans to revise the book had not 
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gone far before it became apparent that a mere revision 
would not be sufficient. Like Volume I of this series, 
this book is a new book. 

Since much has been written on aritJunctic and 
arithmetic teaching in the intermediate grades. 7'he 
author has reviewed thousands of pages of published 
materials and has undertaken to bring together here 
the important contributions and to make them avail¬ 
able to the teacher in training and to the teacher in 
service. The reader will find that the research findings 
and the ideas of many persons have been used. An ex¬ 
amination of these pages will reveal the fact that the 
names of no fewer than gg persons have been men¬ 
tioned. 


In Chapter I, the different functions of arithmetic 
and the various theories of arithmetic instruction are 
examined and appraised. Subsequent chapters develop 
the subject matter of the various processes in the light 
of each of these functions. What has very well been 
called the meaning theory permeates this treatment. 
This theory adds its own unique contributions to the 
desirable features of the drill theory and the theory of 
incidental learning. 


The author is much indebted to those whose pub¬ 
lished writings he has used. He is also under obligation 
to those who have been students in his own classes. 
Their previous educational experience has ranged all 
of the way from recent high school graduation to the 
attainment of the degree of doctor of philosophy and 
heir educational positions have ranged from that of 
teacher m the humble one-room school to that of the 
college presidency. They number more than six thou- 
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sand persons. Many others, in the United States and in 
foreign countries, have been contacted personally and 
through correspondence. Letters have come from many 
states, from Canadian provinces and from such remote 
points as South Africa. The ideas gained from these 
sources and the frank criticisms of Teaciiinc; Aritii- 
MKTic IN THE iNTERMEniATE GRADES wliich have been 
offered have been very helpful in the preparation of 
this book. 

What good this book may contain should be credited 
to persons other than the author for without their as¬ 
sistance the book could not have been produced. On 
the other hand, the author will assume responsibility 
for any recommendations with which the reader may 
not agree for these recommendations have been shaped 
in part by his own investigations, his own c,vj)eriences. 
his own interpretations, and his own philosophy. 

The author's purpose in writing this book may be 
stated very brielly and very simply. The book is in¬ 
tended to assist those who would learn to teach arith¬ 
metic, particularly in grades four, five, and six, and to 
indicate how those who arc already teaching may tc:.Hch 
better. It is designed for teachers, prospective teachers, 
supervisors, superintendenu, and other students of ele¬ 
mentary education. 

There is evidence to the effect that much improve¬ 
ment has been accomplished in the teaching of arith¬ 
metic in recent years. But there is also abundant 
evidence to support the contention that only a fair be¬ 
ginning has been made in improving arithmetic teach¬ 
ing. What could be accomplished by good teachers, 
equipped with good textbooks and other teaching ma- 
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CHAPTER 1 


WHY SHOOED CHILDREN STUDY ARITHMETIC? 

To many, it will seem strange that a (juestion can he 
raLsed ns to the place ot arithmetic in the curricvtlum «£ 
the elementary school. Until recently, we have indeed 
tended to take aiithiiietic for granted and to .a.ssumc 
that its worth justified the time and effart required to 
teach it. .Heatit attention was paid to arithmetic in the 
schools of colonial America., to be sure, hut it came 
gradually to occupy a prominent place hecausc of its 
olivioics practical worth. Since the colonial period the 
fortunes of this subject have varied but not until re¬ 
cently has its {position 3 .s one of the core suhject.s of the 
eleniemaiy sclionl curriculum been in jeopardy. 

Trends in arithmetic teaching. In the early part of 
the nineteenth century, arithmetic was jnominemly 
featured in the school curriculum hut it was taught in 
a very foinial manner, Tittle clFort was made to lead 
pupils to nnder.staiid what they did. They metnoriml 
rules and then undertook to apply these rules in the 
solution of examples and prohleins. Arithmetic wa.s 
thought <if as the .science of computing and it was con- 
.sitlevcd to be sidiicieni if the pupils learned well the 
tricks of computation. 

A drastic reftirm was undertaken by Warnm Colburn 
in the aritlunelic textbooks which he published in 1821 . 
Rules were abolished and an eifort was made to ration- 
ali/c the processes ineserued. Drill was introduced and 
oral teaching was recotmiiended. The Colburn arith¬ 
metics were written in an eifort to make the subject 
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more interesting to children and to lead them to under¬ 
stand what they learned. 

The result was a marked development of arithmetic 
as a subject of study. It gradually demanded a larger .and 
larger amount of time in the school jjrograin tnul it 
came to occupy a more and more prominent plat e in 
the thinking of those who planned the enrrit uliun. In 
the latter half of the century, however, ttrat hing hatl 
again become so formal that by 1890 critics were again 
demanding a reform. The reform took the dirt'ctimi of 
a reduction in the amount of time devoted to arithmetic 
and an elimination of material which could not be 
shown to have social utility. Today, it is a common 
practice to challenge the inclusion in the curriculum of 


i.a>i nut oe 


any arithmetic topic or material which 
shown to have social wortli. 

Standard tests in arithmetic began to appear in about 
the year 1913 . The results of these te.sts rcvcaletl de¬ 
ficiencies which led rapidly to a marked increase in drill 
on the fundamental operations. The Courtu .SVundrtrd 
Practice Tests in Arithmetic were publLshcd in 19 M 
the Studebaker Economy Practice K>;erd.\f!.\ in 
Arithmetic in 1916 . These were followed by many <,iher 
drill sets and work books all of which placed emphasis 
upon a rather narrow computational function of arith- 
metic. So great has been tlie emphasis upon arithmetic 
as computation, with standards for speed and accuraev 

it beef ^ 

ariALp?°“ ^ functions of 

ithmetic, such as the informational function ind ifm 

sociological function. At the present time ( 1988 ) there 

are a ^ - W ...e.c 
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which the teaching of arithmetic is primarily a matter of 
teaching computation. 

Since 1930, there has been an increasing demand for 
a more liberal interpretation of the functions of arith¬ 
metic. It is not intended that training in computation 
shall be eliminated but that there shall be somewhat 
less emphasis upon computation and more emphasis 
upon the other functions of arithmetic. In 1930, tlie 
National Society for the Study of Education published 
the Twenty-Ninth Yearbook,^ a report of its Committee 
on Arithmetic. In some 700 pages, this report contributes 
a wealth of valuable .suggestions for improving the 
teaching of arithmetic, but cmphasi7.es largely the com¬ 
putational function. The Reviewing Committee, in a 
29-pagc critique of the yearbook, indicates the im¬ 
portance of the informational function, the .sociological 
function, and the psychological function, as well as the 
computational function.^ These functions will be dis¬ 
cussed more fully in later pages. 

Theories of arithmetic instruction. It is suggested by 
Brownell" that there are three prominent theories of 
arithmetic instruction in vogue among teachers at the 
present time. These theories are: 

1. The Drill T'heory 

1 i’viblishcvl by The Public .School Publiihing Company, Blooming¬ 
ton, Illinoi.s. 

® Op. cit., pp. 681 -709. 

* llrowncll, William A. "Psychological Con.sideraiions in the Learn¬ 
ing and Teaching of Arithmetic." National Council of Teachers of 
Afathcinatics, Tenth Yearlmok, The Teflc/n'ng o/ Aritltmelic, New York; 
Bureau of Publications, Tcachcr.s College, Columbia lliiiversiiy, 1935, 
pp. 1-31. The reader will find many points of similarity Itctwccn 
Brownell's very cKccllcni contrilmiion and the following discussion. 
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2. The Incidcntal-Learninf' Theory 

3. The “Meaning” Theory 

Although very few teachers subscribe to one of these 
theories to the exclusion of the other two, niiwi of k,, 
work done in a typical arithmetic class period i* omi. 
ably supported primarily by one or another of thes, 
three tiieories. 

The drill theory. According to the drill theory, the 
learning of arithmetic consists primarily of the aconisi 
tion of a large number of specific facts ami skills These' 
are aquired by the method of repetiti,,,,. Tb«, ,he 
pupil memorizes the 100 basic addition facts such as 
4 3 8 5 

^ ^ 


combinadons, such as 4, 3. 


«e., he learns the 


, , 22 28 54 

ruU for carrying, and he is drilled on these element, of 
addition until he can add rapidly and with "ion 

theory the teaehinet‘’“’'?“"'"’’^ 

p‘-7anaiy^:s:^Srrb:s^^^ 


17 

28 

JiO 

IM 
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many separate elements, having the pupil memorize 
these elements whether he understands them or not* 
and then having him repeat or practice tliem (drill) 
until he can retain them permanently. 

The drill theory is very popular. It probably is used 
more extensively in the grades of the elementary today 
than is either of the other two theories to be discussed. 
The reasons are obvious. In the first place, the drill 
theory makes life comparatively easy for the teacher. 
She assigns tasks for the pupils to do and, in stern task¬ 
master style, .sees to it that these tasks are done. True, 
she may sugar-coat the dose by using games and drill 
devices and by stimulating competition, but the learn¬ 
ing is largely rote learning and the tasks are easy to plat^ 
and simple to execute. 

In the second place, many textbooks arc constructed 
in such a manner as to promote the use of a method 
which is based upon the drill theory. New proce.sses are 
illustrated, summarized in boxecl-in, italicized rules, 
and then followed by pages of examples for practice. 
The books, like the teachers, show the pupils hoxv to 
solve the examples and problems but give them little 
ojjportunity to think out and discover methods for 
themselves. However, marked improvement is seen iit 
some recently published textbooks. 

In the third place, the u,se of standardized tests has 
encouraged the use of methods based upon the drill 
theory. These tests set standards in terms of speed and 
accuracy of work. Consequently, teachers stimulated by a 
desire to make a good showing, drive hard on routine 
skills with little regard for understanding. 

I'inally, many books and articles devoted to the teach- 
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f little the growth of number enm ept, the 
andL rationalization of new processes. 

Faults of the drill theory. There is undnub rdh a 
nlL for drill in the learning of arithmetic, .iiitl otiui 
Khool subjects as well as in tlie learning of 
out of school, but die drill thcoi7, as a tlu-oiy cd a itl> 
metic teaching, is seriously inadequate. In tin* hi st pla. o. 
it sets for the child an impossible task. In mhhtnm. t«i 
example, there are 100 basic facts and 7(i:. /*'; *;;*; 

combinations whose sums are less than If) . 1 

out of the question to expect a pupil to n*»n’mhrr these 
865 sums and the many other things which nuts he 
known in order to add competently. In divi.sitm. tl«:»»' 
are 90 basic facts, 324 facts with remaindeis lor the 
divisors 2 to 9, only, 3960 example,s having the cue 
digit divisors 2 to 9 and two-digit quotients, etc. In the 
subtraction of fractions, Brueckner reports .53 types of 
examples. There are literally hundreds of types of 
problems. If arithmetic is taught as a mass of humhtds 
or thousands of separate and more or less unrelated 
items, the learning of arithmetic will not he iiierelv 
difficult; it will be almost impossible. If arithmetic is to 
be effectively learned, full advantage must he taken of 
the unifying ideas and relationships which run through 


* Morton, Robert Lee. Teaching Arillmelie in thr lUeinfnlmy 
School, Volume I, Primary Grades. New York: Silver llurcletl Ctimp.mv. 
19S7. 410 pp. Chapters 1 and 3 and portions of oilier tliajiierii tic- 
Vdop these points. 

• Morton, R. L., op. cit.. Chapter 9. 
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this mass of items. The prevalence of the drill theory is 
doubtless lai'gely responsible for the fact that there are 
more failures recorded in arithmetic than in any other 
subject in the curriculum of the elementary school. 

Secondly, methods based upon the drill theory rarely 
produce the results that they are supposed to produce. 
Chazal" found that pupils who had been drilled pre¬ 
maturely on the addition combinations frequently did 
not know the combinations and in spite of much drill 
used round-about procedures of their oxvn for finding 
sums. Continued drill merely strengthened the in- 
eflicient habits xvhich they had formed. Furthermore, 
such drill did not develop in the pupils that ability to do 
quantitative thinking xvhich is the important objective 
of arithmetic instruction. 

Finally, the drill theory is inadequate. The proces.ses 
of arithmetic must be meaningful else drill xvill be in¬ 
effective. For example, a pupil by following directions 
multiplies the fraction ^ by the fraction He "can¬ 
cels” and multiplies numerators and denominators to 
obtain a nexv numerator and a new derunninator. Un¬ 
der the most favorable conditions, he gets l/, for his 
prcxluct. But when asked to explain or tell the mean¬ 
ing of xvhat he has done, he is at a loiis. He does 
not understand what he has done or xvhy he did it. 
He may not even have an adequate untlcrstanding of 
what is meant by the fractions, and 2 /^, with xvhich 
he has operated. And he knows no satisfactory way to 
satisfy himself that his answer, 1 /^, is probably right. 

•'Brownell, William A. and ChnznI, Ctiarlouc B. "The Eirect!i of 
Premature Drill in Third-Grade Arithmetic." Journal o[ liducational 
Jiescarch, XXlX: 17-SH, September, 19S5. 
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Drill on an arithmetic process after the has 

been developed and is understood is a valtialilc means 
of fixing the process and increasing the prohahihiv of its 
retention but a method of teaching wliicfi is hasi d nimn 
the drill theory frequently produces results svhiih aie 
disappointing. Such a method fails to reve.il aiiihmetie 
as a system of related ideas, it strengthens im fhi i('m 
habits which the pupils develop in spite of the ie.uhfr*» 
hopes and intentions, and it fails utterly to tlcvclnp the 
ability to do quantitative thinking. 

The incidental-learning theory. The uns;Uisfat tnry 
results secured from a method founded upon the drill 
theory have led students of the teaching pitwess to 
reject this theory and to formulate a new theory whith, 
it was hoped, would better accompU.sh the puiimses «f 
arithmetic instruction. This theory, the iniidental* 
learning theory, has gained ground rapidly .since about 
1920. 

There are many varieties of the incideiitaMe.tttiing 
theory; in fact, it may be called a group of tht'oriej. 
These theories differ as to details but, in general, they 
provide that pupils will develop number concepts and 
acquire skill in the operations of arithmetic .simply by 
engaging in lifelike activities which are only in part 
arithmetical in character. The activity is the main thing 
and arithmetic is learned quite incidentally. Advocates 
of this theory would postpone arithmetic until the third 
or the fourth grade. Indeed, some would jKJStjxme 
arithmetic instruction until the seventh or the eighth 
grade. Studies are reported now and then svhich sccin 
to show that pupils who omit arithmetic for .several 
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years are no worse off than are those who have systematic 
instruction in each of the grades/ 

Faults of the incidental-learning theory. The first 
objection to the incidental-learning theory is that it 
does not produce satisfactory results. Opportunities to 
learn arithmetic through experiences in activities are 
dependent too much upon chance and are too desultory 
in character. The teaching of arithmetic requires 
definite planning and a systematic program if the 
essential elements are to be learned and learned well. 
Activities may be of great value as a means of motivating 
the study of arithmetic but there can be no assurance 
that the subject will be learned thoroughly if the learn¬ 
ing is all incidental. Some things can be learned in¬ 
cidentally but a complicated subject such as division 
requires a carefully planned attack and systematized 
practice. The added interest provided by the activity 
may produce results as good as those secured through 
the use of a method which is based upon the drill theory 
but, as we have seen, such results are far from satis¬ 
factory. The incidental-learning theory should yield a 
much higher standard than the very mediocre one set 
by the drill theory if it is to be made the ba.sis of in¬ 
struction in arithmetic. 

Hanna® and his associates found that the activity 
program provided a very small number of arithmetic 
experiences per week. A survey of the arithmetic rc- 

’’ Mtirton, R, L„ op. cit., pp, 40-iZ. 

** H.nin:i, Faul R., et al. "Opporiunitics for the Use of Arithmetic in 
an Activity Progriim." National Council of Teadters of Matltematics, 
Tenth Yearlxtok, The Teaching of Arithmetic. New York: Ilurciiu o£ 
l>ul)lications, Teachcii College, Columbia University. 1935, pp. 85*120. 
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quired by tlie activities of a group of pupih. 

for example, reveals not only a very limiirfl !inn»l*n of 
examples which these impils had to wdvr hu* .i1mi ,t 
wide scattering of these examples over many pljavn of 
arithmetic with not enough on any one ph;t^t’ to 
effective learning. Hanna observes that lltr acftvjfirs 
selected are largely a matter ol chaiue and that tlu ic is 
no assurance that they will introduce the pttpiU ut the 
important elements of the school curtituhnn. "hiim- 
tional experiences of childhood are aloJie nut adequate 
to develop arithmetic skills.*'* 

The incidental-learning theory is basetl ujwin tlie 
assumption that children will not learn arithnieiit unless 
they are interested in it and that interest muM he se¬ 
cured through the medium of activitie.s. one will 


deny the role of interest in learning, Tlie drill theoty 
did much to destroy interest and children tiiulmihtedly 
find an absorbing interest in wcll-seletictl activities. 
But we are led here to a second ohjecthm to the 
incidental-learning theory. The pupil's inlrte^i irt 
the activity rather than in the arithmelir. Smh interest 
as he has in arithmetic is secondary. It is suju-ituial. 
He is interested in the completion of the activity, Ctmsr- 
quently he uses a little arithmetic only as a means of 
accomplishing that end. If the activity left him with an 
absorbing mterest in arithmetic for its own vtke, a mt .st 
worth while purpose would be accomplished. I he 
acuvity may help; but a teacher cannot detumd entirely 
upon actmtms as a means of developing an interest in 
arithmetic. There is always the danger that svhen the 


•Jfcid., p, 118, 
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pupil has completed an activity, he will simply be ready 
for another activity. 

Good teaching leaves pupils interested in arithmetic 
for its own sake. Some children like arithmetic and 
want to learn more of it. Many others will learn to like 
it if they have teachers who understand both arithmetic 
and children and who are able to help them to discover 
the nature of the number system, the meanings of the 
operations, and the reasons for what they do, as well 
as the usefulness of the .subject. Under the incidental- 
learning theory, arithmetic is likely to be a mere tool, 
just a means to an end. It is far more than that; it is a 
method of thinking. Children who really learn arith¬ 
metic get more than a superficial acquaintance with the 
fundamental operations. They learn to do quantitative 
thinking. IE arithmetic is to be learned, it must be 
attacked directly, not merely indirectly through the 
medium of an activity. 

There is more of a logical system in arithmetic than 
in any other elementary school subject. One topic lead.s 
to another. Consequently they must be studied in proper 
sequence. Pupils should not undertake to multiply 
fractions before they have become proficient in multijjly- 
ing integers. They should not undertake percentage 
before they have developed an acquaintance with com¬ 
mon and decimal fractions. They should not attempt to 
add columns of numbers before learning the funda¬ 
mental combinations and higher-decade addition. If the 
learning of arithmetic is to be incidental, there can 
hardly be proper attention to this matter of sequence 
and organization. Learning becomes haphazard and 
superficial. As Brownell expres.se.s it, "Arithmetic can 
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hardly be learned as it should Ik karnt'd; trialirnidiiju. 
dependencies, mathematical printipkii ra>ily 

escape the notice of the teacher, and so ol ihr h ,unri . 

F inal ly, the activity method of karninss' artihiurtn 
slow and time consuming. The activities in.iy !»<' \v»uili 
while for their own sake or for purjKurs othrt ihati the 
learning of arithmetic and they may lirlp in hndding 
up a desire to learn arithmetic, hut cvriilually ihnc 
must be a direct and systematic attack u|»nti atilhiurik 
as a subject of study if it is to be leanird liy thr pupils. 

The "meaning” theory. As Brownell muin‘h.^, this 
theory of arithmetic is not easily named.’* It h.I^ }*oii]ts 
of similarity with the other two theories wliicii Ji.ive 
been discussed but it is different from cither of them. 
It recognizes the value of both drill and at.tiviiiev luit 
it holds that arithmetic is an integrated syslrtn of idr.is. 
principles, and processes rather than .t tniv< clfanrou« 
assortment of unrelated elements and that it tan not he 
learned satisfactorily through incidental teutliiitij. The 
meaning theory demands that pupils .shall untkiMaud 
what they "learn,” and that they shall get the idiMs and 
principles which make arithmetic an integrated .\yMeni, 
as well as skill in the processes. Because of the emphasis 
which this theory places upon meaning, sve have fob 
lowed Brownell's lead in calling it the meiining theory. 
Volume I of this series” is permeated iviih the meau’ 
ing theory of arithmetic although the different iheoi ies 


“Browndl, W. A., op. cil.j p. 17 , 

“•Brownell, W. A., op. clt., p. 19 . 

Arithmetic in ihe Klrmtntnry 

1937. 41o‘’pp’"® ' 
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are not separately discussed in that volume. In brief, 
it is held that children should understand numbers 
before they learn to operate with them, that the mean¬ 
ing of the operations should be made clear before these 
operations are learned, that new steps and processes 
should be discovered by the children from their re¬ 
lationships to steps and processes already learned, that 
drill docs not make arithmetic meaningful but it is of 
value in fixing the skills and maintaining them at a 
high level of usefulness,“ and that the ideas and prin¬ 
ciples of arithmetic rather than skill in computation arc 
the means of developing in children the ability to do 
quantitative thinking. 

A method Ijased upon the meaning theory is con¬ 
structed so as to assist children in understanding arith¬ 
metic. There are various ways in which this may be 
done. In the first place, it is recognized in the meaning 
theory that arithmetic is abstract. The fact that arith¬ 
metic is abstract makes it diflicult. If children are really 
to learn arithmetic, they must develop the ability to do 
abstract thinking in quantitative situations. Thu.s, if 
a child sees four apples, or four pencils, or four circles 
on the blackboard, he is having concrete or semi- 
concrete experiences involving the idea of four. But 
the idea of four, or “four-ncss,” is not concrete but 
abstract. It is a concept which has been developed 
through the intelligence of the learner and which the 
mind of the learner eventually imposes upon the con¬ 
crete objects or experiences, A method based upon the 
meaning theory provides that the child shall move 

i®Cf. Stretch, Lorena B. "The Value and Limilalions of Drill In 
Arithmetic," Childhood Education, XI; 413-416, June, 193S, 
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slowly and gradually from the com tele stage trf mimltcr 
experience through the iincimedi.ite Mages wiine 
pictures are used and where nuinl«;rs .ire trpi («f iiird fiy 
such semi-concrete means as cirtles or dots Iim-s. to 
the final stage where numbers arc tcpicMiiinl by ,ib- 
stract symbols,“ 

Secondly, the meaning theory provides (b,il ibe tale 
at which the pupils proceed shall deirtid opiui (be 
difficulty of the material to be learned, ii sr'rms stt 
obvious that rate of progress .should drj«'iid iipmi diili- 
culty that the point need not be inentioiied. Ibii ibc 
drill theory, which gives scant attention to midctsiatirl- 
ing, natuT^y provides that pupils go at the Mtni- i.itr 
over material which they are unlikely to iiiiflersi.nirl .(s 
over material which they may under,slaiul, And ibe 
incidental-learning theory, by Iji'iiigiiig ariltniieiii lojni s 
into activities in a hit-or-tniss, Iiapliawtd niamtei, .n- 
cording to the needs of the moment, tliie.s mti piuvide 
ample opportunity for comprehension rvbeii ihr (r«nti t 
are untoiliar and difficult. 

A systematic attack upon a new lopie, aurb as dr 
vision, if planned in accordauec rvitit the iirraiiing 
theory, provides that tire work, shall he organiced iiiiti 
a carefully graded series of steps and that ifie pupils 
shall understand each step and acquire a fair dcgiee of 
competence in it before the next step is undfitakeii, 
Activitira and experiences which require division arc 
found and used and drill on the necessary teilmiquw 
is provided, but the practice which pupils receive is 
not limited to that required in the activities, and drill is 
not provided prematurely. 

“Monoa, R. L, op. at., pp, 5.5 and IMB. 
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According to the meaning theory, pupils go slowly 
in the early stages o£ a new and unfamiliar topic. 
Furthermore, so far as is consistent with the require¬ 
ments of logical organization, the easier phases of a topic 
are learned before (sometimes long before) the harder 
phases. Thus, some phases of the subject of common 
fractions may be considered in the primary grades,^* 
even as early as the first grade,” while the more difiicult 
phases will not be undertaken before the pupils reach 
the fifth or the sixth grade. Schools in which instruction 
is planned according to the drill theory usually have all 
of the work in fractions confined to one or two grades, 
chiefly the fifth. Schools following the incidental¬ 
learning theory may have the various topics in fractions 
in any order and at any time. 

This spreading of topics is gradually becoming a 
more and more common practice in the arithmetic of 
the elementary school. It is well illustrated by the work 
in denominate numbers. Whereas, the older school, 
basing its iilan of organization chiefly upon the drill 
theory, concentrated this subject largely in a single 
grade, the current tendency is to spread the various 
phases of the subject over all of the grades and even to 
consider the parts of a single "table” at widely separated 
times, according to difficulty and the pupils’ needs. 
This is done simply because the subject Ijccomes more 
meaningful to pupils when so treated. Thus we see 
that the meaning theory encourages the spreading of a 
topic like fractions so that the elements may be taken 

« Morton. R. L., op. cit., pp. 32. 2H2-2fl5 , 335-341. 386-387, 394-395. 

10 PulkiiiKliornc. Ada R. "Young Cliildrcn and Fraccioiis." Childhood 
Edmalion, XI: 3rfI-35H, M.iy, 1US5. 
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up according to their difliculiy, .w urll 
their usefulness, and a topic Ukv iMr.iMircornfv v, 
usefulness and interest may }>c givn, proper Munulrr! 
tion. At the same time, there i» n„ ' 

essential logic of organization. ” 

Finally, the rneaniiig theory emph.iM/rs ilir rrJaitrm. 
^tps which exist between topics ami rMu, nf 
Higher decade addition « Un [imply 

tension of the fundamental comhinatini». ilLt u p 4 
“ of 8+4. Percentage is 

as a new idea but as another way u, exprrw fh ,t 

seen to be intimately related to both de«im.,I fi m Dou. 
and common fractions. At all times an eHnn / ? 

to teach arithmetic as a body of dr-Vr. ' 
relationships. Taking full advantage 
>nd ,riaa„„Aip m«,m «onon,, „f i .', 

meaning theory is a 1 "W' -'‘‘otflinK *f> the 

yceedofacp„pa„h,,.,|, M»i> ■>'’''>■ » 

They are expected to be ahu * *«’ <‘»»nptne. 

situation, to isolate the essentinr?”'^"^' a 

questions. The ability to do nn”^ 

not develop rapidly; it comes”'T^*r' ^*'“**^’**« 

slowly than many teLher,?. ’ 

-P a Papi. a he . .eft ft, dewSU^trS 
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done when a pupil is taught according to the methods 
of either the drill theory or the incidental-learning 
theory. It is the teacher's responsibility to see that the 
pupils grow in the ability to think quantitatively. 
Brownell says, 

“In meeting this responsibility the teacher is unwise 
who measures progress purely in terms of the rate and 
accuracy with which the child secures his answers. These 
are measures of efficiency alone, not of growth. It is 
possible for the child to furnish correct answers quickly, 
but to do so by undesirable processes. The true measure 
of status and development is therefore to be found in 
the level of the thought process employed. If the teacher 
is to check, control, and direct growth, she must do so 
in terms of the child's methods of thinking. If the child 
tends to rest content with a type of process which is low 
in the scale of meaning, she will lead him to discover 
and adopt more mature processes. If she asks him to 
“explain" an exercise written on the blackboard or on 
his paper, she will not be satisfied merely to have him 
read what he has written; she will insist upon an inter¬ 
pretation and upon a defense of his solution. She will 
make the question, "Why did you do that?" her com¬ 
monest one in the arithmetic period. Exposed re¬ 
peatedly to this searching question, the child will come 
soon to appreciate arithmetic as a mode of precise think¬ 
ing which derives its rules from the principles of the 
number system.”” 

What theory shall we accept? Desirable outcomes in 
arithmetic have seldom been attained through the use 
of the drill theory. A few persons taught according to 

^’Brownell, W. A., op. cil., pp. 2B-29. 
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the drill theory, have Icarnet! anUujiriu },Mf iijj, 
has been due. apparently, to Miponj „r 

outside influence. At any rate, those svht, h.or }r.*inni 
well in schools where the nictluwis liir fiijji ihrotv 
predominate are far outmiiniKrrrtJ h\ ii,*.vr ssjjr, i^ve 
not learned well. They have .onhmrto m .p.ie 

of die drill theory rather than iH-tausr ol it. * 

The drill theory is still widHy .iMrptr.l ?„,* 
given way m many phucs to ihr thrors «>| 
learning. The incidental-lcivoin^ thmrv l,.,. 
rapidly in recent years and is now very m», i, ni 

many so-alled progressive scfitmls, ahhouwh 
already signs that it is being m«lifie<l so 4 % lo 10 ,.voir 
more opportunity for drill an.1 so Umi nioir JtrniuHt 
can be given to meaning. There ate reav.n. fo, 
doubts as to the efficacy of a 

argely upon the theory of inddcmal le.iniii»« 

that aridimetic is •, 2T 1. ■•dvamuKev. It hohh 

diUdren wffl b«:om™nL«wI toT‘' 

Its own sake as well as for it, 1 * n tur 

understanding must come beforf dHir* 

an important function to 1 r l«'^**»:‘tui rly h.^ 

diildren should lear™'to“l 
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thinking. Brownell says, "The basic tenet in the pro¬ 
posed instructional reorganization is to make arithmetic 
less a challenge to the pupil's memory and more a 
challenge to his intelligence.’ 

Functions of arithmetic instruction. Reference was 
made on page 3 to the four functions of arithmetic in¬ 
struction which were suggested by the Reviewing Com¬ 
mittee of the Tvjcnty-Ninth Yearbook of the National 
Society for the Study of Education.” They are: 

1. The computational function 

2. The informational function 

3. The sociological function 

4. The psychological function 

These four functions are outlined again by Brueckner 
in the Thirty-Fourth Yearbook of the National Society.*' 

These four functions of arithmetic do not always 
exist in the sharply separate fashion which their enu¬ 
meration may suggest but are closely interrelated. In 
many a life situation requiring arithmetic, two, three, 
or all four of these functions find expression. For ex¬ 
ample, if one is to think clearly and intelligently about 
the financial problems incident to social security, he 
must understand the economic conditions and the 
movements for social welfare which have brought about 
social security legislation, he must be able to under- 

Brownell, W. A., op. cit., p. 31. 

“This Commiltce consisted of Leo J. Brueckner, Chairman, J. C. 
Brown, J. R. Clark, H. L. Harap, Ernest Horn, C. H. Judd, L. A. King, 
Worth McClure, R. L. Morton, Elma A. Neal, W. J. Osborn, J. R. 
Overman, F. G. Pickell, and G. M. Riich. 

Brueckner, Leo J. "Diagnosis in Arithmetic.” National Society for 
the Study of Eduaition, Thirty-Fourth Yearbook. Bloomington, Illinois: 
Public School Publishing Company, 1935, pp. 209-272. 
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was placed upon the solution of examples and problems 
and that little attention was given to the social applica¬ 
tions of number or to the development of an interest 
in number. 

There is a growing conviction to the effect that 
teachers should be more concerned about the other 
functions of arithmetic. This does not mean that pupils 
become more skilful at computation than they sliould 
nor does it mean that more time should be devoted to 
the subject of arithmetic. In fact, complaints are com¬ 
mon to the effect that the computational results are 
not what they should be and that arithmetic now con¬ 
sumes too large a portion of the day’s program. 
Naturally, if more attention is to be given to functions 
other than the computational and the total amount of 
time devoted to arithmetic is not to be increased, less 
time must be spent directly on the development of .skill 
in computation. How, then, can we expect to avoid still 
less satisfactory results in computation? 

The answer to this question lies in the fact that if 
more attention is given to the informational, the soci¬ 
ological, and the psychological functions, arithmetic will 
be far more meaningful to the pupils, they will be more 
greatly interested in it, and they will do better in com¬ 
putation as well as in other phases. Furthermore, if 
methods of teaching are based upon the meaning theory 
rather than upon the drill theory, which seems to be the 
more common practice where the computational func¬ 
tion is stressed so greatly, or the theory of incidental 
learning, we can expect greater progress per unit of 
time. Much of the prevailing practice in computation 
is carried on in a routine, wooden manner and is so 
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generations. We should set higher computational goals 
in school rather than lower. In our zeal for understand¬ 
ing, we should not neglect the skills. Skill in the funda¬ 
mental operations is worth while; and skill with under¬ 
standing is education. 

The informational function. The informational func¬ 
tion is concerned with the enrichment of the arithmetic 
course by enlarging upon topics in such a way as to 
make them vital and real and to give them greater 
meaning. In the study of measures, for example, the 
computational function merely provides that after the 
pupil has memorized the necessary facts from the tables, 
he will solve examples which use these facts, examples 
requiring reduction, addition, subtraction, and the like. 
The informational function will also provide that the 
pupil learn these measures better through use, that he 
gain some knowledge of the origin of measures, and 
that he learn something about the status of comparable 
measures in other countries if differences exist. For 
example, information on the historical development of 
the gallon and of the difference between the gallon used 
in this country and that used in Canada may be interest¬ 
ing and worthwhile. 

There are many opportunities in the study of arith 
mctic to acquire information which will increase the 
pupil’s understanding of arithmetic facts and processes, 
add greatly to his interest in the study of this subject, 
and indicate the many intimate contacts between the 
arithmetic studied in school and the complicated and 
ever-varied lives which children and adults lead. This 
information will have to do with money, banking, 
salaries and wages, taxation, investments, insurance and 
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meaningful way, they will not only contribute to the 
development of computational skills but also will 
furnish information which will put meat on the other¬ 
wise dry bones. If time is spent in developing adequate 
number concepts before the number facts are treated 
as abstractions, pupils can be expected to gain this 
richer meaning and better understanding.*® 

The sociological function. Arithmetic finds many ap¬ 
plications in practical affairs. It became a school subject 
of study primarily because the knowledge and the skills 
which it engenders were very definitely needed. We 
have seen (page 1) that the subject soon became highly 
formalized; the processes were not made meaningful 
to the pupils nor were the applications to social affairs 
made apparent. In many sdiools, the subject continues 
in this state. The drill theory reigns supreme and as a 
result emphasis is given largely to the computational 
function. 

If more emphasis is placed upon the sociological 
function—the uses of arithmetic in production, dis¬ 
tribution, consumption, business and governnient 
affairs, and social relationships—tlie subject will take 
on new interest, it will be learned more easily and more 
successfully, and it will be used after school days are 
over to solve a greater number of problems. 

In teaching the topics of arithmetic, an attempt 
should be made to find the uses of these topics in the 
affairs of individuals and groups. A study of the ex¬ 
periences which people have with special reference to 
their quantitative phases readily reveals the need for 
arithmetic. It also reveals, readily enough, the fact that 


Morton, a.. L., op. cit., Chapter 1. 
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the more arithmetic finds the greater number of uses 
for arithmetic. Finally, if arithmetic is a body of inter¬ 
related principles and ideas, it cannot be adequately 
presented as a mass of fragments which happened to be 
found when a survey of use was made. Some attention 
to phases of a topic which are seldom used is necessary 
if we would present a unified and well rounded picture 
of the subject.* 

Buswell says that the social values are the most im¬ 
portant values of arithmetic and that a survey of com¬ 
putational practices is not sufficient for determining 
what these values are. He suggests that there are two 
major types of material in arithmetic. The first of these 
is tile number system which must be learned as a system. 
As one learns the interrelations of this system in addi¬ 
tion, subtraction, multiplication, and division, he must 
acquire ability in computation. The second is the social 
application of number. It must come eventually to be a 
part of the thinking habits of those who study arith¬ 
metic.'" 

If an individual is to be an intelligent consumer, is 
to make desirable selections of food, clothing, shelter, 
labor-saving devices, and educational and recreational 
facilities, he must continually give his attention to 
matters of a quantitative character. Harap has shown 


Criticisms o£ Bowden's Study arc contained in articles in The 
Mathematics Teacher, Vol. XXIII, by C. N. Shuster (pages lfiO-184) 
and William £, Roth (pages 467-479} March, 1930, and December, 
1930, respectively. 

Buswell, G. T. "The Relation of Social Arithmetic to Computa¬ 
tional Arithmetic.” National Council of Teachers of Mathematics, 
Tenth Yearbook, The Teaching of Arithmetic. New York: Bureau of 
Publications, Teachers College, Columbia University, 1935, pp. 74'84. 
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that the consumer must have quantitative information 
of many kinds and must be able to use a wide variety 
of arithmetic processes in many and varied situations.*' 
He lists instances requiring calculation in (1) food 
measurement, (2) household measurement. (3) fuel 
measurement, and (4) clothing measurement. Food 
measurement requires the consumer to use his arith¬ 
metic in such matters as finding the loss in buying sugar 
in small cartons; finding the difference in price between 
fresh and canned meats; finding differences in costs 
between public markets and retail stores; finding the 
amount saved by doing home cooking; finding the cost 
of fractional contents of a bag, box, etc,; determining 
the amount which can be purchased with a dime, a 
quarter, or other monetary units; increasing or decreas¬ 
ing the food budget to correspond to increases or de¬ 
creases in income; finding the amount saved by making 
quantity purchases; checking bills; reading tables; read¬ 
ing recipes; and many others. The reader will readily 
see how household measurement, fuel measurement, 
and clothing measurement also require the consumer to 
use his arithmetic. 


Judd tells a story to the effect that during the Worh 
War the War Department ordered a quantity of black 
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did not even guess that it was impossible to fill so large 
an order for blackberry jam. There were not enough 
blackberries. The clerk was not touched by the informa¬ 
tional or the sociological aspects of the problem.®* 

The psychological function. We have referred to the 
importance of developing in pupils the ability to do 
quantitative thinking. One can not think quantitatively 
beyond the elementary level of making simple com¬ 
parisons, unless he has been trained in number. Thus, 
number becomes a method of thinking. 

Judd has repeatedly called mathematics, including 
elementary arithmetic, a mode of thought. He stresses 
the importance of general ideas as opposed to specific 
skills and isolated bits of information. To quote, 
“General ideas of what a group is and of the way in 
which groups can be rearranged come only through con¬ 
tact with many different groups. When once achieved, 
the higher type of thinking is continually enlarged and 
refined by being employed in different connections. The 
idea of addition, for example, is not a fixed notion. It 
cannot be given to a pupil. It must be acquired through 
a long period of enlargement of experience, in the 
course of which various kinds and degrees of recombi¬ 
nations of groups are experienced. 

“A very false and misleading psychological doctrine 
has been current in some quarters. It is said that, in 
the pupil's mind, addition is nothing but a long list 
of particular combinations. Such psychology does not 
provide any explanation of the general or abstract idea 
of addition as distinguished from particular experiences. 

0‘Judd, Charles H. “Informational Mathematics versus Computa* 
tional Mathematics." Mathematics Teacher, XXII: 187-196, April, 1929. 
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When a teacher thinks of addition merely as a series of 
separate processes, he makes no provision in his teach* 
ing scheme for the operation of the generalized idea. 
When, on the other hand, a teacher thinks of the idea 
of addition as a generalized idea, he will strive to 
emphasize this idea. He will have confidctu c that, if the 
pupil is taught to acquire an insight into tlie general 
idea, the pupil will, because of the inner drive of this 
general idea, help to train himself in partit.ttlar cases 
not explicitly included in the lessons taught in school, 
When once acquired, a general idea is a dynamic feet 
in experience."" 


This interpretation of the function of arithmetic 
teaching promptly leads one to conclude that a course 
m arithmetic cannot be properly organized solely in 
of narrow utilitarian aims. Arithmetic serves 
u ditanan purposes, to be sure; but it docs more than 

tellKtu^^e^^^ ^ taught. It serves to give pupils an in¬ 
tellectual equipment without which effective thinking 

berneT q'^antitative in character cannot 

be done. Quoting again from Judd. 
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arithmetic should be reduced to a few exercises in prac¬ 
tical calculation. If the studies which have been re¬ 
ported prove anything, they prove that the general ideas 
which are developed through contact with numbers can 
be cultivated in the individual only through a broad 
acquaintance with the properties of a highly perfected 
number system. To eliminate number instruction from 
the schools or to give it only a minor place would be to 
suppress one of the most significant general ideas that 
the race has evolved. To reduce arithmetic to a few 
practical applications would be to neglect the general 
idea of precise thinking on which our mechanical and 
scientific civilization rests.”"* 

"Curriculum makers should be urged to recognize the 
fact that the curriculum is made for the purpose of 
training minds, not for the purpose of reflecting the im¬ 
mediate needs of practical living. There are psychologi¬ 
cal requirements which must be met in curriculum- 
making, and these are infinitely more important for the 
future of the race than are the practical adjustments of 
trade and industry. When the Arabic numerals came 
into Europe, they found many skills highly developed, 
but they found little exact science. In the short span 
of time which is marked by the lapse of less than four 
centuries, the industrial revolution has substituted ma¬ 
chines, which are products of precision in thinking, for 
human hands, and exact science for blind trial. The 
achievements of the industrial revolution would have 
been utterly impossible without number. It is no trivial 


s*Judd, C. H,, op. cit„ p. 116. 
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assault on the intellectual institutions of the race that 
is made by those who would dispense with mathematical 
education or reduce it to a bare minimum.”** 

''All the experiments and analyses reported in this 
monograph lead to the conclusion that general ideas are 
the most important products of instrurtion in arithtufr 
tic. The fundamentals of arithmetic arc general ideas 
and general formulas, not a multitude of special 
skills.’’"’ 


The psychological function includes many aspects of 
arithmetic ability which may not be given consideration 
in a school where most of the emphasis is placed on the 
computational function. These include, according to 
Brueckner, an understanding of the structure of the 
number system, the development of quantitative con¬ 
cepts. the ability to use quantitative methods as a basis 
for accurate, orderly thinking, the ability to discover 
relauonships, the appreciation of geometric design, the 
habit of using quantitative techniques in studying vari- 
ous problem and issues, and others.*^ Obviously, some 
^ ^ese wiU not be well developed in the intermediate 
^des but the engendering of such habits and abilities 

arithmetic? It hardly 
riculum of th arithmetic as a part of the cur- 
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doubtful value when judged by results secured in schools 
where such practices prevail. But arithmetic which gives 
due consideration to the informational, the sociological, 
and the psychological functions, as well as to the compu¬ 
tational function, is an indispensable part of the train¬ 
ing of the young. 

QUESTIONS AND REVIEW EXERCISES 

1. Think back over the kind of arithmetic which you had 
when a pupil in the primary grades. What theory of arith¬ 
metic instruction predominated? Was the study of arithme¬ 
tic interesting to you? To other members of the class? Was 
it meaningful? 

2. Are there pupils in the schools Tyho are interested in 
arithmetic regardless of the prevailing theory of instruc¬ 
tion? If so, what kind of pupils are they? Are they numer¬ 
ous? Would they enjoy arithmetic more and get more out 
of it if it were taught according to the meaning theory? 

3. Have you known persons who questioned the value 
of arithmetic as a subject of study? What is the basis of 
such a point of view? 

4. What is the drill theory of arithmetic instruction? 
Characterize briefly the procedure of a teacher who uses a 
method which is based upon the drill theory. 

5. What reasons can you give for the obvious popularity 
of the drill theory? 

6. Is there a place for drill in arithmetic? If so, when 
should it come? What are the effects upon pupils of pre¬ 
mature drill? 

7. What is the theory of incidental learning? Characterize 
briefly the procedure of a teacher who uses a method which 
is based upon the incidental-learning theory. 

8. What benefits arise from the use of projects or activities 
in elementary education? How can a teacher guarantee 
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19. Incidental learning is sometimes facetiously referred 
to as “accidental" learning. Do you believe that the learn¬ 
ing of arithmetic under the incidental-learning theory is 
ever accidental? 

20. How do you account for the emphasis which has been 
placed upon computational arithmetic. Examine the text¬ 
books in use in your community. Do they give adequate 
attention to functions other than the computational? 

21. If more attention is given to arithmetic functions 
other than the computational, will computational skills de¬ 
cline? 

22. Does the growing use of calculating machines justify 
a lower level of achievement in the fundamental skills of 
arithmetic? 

23. To what extent should the average citizen leave his 
calculating to the expert? Since it may be assumed that the 
results secured by the expert are correct, what, if any, loss 
would the average citizen suSer if he left his calculating 
to the expert? 

24. What opportunities for the exercise of the informa¬ 
tional function do you see in the arithmetic of the inter¬ 
mediate grades? 

25. What, in general, is the nature of the results Secured 
by those who make surveys of the uses of arithmetic in the 
ordinary individual’s affairs? Why can not the arithmetic 
curriculum be dictated by these results? 

26. Suppose it is found that the average individual uses 
only 60 per cent of the arithmetic which he learned in 
school. Does this mean that he had no use for the remaining' 
40 per cent, or that he had forgotten it, or both? If it means 
that he had forgotten it, and the arithmetic curriculum is 
then correspondingly reduced, would still less be used by 
the next generation? What would be the eventual result of 
this process? 
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11 . Arithmetic is a system of interrelated ideas. 

12 . There are many varieties of the incidental-learning 
theory. 

13. According to the drill theory, arithmetic is learned 
tlirough the use of projects or activities. 

14. Studies of the activity program prove that it is a satis¬ 
factory means of learning arithmetic. 

15. The incidental-learning theory is based upon the as¬ 
sumption that interest in arithmetic must be secured 
through the medium of activities. 

16. Pupils can not be expected to be interested in arith¬ 
metic for its own sake. 

17. The incidental-learning tlieory gives much attention 
to the organization and sequence of topics in arithmetic. 

18. The best way to learn to do quantitative thinking is 
to acquire skill in computation. 

19. In arithmetic, children must learn to do abstract 
thinking. 

20 . The current tendency is toward a plan which requires 
that all of measurement be taught in a single grade. 

21. The meaning theory holds much greater promise tlian 
does either of the other two. 

22. Life situations requiring arithmetic frequently in¬ 
volve more than one of the four functions of arithmetic 
instruction. 

23. The most conspicuous of the four functions in the 
past has been the informational function. 

24. If greater emphasis is to be placed upon functions 
heretofore neglected, more time must be devoted to arith¬ 
metic. 

25. Calculating machines are making computation much 
less important to the ordinary individual. 

26. It was suggested that the ordinary individual should 
have his computing done for him by the expert. 
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administer group tests and conclude that the speed and 
accuracy with which the pupils solve the examples in 
these tests give an adequate picture of the progress 
which the pupils have made to date. That such is not 
the case is easily shown. 

In the first place, the test results do not adequately 
reveal the pupils* methods of work. Sometimes, a close 
examination of a pupil's test paper reveals the presence 
of irregular habits and practices. Thus, the fact that he 
used a counting process to find the sum of a column may 
be indicated by the pencil dots sprinkled along the 
column. But only rarely can a teacher learn fully the 
habits and methods of work of a pupil by examining 
his test paper. Many teachers have been greatly sur¬ 
prised at what they discovered in the mental process of 
their pupils by making a diagnosis of each pupil’s habits 
and methods of solving examples. 

Secondly, if a pupil makes a poor showing on a group 
test, it is only occasionally that the reason for his failure 
is fully revealed. Some tests are much more diagnostic 
than are others. For example, an addition test which 
incorporates the various elements of difficulty in such a 
manner that the pupil’s performance on each may be 
separately determined is much better than a test which 
is made up of examples all of which have the same 
number of addends and the same number of digits in 
each addend. However, the best of the diagnostic tests 
may not reveal the fundamental difficulty when pupils 
fail. The tests may reveal where the pupils fail but they 
may not reveal at all why they fail. 

Finally, group tests reveal little of a pupil’s under¬ 
standing of numbers and the intricacies of addition 
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been subjected in preceding grades. Only by knowing 
what each pupil has already been taught and by know¬ 
ing the habits, skills, insights, and understandings which 
each now possesses, can a satisfactory program for the 
year be planned. 

The addition combinations. We have, first, the 45 
fundamental addition combinations. Each of these com¬ 
binations, except the doubles, yields two addition facts. 
Thus, the combination which is formed from the num¬ 
bers 5 and 7 yields the two facts which with the sums 
5 7 

may be stated as 7 and 5. Since there are 9 of these 45 
12 12 

combinations which are doubles, it is obvious that these 
nine produce but 9 addition facts. Of course, the 36 
combinations which are not doubles produce 72 addi¬ 
tion facts. This gives in all 81 addition facts. Pupils, 
should be tested for their understanding and mastery 
of these 81 facts. They may be arranged in miscellaneous 
order for testing purposes as indicated in Test I. 

Review Tests for the Intermediate Grades. Test I 
The 81 Basic Addition Facts 
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them to give sums quickly, and by practice or drill 
exercises which place some emphasis upon speed. 

Other circuitous responses are frequently found when 
the methods of work of the individual pupils are 

9 

studied. For example, a pupil may react to 7 as follows: 
10 and 7 are 17; 9 is one less than 10 so 9 and 7 must be 
one less than 17; then, 9 and 7 are 16. Now, this is a 
highly intelligent procedure for a pupil who is adding 
9 

7 for the first time. To discover that the sum of 9 and 7 
is the same as the sum of 10 and 6, or 16, is to make a 
most important discovery. It shows how such a combina- 

9 10 

tion as 7 may be rearranged as 6 for convenience by 

”■9 

making use of the idea of 10. But to learn 7 by per- 
10 

ceiving its relation to 6 is quite different from making 
a habit of arriving at the sum of 9 and 7 by this round 
about method. Eventually, the well-taught pupil will 
know that 9 and 7 are 16 at once without going through 
the intermediate steps. Likewise, the pupil who knows 
that 8 and 8 are 16 may well observe that 8 and 7 is 1 
less than 8 and 8 and, hence, must equal 15 as he learns 

8 

7 but here, again, he must eventually be able to give 15 
at once as the sum of 8 and 7. 

Pupils who are exceptionally slow in their responses 
in addition are usually found to be making use of some 
kind of roundabout method of arriving at sums. But 
the teacher dare not assume that slowness means neces¬ 
sarily undesirable methods of work. Some pupils are 
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binations are said to be higher-decade combinations 

17 26 

without bridging. But the combinations 7 and ^ have 

sums in the next higher decade. These are said to be 
higher-decade combinations with bridging. Evidence 
furnished by Buswell and John® indicates that higher 
decade addition in which bridging is required is con- 
siderably more difficult than is higher-decade addition 
in which bridging is not required. 

Many pupils become proficient in the use of the basic 
addition facts but have difficulty with column addition 
because they do not know the higher-decade combina¬ 
tions. Recently a teacher wrote the author to the effect 
that he had been diagnosing the difficulties of a group 
of seventh-grade pupils who were having trouble with 
arithmetic. This diagnosis soon revealed that these 
pupils could not extend their skill with the fundamen¬ 
tal combinations to the higher-decade combinations and 
that for this reason column addition was almost im¬ 
possible for them. Many who did not count at all in 
combining two one-digit numbers readily fell into the 
counting habit as they added farther down or up a 
column. 

Tests 2 of our review tests includes 90 higher-decade 
combinations which do not require bridging. These are 
all of the higher-decade combinations which are found 
in the ’teens and the twenties, there being 45 in the 
’teens and 45 in the twenties. 


2 Buswell, G. T. and John, Lenore. Diagnostic Studies in Arithmetic, 
Chicago: The University o£ Chicago, 19£!6, Chapter III. 
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the twenties and the 46 combinations in which one 
bridges from the twenties to the thirties. 

Review Tests for the Intermediate Grades. Test S 
Higher-Decade Addition with Bridging 

19 24 17 26 15 28 11 29 12 

17 26 19 24 28 12 29 17 19 

24 19 26 18 28 16 29 13 24 

JJ_9_^_5_4_6_7_9 

16 27 16 28 27 29 19 18 26 

29 16 28 13 18 26 27 19 28 

J_5_7_8_4_6_^ 8 8 

16 13 29 14 16 28 18 14 16 

_6J_9_6_7_9_5_7_8 

26 19 21 18 16 26 27 14 17 
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Test 4 contains 45 examples in column addition. These 
45 examples are constructed so as to provide practice 
on the 45 addition facts of which the sums are 10 or 
more, on the higher-decade combinations in the ’teens, 
and on the 45 higher-decade combinations which re¬ 
quire bridging from the 'teens to the twenties. The first 
example in the set, for instance, gives practice on the 
9 11 

basic fact, 2, the higher-decade combination 5, and 
” 16 ~ 
the higher-decade combination 8. These items do not 
occur in any other examples of the test. If the purposes 
of the test are to be realized, the examples must be 
added downward. 


Review Tests for the Intermediate Grades. Test 4 
Column Addition 
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8 4 
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3 
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3 
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Similar sets may be prepared to provide practice on 
other higher-decade combinations.® We may have a set, 
for example, to provide practice on all of the 81 basic 
facts and on the 45 higher-decade combinations in the 
’teens. The examples of this set should be used before 
the examples in Test 4. Then there may be sets, or 
tests, requiring the use of higher-decade combinations 
in the twenties without bridging, requiring the use of 
combinations in which one bridges from the twenties 
to the thirties, etc. Each of these tests would provide 
for further practice on the higher-decade combinations 
and on the basic facts previously tested also. Naturally, 
as additional sets are constructed, attention will be fo¬ 
cused more and more upon the more difficult basic 
facts, as is done in Test 4, and on the more diffi¬ 
cult higher decade-combinations—those which involve 
bridging. 

Highex-decade addition in multiplication. We have 
seen that the second important use of higher-decade ad¬ 
dition is in carrying in multiplication. Of course, all of 


* Morton, n. L., op. cit., pp, 141-148. 
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the higher-decade addition combinations which are 
used in carrying in multiplication may also be used in 
column addition. On the other hand, not nearly all of 
those which are used in column addition are used in 
carrying in multiplication. The combination, 

23 + 4, for instance, is used in the column addi- 9 
tion example shown at the right but it is never 8 
used in carrying in multiplication for the simple ^ 
reason that 23 is not the product of any one of die ~ 
multiplication combinations. 

The higher-decade addition combinations which are 
used in carrying in multiplication contain two-digit 
numbers which are products of multiplication combi¬ 
nations and one-digit numbers which are possible carry 
numbers. It is easy to see what these are. 

The two-digit numbers which are the products of 
multiplication combinations are listed in the first col¬ 
umn of Table 1. In the second column of this table are 
indicated the carry numbers which may be added to 
the product numbers in the first column. Thus, if the 
product number is 10, the possible carry numbers are 
1, 2, 3, and 4. This means four higher-decade addition 
combinations, indicated by the number in the third 
column of the table. They are: 10 -f- 1, 10 -|- 2, 
10-f-3, and 10-f 4. None of these four combinations 
requires bridging, a fact which is indicated in the fourth 
column of the table. 

The reader may readily satisfy himself that the largest 
carry number which may arise from the use of any 
multiplying figure is one less than the number repre¬ 
sented by that figure. Thus, if we are multiplying by 6, 
the largest possible carry number which we can have is 
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time-consuming thoughts 
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CARRYING 

when carrying is necessary. Here, as in many other 
places in arithmetic, telling is not teaching. I£ pupils 
are to be intelligent about arithmetic, if they are to 
attain the ends described in Chapter 1, they must learn 
arithmetic as something more tlian a bag of tricks and 
a collection of devices. 

It has been suggested* that the first lessons in carrying 
may well be illustrated by the use of coins. Since our 
number system and our money system are both decimal 
systems, cents and dimes lend themselves admirably to 
an explanation of carrying when two-digit numbers are 
added. However, the pupils should soon begin thinking 
of carrying in terms of numbers rather than in terms 
of coins. 

Whether the teacher in an intermediate grade finds 
it necessary to teach carrying because it has not been 
taught, or to re-teach it because it has been taught 
poorly, or merely to review it, numbers should be 
broken down and the meaning of the carrying opera¬ 
tion made clear in some such manner as the following; 

47. This is 40 plus 7 or 4 tens plus 7 units. 

26. This is 20 plus 6 or 2 tens plus 6 units. 

First, the addition in the broken down form should be 
performed and the example made to appear as follows: 

47, This is 40 plus 7 or 4 tens plus 7 units. 

26. This is 20 plus 6 or ^ tens plus units. 

60 plus 13 or 6 tens plus 13 units. 

Then, the pupils readily recognize that 13 units is the 
same as 1 ten and 3 units and the work is rewritten or 
modified to read as follows: 


* Morton, R. L., op. cit., pp. 152-156. 
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47. This is 40 plus 7 or 4 tens plus 7 units. 

M. This is ^ plus _6 or ^ tens plus 6 units. 

73. This is 70 plus 3 or 7 tens plus T units. 

After pupils have learned how to carry, sets of ex¬ 
amples which give practice in carrying should be pre¬ 
pared. These examples should be constructed so as to 
require that various numbers be carried. Too often in 
the pupil’s early experience with carrying, "carry" 
means "arry I," Also, these examples should provide 
for a desirable review of tlie fundamental addition facts 
and of the higher-decade combinations. Review Test 
6 Ulustrates briefly the preparation of such examples. 
In this test, the pupil is required to carry 1 five times, 
2 four times, and 3 three times. The digits are selected 
so that no fundamental fact or higher-decade combina¬ 
tion occurs twice in the 12 examples of the test. 


FOR THE Intermediate Grades. Test 6 
Practice in Carrying 
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better acquainted with the number system. Learning 
the number system is a slow process. It can be well 
begun in the primary grades hut it can not be com¬ 
pleted there. As the pupil passes through the grades 
o£ the elementary school, he should gradually and con¬ 
stantly learn to know numbers and the number system 
better. Some increase in the pupil’s understanding of 
numbers will come incidentally as the various topics 
of arithmetic are studied but there can be little assur¬ 
ance that satisfactory progress will be made unless the 
teacher makes this matter the object of very definite 
attention. 

Many pupils, when they come to the study of decimal 
fractions and decimal mixed numbers, do not readily 
grasp the significance of figures at the right of the deci¬ 
mal point simply because they do not understand the 
significance of figures at the left of the decimal point. 
In other words, they can not understand decimal frac¬ 
tions because they do not understand whole numbers. 

Our whole numbers, of course, are decimal numbers; 
that is, they are expressed in terms of 10 and powers of 
10. Thus, the number, 537, is a decimal number al¬ 
though not a decimal fraction or a decimal mixed num¬ 
ber. The pupil in the intermediate grades should be 
able readily to take numbers apart, as it were, to see 
such a number as 537 as 5 hundreds and 3 tens and 
7 units, or as 500 30 -}- 7. Later, he should see it as 

5 X 10® -f 3 X 10 -}- 7 and such a number as 6293 as 

6 X 10“ + 2 X 10® + 9 X 10 + 3. Finally, when the 
subject of exponents has been studied in algebra, the 
pupil may see 6293 as 6 X 10“ + 2 X 10® + 9 X 10® 4- 3 
X 10“. 
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mary grades when they never occur in the world of 
practical affairs in this separate, isolated form. Thus, a 
pupil who is taking a test on the fundamental addition 

6 0 

facts may find in the test such items as 0 or 6. Obvi- 


46 208 

ously, these occur in examples like 30 or 162 but not in 
the separate form in which they m^ app^ in tests. It 
hardly seems likely that the pupil will be well prepared 
for real uses of zeros in addition if his training and 
practice have been confined to the unreal form indi¬ 
cated. 

The history of 0 shows that this symbol came into 
use much later than did the other Hindu-Arabic nu¬ 
merals. Dickey points out that at least seven centuries 
elapsed after the introduction of the Hindu-Arabic 
numerals into Europe before 0 appeared.® It seems that 
0 first appeared in the ninth century, a.d. It is note¬ 
worthy, also, that when the symbol for zero appeared, 
it was used as a means of indicating a void, that is, the 
lack of any of an order rather than as a symbol for 
nothing. Thus, 0 became the “sign for the empty col¬ 
umn,” as Wheat says.® Wheat took up the discussion of 
zero which Dickey had started and pointed out that the 
function of zero, so far as elementary school arithme¬ 
tic is concerned, is that of a place holder. If, for ex¬ 
ample, we desire to have the numeral 3 represent 3 


’ Elementary School Jour- 


'Dickey, John W. "Much Ado about Zero.' 
nal, XXXII: 214-222, November, 1931. 

r'" Teaching of Arithmetic. 

Boston, n. C. Heath and Company, 1937. pp. 71-80. 
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not be satisfactorily disposed of at this stage of the 
pupil's progress by the explanation that the sole func¬ 
tion of zero is that of a place holder. 

Wheat admits that zero becomes a numeral like the 
other numerals in later mathematics. It is used to indi¬ 
cate a position on a scale, as a thermometer scale, and 
as a division point between positive and negative num¬ 
bers.® Grosswickle adds that zero sometimes takes on 
the same function as any other natural number in deci¬ 
mal fractions.^ Thus, .500 does not mean the same thing 
as .5 or .50. The decimal fraction, .500, means that a 
measurement or a calculation has been carried to three 
places and that the result is correct to the nearest thou¬ 
sandth whereas .50 means “correct to the nearest hun¬ 
dredth” and .5, “correct to the nearest tenth,” only. 

There is excellent reason to believe that in the hands 
of a skillful teacher, the zero combinations become the 
easiest of all the combinations instead of the most diffi¬ 
cult. It is quite right that they should be the easiest. 
There is nothing intrinsically hard about them when 
the meaning of zero is understood. 

In solving addition examples having addends of un¬ 
equal length, some pupils are disturbed over the 
necessity of jumping the blank spaces. Of 
course, they need to learn to ignore the empty 
spaces and to add in each column the numbers 
which the figures of that column represent. The 
situation is similar to that which the pupil finds 
when the columns contain zeros. Some teachers 
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“Wheat, Hany Grove. The Psychology and Teaching of Arithmetic. 
Boston; D. C. Heath and Company, 1937, p. 80. 

“Grosswickle, F. E., loc. cit. 
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go so far as to fill in the empty spaces with zeros but 
this is quite unnecessary if the figures are of uniform 
size and spacing and are written in straight columns. 

New work in addition. Wliether all of the work in 
addition so far discussed will be undertaken in the pri¬ 
mary grades, that is, the first three grades of tlie ele¬ 
mentary school, is a question. In some schools, all that 
has been considered is done in the primary grades but 
in other sclrools, the program is considerably less ex¬ 
tensive. There is a current tendency to do less in the 
primary grades than was done in preceding years. 
Whether this tendency will turn out to be a real reform, 
is not yet known. 


Work in addition beyond that so far discussed is not 
really new; it is largely an extension and an elabora¬ 
tion of that already done. However, it is desirable that 
each of the elements of skill developed in the primary 
grades be carried to a higher level in the intermediate 
grades. In any phase of addition, the fourth-grade pupil 
should be more proficient than the third-grade pupil, 
the fifth-grade pupil more proficient than the fourth- 
^de pupil, etc. But new work in addition will he 
largely an extension of the addition abilities already 
iscussed. The columns will be longer, there will be a 
peater number of digits in an addend, and there may 
^ e examples containing addends of more greatly vary- 

ing but there will be no essentially new abilities 
required of the pupil. 

practice in higher-decade addition. Other 

columns in an addi- 

ade addiV^ variety in the higher-dec¬ 

ade addition combinations which may be encountered 
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But it should be no more difficult for a pupil to react to 
one higher-decade addition combination than to another 
which is similar to it but in a lower decade. The com¬ 
bination, 77 -f 5, should be no harder than 27 -j- 5 or 
37 ^ 5 although it is much less frequently encountered. 
It has already been said tliat these higher-decade com¬ 
binations are related to the basic addition facts (in this 
case, to 7 -j- 5), and that tlrese higher-decade combina¬ 
tions occur in families and are, therefore, intimately 
related to each other. The pupil should perceive this 
relationship and profit by it. 

We have seen that there are 45 higher-decade addi¬ 
tion combinations in each decade which have sums in 
the same decade as the larger addend and that there are 
45 in each decade whose sums are in the next higher 
decade. This means 17 groups of 45 higher-decade com¬ 
binations each, or 765 combinations, whose sums are 
less than 100. It is not necessary that all these 765 com¬ 
binations be woven into sets of practice examples. Be¬ 
cause of the close relationships involved, we can expect 
a large measure of transfer. But in constructing exam¬ 
ples for practice, we should provide carefully for a wide 
variety of practice. This is done in the examples of 
Set 1. 

The five examples of this brief set give practice on 
certain combinations the sums of which are in the for¬ 
ties and fifties. Naturally, a review is provided for 
several of the fundamental facts and for a number of 
higher-decade combinations the sums of which are in 
the 'teens, twenties, and thirties. In providing this re¬ 
view, no fundamental fact or higher-decade combina¬ 
tion of a given type is included more than once. For 
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Practice Examples in Addition. Set 

Variety in Higher-Decade Addition 
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marv facts well and who are skillful in higher-decade 
addition will have difficulty in adding long col¬ 
umns such as that shown at the right. The diffi¬ 
culty is explained in terms of the psychology of 
attention span. Adding downward, the well¬ 
ed pui^l will think. “12. 17. 24, 26, 32, 35. 

44" but may be unable to keep his attention on 
the example until he has done the eleven addi¬ 
tions required. His attention may falter before he 
reaches the 44, he may go a step or two farther, or 
he may do all eleven additions without difficulty 
or hesitation, but if the example is made long 
enough the limit of his attention span is sure to 
be reached. 

Pupils differ greatly in attention span, as in 
other traits. Some seem to be able to do only three 
or four additions without a pause; others may do twelve., 
fifteen, or even twenty. The author has found that un¬ 
der ordinary conditions, his attention span will easily 
carry him over twenty-five or thirty additions. Courtis, 
states that "Experiment shows that most children can 
add steadily for six additions.”*® The teacher should 
study the individual members of a class in an effort tO' 
determine the attention span of each of them. 

The teacher can usually recognize attention span, 
troubles without difficulty. "If the child hesitates at 
regular intervals in a column, if he goes over and over' 
a given addition and is apparently unable to think at 
all, if he gives up in the middle of a column and begins 


“Courtis, S. A, Courtis Standard Practice Tests in Arithmetic,. 
Teachers Manual. Yonkers, New York: World Book Compan'y, 1917 m 
p. 38. 
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diate grades because of attention span difficulties. 
Worse, still, is the fact that the teacher is often unaware 
of the nature of the pupils’ difficulties and, therefore, 
is unable to help them. In planning lessons in addition, 
we must take very definite account of this phase of 
addition ability. 

Speed versus accuracy in addition. It is not unusual 
to find teachers who stress speed in addition as if speed 
were the primary objective. This emphasis upon speed 
to some extent results from the use of standardized at¬ 
tainment tests and practice exercises. Speed is an im¬ 
portant symptom of mastery but it is not nearly so 
important as is accuracy. Accuracy is the primary ob¬ 
jective. But the time which a pupil requires to solve 
an addition example may indicate to the teacher that 
his addition habits are unsound. If he is slow, he may 
be employing elaborate and roundabout methods in¬ 
stead of the economical procedure of straightforward 
addition. 

The teacher should remember that the same habits 
which yield accurate results will usually produce speed, 
and vice versa. If the pupil is well taught, and if he 
understands what he is doing, his speed will be largely 
determined by his reaction time. Therefore, lack of 
speed is not in itself necessarily a fault, but it may be 
indicative of serious faults, such as the use of indirect 
methods which reduces speed and causes errors. The 
habits of a slow pupil should be investigated thor¬ 
oughly; if they are correct, and if his results are ac¬ 
curate, his teacher need not be much concerned about 
his speed. 

Checking results. The practice of checking results in 
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gives partial sums different from those secured by the 
first adding and thus makes it improbable that a former 
error will be repeated. 

The check ‘‘casting out nines," is sometimes recom¬ 
mended. This check is of doubtful value in addition. 
It should not be used in the intermediate grades for 
any of the fundamental operations. 

Addition in problems. Our discussion of addition has 
included: (1) the fundamental combinations; (2) 
higher-decade combinations: (3) carrying; (4) the zero 
difficulties; (6) addends of unequal length; (6) atten¬ 
tion span; and (7) checking. We have discussed these 
details with little reference to the uses of addition in 
problem solving. This plan has been followed merely 
for convenience. This does not mean that the pupils 
must be subjected to continuous practice on an opera¬ 
tion for which they can see no need. Indeed, each new 
phase of the work in addition should be introduced 
through the medium of a life-like problem in order 
that the pupils may see a need for acquiring skill in 
that particular phase. Furthermore, pupils should have 
frequent opportunities to apply their skills in the solu¬ 
tion of problems in which they are interested, particu¬ 
larly problems growing out of activities in which the 
pupils are engaged. A more detailed discussion of prob¬ 
lems and problem solving will be provided in a later 
chapter. 


THE TEACHING OF SUBTRACTION 
The relative complexity of addition and subtraction. 
Neither ability in addition nor ability in subtraction is 
a single, simple ability but is a complex of several abili- 
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1. The take-away-borrow method 

2. The take-away-carry method 

3. The addition-borrow-method 

4. The addition-carry method 

5. The complementary method 
The same example will be used to illustrate each of 
these five methods. 

If subtraction is done by the take-away-borrow 
method, the example is solved as follows: ‘ 8 
from 15, 7; 7 from 13. 6; 4 from 9, 5; 9 from 
15,6; 2 from 3,1." In the first step, the 5 units 
are increased to 15 units and to compensate for 
this, the 4 tens are reduced to 3 tens. For con¬ 
venience, one may think of one of the 4 tens being 
changed to units, leaving 3 tens and making 15 units. 
This method is often called the method of decomposi¬ 
tion since the 4 tens are broken up or decomposed and 
one of the tens is changed to units. 

If the take-away-carry method is used, one thinks: 
"8 from 15, 7; 8 from 14, 6; 5 from 10, 5; 10 from 16, 
6; 3 from 4, 1.” Here again the 5 units are increased to 
15 units but to compensate for adding 10 to 
the minuend in this manner one also adds 10 
to the subtrahend and adds it in at the tens 
place, making the 7 tens 8 tens. Because the 
same number is added to both the minuend 
and the subtrahend this method is often called the 
method of equal additions. In practice, the pupil who 
uses this method seldom thinks of adding the same num¬ 
ber to both the minuend and the subtrahend but thinks 
simply, "8 from 15, 7, carry 1 (since the 5 became 15); 
8 from 14, 6, carry 1;’’ etc. Note that where there is no 


46045 

29478 

16567 
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borrowing (or carrying), the first and the second 
methods are identical. Each becomes simply a take 
away method. 

In the third method, one borrows as in the first 
method. But here he finds the number which, added 
to the subtrahend, produces tlie minuend in¬ 
stead of the number which remains if the sub- 46045 
trahend is taken from the minuend. In solving 29478 
this example by the addition-borrow method, 16567 
one thinks: "8 and 7 are 15; 7 and 6 are 13; 4 
and 3 are 9; 9 and 6 are 15; 2 and 1 are 3.” Note that 
the figure which goes in the answer is the second one 
thought or spoken in each step. 

The fourth method is like the second method in that 
one carries and like the third method in that one adds. 
The example is solved as follows*. '*8 and 7 are 
15; 8 and 6 are 14; 5 and 5 axe 10; 10 and 6 are 46045 

16; 3 and 1 are 4.” Again, the second figure in 29478 

each step is the answer figure. Note that this 16567 
method is identical with the third method if 
there is no borrowing (or carrying). Both the third and 
the fourth methods are sometimes referred to as the 
Austrian method although this term is more frequently 
applied to the fourth method than to the third. 

The complementary method may be used with either 
a borrow process or a carry process. If the borrow proc¬ 
ess is used, the example would be solved as fol¬ 
lows: “8 from 10, 2, and 5 are 7; 7 from 10, 3, 46045 

and 3 are 6; 4 from 9,5; 9 from 10,1, and 5 are 29478 
6; 2 from 3,1.” If the carry process is used one 16567 
thinks as he solves the example: "8 from 10, 2, 
and 5 are 7; 8 from 10, 2, and 4 are 6; 5 from 10, 5; 10 
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from 10, 0. and 6 are 6; 3 from 4. 1 ” This method does 
not require the learning of subtraction facts beyond 
those having 10 as a minuend. One first finds the comple¬ 
ment, with respect to 10, of the number represented 
by the subtrahend figure and then adds to this com¬ 
plement the number represented by the minuend figure. 
When popular, this method was usually used with a 
cany process rather than with a borrow process al¬ 
though both were used. Obviously, this method is more 
involved than is either of the others since it requires 
two steps for many answer figures instead of one. 

The complementary method is seldom mentioned in 
discussions of subtraction. Concerning the other four 
methods, however, there are two principal disputes. 
The first dispute has to do with the relative merits of 
borrowing and carrying, that is, with the relative merits 
of deaeasing the number represented by the next minu¬ 
end digit and increasing tire number represented by 
the next subtrahend digit. This dispute evidently ap¬ 
plies to methods 1 and 3 as opposed to methods 2 and 
4. The second dispute has to do with the relative mer¬ 
its of teaching subtraction as a take-away process and as 
an addition process. In this dispute, methods 1 and 2 
are allied against methods 3 and 4. 

The first of these questions has been argued for 
many years and we are hardly any nearer a definite 
answer to the question today than we were many years 
ago. A few limited investigations have resulted in a 
trace of evidence on each side of the question.^ Logi- 

“ Morton, Robert Lee. Teaching Arithmetic in the Elementary 
School, Volume I, Primary Grades, New York: Silver Burdett Company, 
1937, pp. 181-185. 
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different form for subtraction.*® Furthermore, if both 
addition and subtraction are taught as such, the pupils 
seem to get a broader view and a better understanding 
of the combinations. 

As to the second argument, in making change one 
does not ordinarily subtract at all. Neither does he add. 
That is, he neither takes away the amount of the pur¬ 
chase from the amount tendered in payment nor does 
he add to the amount of the purchase that which will 
i paTcp the amount tendered in payment, as in additive 
subtraction. Rather, he counts in terms of our monetary 
units. Thus, if a clerk is handed a five-dollar bill in pay¬ 
ment for a purchase amounting to $2.68, he will ordi¬ 
narily think as he picks the appropriate coins and bills 
from the till, or as he counts the change out to the 
customer, “268, 70, 75, 3, 4, 6.” Practices followed in 
maltin g change do not constitute an argument for either 
method of teaching subtraction. 

The author has suggested the use of a take-away 
method rather than an additive method for beginners 
for several reasons which may be stated briefly as fol¬ 
lows: 

First, the take-away method represents what is ordi¬ 
narily thought of when reference is made to subtraction. 
This is indicated by the etymology of the word. “Sub¬ 
traction" comes from the Latin, subtractus, a jsarticipial 
form of subtraho meaning literally, "draw from under.” 
The same meaning stands today in ordinary affairs. 
Depreciation in the value of a house, or a car, is not 
thought of as an amount to be added to the present sale 


^ Morton, B.. L., op. cit,, chapter 4. 
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value. Contemplated expenditures are deducted from 
what we have, not added to what we shall have left. 
Reductions in marked-down sales represent what the 
customer saves out of the original price rather than 
what should be added to the present price to produce 
the list price. To be sure, some situations demand the 
“how-much-more" idea as in the case of the man who 
has |850 and wants to know how much more he needs 
to buy a car costing $1095, but even here, he is likely 
to determine the amount needed by “subtracting" $850 
from $1095, rather than by thinking, "what amount 
added to $850 will make $1095?" The addition method 
is not subtraction but is a substitute for subtraction. 

Secondly, if the, take-away method is employed, an ex¬ 
ample can be checked by adding the remainder to the 
subtrahend and comparing the sum with the minuend. 
This valuable check is lost, or nearly so, if the addition 
method is used. In additive subtraction, the check con¬ 
sists of adding again the subtrahend and the remainder 
in the same order, or, better, in the reverse order. 

Finally, as already stated, the take-away method is the 
method in most general use. The take-away-borrow 
method seems to be more generally used than all other 
methods combined. 

Again, we would urge that the teacher be thoroughly 
conversant with the two addition methods as well as 
with the two take-away methods whether she has oc¬ 
casion to teach them or not. An intermediate grade 
class may well include pupils who have learned subtrac¬ 
tion methods other than that taught in the school in 
which they now find themselves. In order that the 
teacher may help these pupils to locate their errors and 
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ntherwise Ruide them in their learning, she must be 
Se to ada^t herself readily to any subtraction method 
which may be found in use. 

The subtraction combinations. We have seen that 
there are 45 fundamental combinations in addition if 
the zeros are not included and that these 45 combina¬ 
tions yield 81 addition facts. The number of combina¬ 
tions and facts in subtraction is the same as the number 
iu addition. It has been suggested that the addition facts 
and the subtraction facts be taught together as teaching 
units.” Thus, the combination, 4 and 6, yields two addi¬ 
tion facts and two subtraction facts, as follows: 


4 

6 


6 

4 


10 

4 


10 

6 


10 10 6 4 

These four would be taught together as a teaching unit. 

Review Test 6 includes the 81 subtraction facts with¬ 
out zeros just as Review Test 1 included the 81 addi¬ 
tion facts. 


Review Tests for the Intermediate Grades. Test 6 




The 

81 Basic Subtraction 

Facts 



6 

10 

15 

3 

11 

9 

14 

10 

12 

5 

_7 

_6 

_2 

_3 

_4 

_7 

J. 

5 

10 

15 

9 

13 

10 

10 

16 

2 

6 

_8 

9 

6 

9 

_5 

_2 

9 

1 

_2 


i^For a detailed statement o£ subtraction in the primary grades, see 
Morton, R. L., op. cit.. Chapters 4 and 6. 
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14 14 9 
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9 17 II 

_1 _9 j 

11 8 18 

J J J 

11 4 9 

J J J 

3 7 16 

J J J 

15 7 11 

J J J 

9 8 11 

J. 1 6 


13 4 13 

_7 _2 J 

4 13 10 

_2 _6 4 

12 14 6 

_7 _6 4 

7 10 9 



19 7 13 

_£ 2 5 


8 II 17 

J 2 8 


7 12 14 

J J J 

12 8 7 

J. J_ s 

9 12 15 

J _3 J 

8 16 6 

_6 _7 J 

6 12 5 

J _8 J 

5 6 8 

— J. _4 

10 5 12 

3 1 9 
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Review Tests for the Intermediate Grades. Test 7 
Subtraction without Borrowing 


1457 

1390 

1218 

1189 

1389 

1097 

1078 

1097 

1258 

806 

850 

517 

1 

904 

562 

465 

638 

240 

927 

1236 

1769 

1648 

1849 

1775 

1426 

1196 

1274 

1368 

413 

917 

935 

947 

870 

904 

603 

620 

402 

1124 

1184 

1659 

1496 

1083 

1489 

1295 

1623 

1197 

521 

851 

720 

780 

812 

532 

731 

810 

756 

- "" 









1493 

1097 

1257 

1513 

1383 

1179 

1326 

1074 

1585 

611 

192 

834 

703 

940 

306 

704 

512 

624 










1089 

1068 

1162 

1087 

1256 

1548 

1516 

1127 

1376 

763 

320 

212 

903 

352 

903 

806 

415 

645 


Subtraction with borrowing. A plan for rationalizing 
the operation of borrowing in subtraction should be 
rimilar to the plan used for rationalizing the operation 
of carrying in addition. Coins may well be used in the 
first lessons, but here again the pupils should soon 
reach the place where they see the operation of borrow¬ 
ing in terms of the number system rather than in terms 
of a money system. The meaning of the borrowing 
operation can be made dear in the following manner. 

45. This is 40 plus 6 or 4 tens plus 5 units. 

28. This is 20 plus 8 or 2 tens plus 8 units. 

Since 8 units cannot be subtracted from 5 units, we can 
change one of the 4 tens to units, making 15 units and 
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leaving 3 tens. Then the example may be rewritten as 
follows: 

45. This is 30 plus 15 or 3 tens and 15 units. 

28, This is 20 plus 8 or 2_tens plus 8 units. 

1^. This is 10 plus 7 or 1 ten plus T units. 

The last item written, of course, is the 17 at the left. 
This is written after the pupil has observed that 10 
plus 7, or 1 ten plus 7 units, is the same as 17.“ 

Review Test 8 requires borrowing and makes pro¬ 
vision for practice on each of the 100 subtraction facts. 
This is done in 25 examples each of which includes a 
four-digit minuend. 

Review Tests for the Intermediate Grades. Test 8 
Subtraction with Borrowing 


8743 

7380 

2657 

6000 

8461 

6347 

6200 

5125 

6402 

7408 

6717 

743 

2179 

8298 

5068 

523 

1064 

3985 

3008 

7155 

9530 

4002 

9870 

8522 

4752 

7852 

7094 

1462 

3457 

3975 

1966 

5798 

4039 

3523 

988 

2397 

5930 

8720 

7761 

3581 

6428 

5041 

8754 



5041 

6892 

2484 

2611 

1376 

4052 

5016 




New work in subtraction. New work in subtraction 
in the intermediate grades will consist largely of in¬ 
creasing the pupil’s skill in processes with which he has 
already become acquainted. His approach to subtrac¬ 
tion examples should be characterized by greater and 


“Morton. R. L., op . cit., pp. 190-192. 
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greater assurance, his speed should increase, and errors 
Jiould become less numerous. 

Naturally, the examples will become longer, thus 
placing a greater demand upon attention span. How¬ 
ever, Acre need not be a great deal of practice on 
examples having large numbers as minuends and sub¬ 
trahends for large numbers do not occur frequently in 
the affairs of pupils in the intermediate grades. The 
examples of Set 1 contain five-digit numbers. These ex¬ 
amples, again, are constructed so as to include each of 
the 100 subtraction facts. 

Practice Examples in Subtraction. Set 1 
Subtraction of Larger Numbers 


39074 

26581 

54176 

47329 

22010 

14307 

97243 

16008 

31104 

15426 

56958 

55389 

36134 

32199 

92345 

77456 

83105 

46623 

21981 

6418 

93682 

46003 

58181 

43899 

37275 

13867 

84954 

80257 

61935 

12579 

80247 

76522 

98360 

95409 

93196 

72508 

67059 

41388 

53969 

39170 


Likewise, sets of examples may be constructed with 
minuends of six or seven digits. Of course, it is not 
necessary to have the same number of digits in each 
minuend in a set of practice examples; it is better, per¬ 
haps, to provide minuends of different lengths. Then, 
too, we need not distribute the practice on the lOQ 
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Practice Examples 

IN Subtraction. 

Set 2 

2784 

1396 

Miscellaneous Examples 


182 

m 

3504716 

1247968 

2475016 

2130549 

522674 

345287 

16267 

9388 

41003 

35907 

462528 

274003 

815148 

764789 

915 

889 

68444 

24468 

6417 

1586 

7301 

5969 

69244 

39949 

72884 

16895 

6265 

5479 

703 

689 

68312 

42633 

969233 

705579 

5830 

4189 

950745 

761006 

9035 

236 

1074 

399 

353 

154 

9521914 

68502^5 

90226 

41277 

92473 

13875 

1678 

899 
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times each. Thus, the practice exercises will contain 
examples of varying length and will emphasize the most 
difficult combinations, , . , , , 

In the two sets of practice examples which have been 
riven for illustrative purposes, the number of digits in 
the subtrahend is usually the same as the number in 
the minuend. In no case does the number of digits in 
the two quantities differ by more than one. However, 
pupils should be given practice in subtracting small 
numbers from large numbers. Such examples as 
4627 50000 149385 

93, 29, or 276 need not be given frequently 

buTthey should occur occasionally in order that the 
pupils may feel confidence in their results when they 
solve examples of this kind. 

HIGHER-DECADE SUBTRACTION 

The role of higher-decade subtraction. In the discus¬ 
sions of addition, it was recommended that the pupils 
learn higher-decade addition soon after learning the 
fundamental addition combinations. It was pointed out 
that higher-decade addition is needed in column addi¬ 
tion and also in carrying in multiplication. It is not 
uncommon to find teachers and other students of the 
teaching of arithmetic who recommend that after the pu¬ 
pils have learned the basic subtraction combinations 
they should proceed at once to the higher-decade sub¬ 
traction combinations. 

However, the case for higher-decade subtraction is 
quite different from that for higher-decade addition. 
In a large proportion of addition examples, we need 
higher-decade addition; indeed we cannot well get along 
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highersiecade subtracdon instruction in 

“f 'uJSon !” 1 ;°'* P' 

seen by solving a division *. short division is easily 

the accompanying examni ®l^°rt division. In 

18 from 23 and 4 I '"I’tract 

W 8 her^«a^r™t^ ®2. 1 , i. .hat in a 387 
digit number « subtracted ^ 

number leaving a onp-H- - ® two-digit 

««'. 887, h mulhpiw “ *' 

decade addition combina^- 6 , the two higher- 

■"+* “■» "8 + f are 

JJI^fJ'^b'raiecade suboLtJ™ ™ ?•“ «amplc 
R T ... combinations and in the 

*• cit.. pp. ijas.ggg 
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corresponding multiplication example two higher-dec- 
addition combinations. Stating these combinations 

23 52 48 18 

again with answers, we have, 18, 48, and The 
® ‘T’ 4 52 23 

relationship between the subtraction combinations and 
the addition combinations is easily seen. 

From this relationship, one would infer that the 
total number of higher-decade subtraction combina¬ 
tions used in short division is the same as the total num¬ 
ber of higher-decade addition combinations used in 
carrying in multiplication. This is precisely the case. 
The number of these combinations has been shown to 
be 175 (see Table 1, page 57). There are also 175 
higher-decade subtraction combinations which are used 
in short division. We have seen that 60 of the 175 
higher-decade addition combinations which are used in 
carrying in multiplication require bridging. We find 
also that 60 of tire 175 higher-decade subtraction com¬ 
binations which are used in short division have the 
minuend and the subtrahend in different decades. In 
these, an operation similar to bridging in a higher- 
deade addition combination is required. These GO 
combinations are more difficult than are the remaining 
115. 

Table 2 shows in detail the higher-decade subtraction 
combinations which are required in short division. In 
the first column of the table are listed the 27 subtra¬ 
hends which are products of multiplication combina¬ 
tions. These are the product numbers which are listed 
in the first column of Table 1. In the second column 
of Table 2 are listed the minuends which are used with 
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addition and subtraction 

Table 2. Hioher-Decade Subtraction Covr«, 
Used in Short Division 


Subtra¬ 

hend 


10 

12 

14 

15 

16 
18 
20 
21 

24 

25 

27 

28 
30 
82 

35 

36 
40 
42 
45 

48 

49 

^;54' ■ 
i. 56- 
;...53 
^'•e4"' ■ 

■.:.i81 . 


Minuends 


11-12-13-14 ... 
13-14-15-16-17 . 

15- 16-17-18-19-20 ' ‘ ■ 

16- 17-18-19 .... ■ ■ ’ 

17- 18-19-20-21-22-2?’ 

26-27-28-29 ^ ‘' 

^9lg-5f-31-f2-33-S4-35' 

s?o 2 '?^"^^' 33-34 . 

31-32-33-34-35 

gfi'f ^■33-36-37-38-39" 

«:fI'!®-3?-40.4l 


»o-o/-38-39-40.41 . 

iWSfla ••• 

46-47-48-49-5oi5i-K2.'i;s ’ 
49-50-51.52-53-54-65' 
5?'5^'32-63-54-65 . 
k5‘®®'37-58-59-60-61.62 ’ 
57-58-69-60.61.62-63 ^ 
gt'c5'®®-f7-68.69.70-7V ■ 
67-68.69-70-71 
8iiR25'^®'77-78-79-80’ 
82-83-84-86-86-87-88-89 

ToTAtS 


I Number ■^•^btrahmTdn^ 
of Com-' 


the 


7 

4 

8 
6 

5 

7 

6 

8 

7 
6 

8 

7 
6 

8 

7 

8 

7 

8 
8 


175 


1 Same 

1 Decade 

DffferMi 

Decades 

4 4 

0 

5 5 

0 

5 5 

1 

0 

1 4 

3 

4 

1 

7 

4 

0 

6 

0 

3 

2 

4 

0 

2 

6 

1 

5 

3 

0 

7 

0 

4 

2 

3 

5 

7 

0 

6 

0 

4 

4 

1 

6 

0 

6 

3 

3 

3 

4 

6 

2 

3 

2 

7 

1 

8 

0 

1 115 

60 
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the subtrahends in the first column. These minuends 
are the numbers obtained by adding the carry num¬ 
bers given in the second column o£ Table 1 to the 
product numbers in the first column. The number o£ 
combinations is shown in the third column and in the 
fourth and fifth columns is shown the number of com¬ 
binations in which the minuend and the subtraliend 
are in the same decade and the number in which they 
are in different decades. 

Teaching higher-decade subtraction. In teaching 
higher-decade subtraction, it seems best to emphasize 
its close relationship to higher-decade addition which 
has already been taught. We may begin with a brief 
review of those higher-decade addition combinations 
which are used in carrying in multiplication. Then the 
relationship of the subtraction combination to the addi¬ 
tion combination may be pointed out and practice on 
combinations in the subtraction form may be provided. 
Soon, the related addition combination should with¬ 
draw to the background and direct attention should be 
given to the subtraction combination. 

The pupil should discover at once that what he is 
learning is useful in solving division examples. After 
the pupil has become proficient in dividing by a one¬ 
digit number by long division, a few examples may be 
solved on the blackboard by short division that he may 
see the greater neatness, brevity, and ease with which 
the examples are solved when this method is used. 
Then he may see that he can use this newer and shorter 
division mediod if he learns higher-decade subtraction. 
Pupils vary gready as to the extent to which short di¬ 
vision appeals to them. Some are much interested and 
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attack the task of learning the higher-decade subtraction 
combinations eagerly. Others are entirely satisfied to 
continue using the long division process; and perhaps 
they should be. 

Practice on higher-decade subtraction. If pupils are 
to use short division, they should develop a greater de¬ 
gree of proficiency in higher-decade subtraction than 
many pupils possess. We have already indicated that as 
these combinations are learned, their close relationship 
to higher-decade addition combinations should be ap¬ 
preciated. It is also important that the relationship of 
the higher-decade subtraction combinations to the 
basic subtraction facts be seen and appreciated. Thus, 
28 8 52 12 

^ is related to 4, 48 is related to 8, etc. Furthermore, 
the family relationships which were pointed out for 
higher-decade addition should also be seen in higher- 

21 31 

decade subtraction. Thus, the combinations 18, 28, and 
51 

48 belong to a family and are closely related. Others in 
the same family can as easily be appreciated although 
they are not used in short division. 

All of these relationships should be kept in mind in 
arranging early practice exercises on higher-decade sub¬ 
traction. Also, the skills whidi the pupils are developing 
here should be put to use promptly in short division 
examples. It is well, at first, to construct these division 
examples so that only those higher-decade subtraction 
combinations having the minuend and the subtrahend 
in the same decade are required. Later, the more diffi¬ 
cult combinations in whidi the. minuend and the sub- 
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trahend are in different decades may be incorporated 
in division examples. 

Eventually, it is well for drill and for review to du- 
licate a large number of these subtraction combina¬ 
tions on sheets of paper. We are giving here the entire 
175 combinations in two sets of examples. For con¬ 
venience, the 115 combinations whose minuends and 
subtrahends are in the same decade are given in Set .3 
while the 60 combinations whose minuends and sub¬ 
trahends are in different decades are included in Set 4. 

Practice Examples in Subtraction, Set 3 


Easier Higher-Decade Subtraction 


34 

28 

26 

17 

14 

41 

46 

66 

76 

88 

78 

59 

n 


n 

16 

12 

40 

11 

11 

72 

11 

72 

11 

11 

89 

47 

37 

29 

57 

68 

17 

73 

84 

38 

74 

10 

81 

12 

n 


M- 

11 

11 

12 

11 

11 

72 

69 

18 

59 

46 

82 

33 

27 

16 

65 

44 

19 

31 

64 

14 

56 

12 


12 

21 

12 

11 

11 

11 

11 

42 

85 

38 

22 

15 

43 

64 

13 

27 

24 

35 

47 

40 

81 

36 

22 

11 

12 

63 

10 

21 

21 

30 

11 

21 

44 

83 

49 

65 

32 

16 

19 

43 

12 

69 

68 


i? 


48 

63 

12 

14 

11 

12 

11 

63 

11 

36 

17 

66 

75 

39 

29 

17 

48 

26 

23 

24 

36 

35 

14 

64 

72 

35 

24 

12 

45 

25 

21 

20 

32 
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37 29 28 48 26 1 4 86 6 5 6 8 3 3 45 5? 

36^W42H10^M^30^56 

16 39 67 25 18 28 35 47 87 22 38 fj 

19 77 56 23 67 34 49 29 13 46 18 39 

14^MMW3045^1240J^^ 

79 37 19 58 15 46 26 

72 35 15 54 12 42 21 


Pkacticx Examples in Subtraction. Set 4 
Harder Higher-Decade Subtraction 


26 

31 

40 

50 

62 

23 

80 

71 

85 

55 

44 

20 

18 


35 

49 


18 

n 

65 


49 

36 

U 

40 

52 

34 

20 

63 

32 

41 

52 

62 

34 

51 

20 


48 

2 ® 

16 

56 


36 

49 

56 

ZZ 

48 

18 

22 

61 

53 

30 

50 

71 

53 

25 

32 

21 

60 

41 

16 


1® 


48 

U 


18 

IZ 

18 

51 

35 

61 

54 

21 

31 

50 

22 

43 

54 

70 

51 

30 

33 


« 

16 

28 

« 

U 


11 

15 

11 

!Z 

!! 

23 

42 

70 

33 

53 

30 

24 

51 

31 

52 

60 

55 

16 


64 

27 

49 

28 

18 

49 

27 

45 

56 

48 


Checking subtraction solutions. Checking in subtrac¬ 
tion, ^ in addition is indispensable. The habit of check- 
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in- should be developed in the primary grades and 
maintained through the intermediate and upper grades. 

The best check consists simply of adding the remain¬ 
der to the subtrahend and comparing the sum 
with the minuend. In the primary grades, pu- 

oils frequently acquire the habit of writing the - 

sum, as shown. This practice may persist in the 29^ 
intemediate grades. The practice may be justi- 4876 
fied for the first few examples which the pupils 
check in this manner in order that they may see the 
of the process, but writing the sum should not 
become a habit. If teachers in the intermediate grades 
find pupils indulging in this practice, they should dis¬ 
courage it. 

Solving problems. Skill in subtraction is not the im¬ 
portant end in itself. Subtraction is learned for the 
purpose of enabling the pupils to solve problems involv¬ 
ing this operation and to solve them with ease and accu¬ 
racy. That this skill may not become a mere abstraction 
to the pupils, devoid of relationship to interesting and 
practical problem situations, many problems showing 
the uses of subtraction should be solved. These prob¬ 
lems should be drawn largely from affairs with which 
they are concerned and whicli are known to be of inter¬ 
est to them. 

QUESTIONS AND REVIEW EXERCISES 

1. Find out just what instruction in the fundamentals of 
addition and subtraction is provided in the primary grades 
of your local school system. Does this program vary from 
teacher to teacher or from year to year? 

2. Why is it insufficient for the teacher of a new group 
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of pupils to learn from a group test the speed and accuracy 
wiA which they can. solve examples? What information 
should the teacher secure beyond that revealed through 
the use of the group test? 

3. To what extent is remedial work in arithmetic a mat¬ 
ter of individual teaching? 

4. If a summary test on the addition facts is given in an 
intermediate grade, why should these facts be arranged in 
a miscellaneous order on the test sheet? 

5. State and illustrate the difference between the terms, 
"addition combination" and "addition fact” as they are 
used in this chapter. 

6. Are circuitous methods of response to be condemned 
when the pupil is learning the addition combinations? 
After the combinations presumably have been learned? 
How would you detect the use of such circuitous methods 
by pupils in an intermediate grade? 

7. Are pupils who are slow in addition usually using 
wrong methods? Are sudr pupils always using wrong 
methods? 

8. What is a higher-decade addition combination? 

9. What are the two important uses of higher-decade 
addition? Which of these two uses is the more important? 

10. Higher-decade addition combinations were divided 
into two major groups. What are they? Which of these 
groups is the more difficult? 

11. Outline a plan for teaching higher-decade addition. 
How is higher-decade addition related to the basic addi¬ 
tion facts? What is meant by the statement that the higher- 
decade addition combinadons belong to families? 

12. Why is it important in early work in column addition 
to provide systematically for practice on the basic addition 
facts as well as on the higher-decade combinations? 

13. If the multiplier is 7, what are the possible carry num- 
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ben? What are the possible carry numbers which may be 
added to 32 in multiplication? 

14 Does carrying in multiplication always mean higher- 

decade addition? _ • i Tf 

15 Does higher-decade addiuon involve carrying? If, 
in adding a column, one encounters the combination, 
j 5 X 6, how is he supposed to add 6 to 35? 

16. Is it always true that telling is not teaching? Is it 

uiually true? 

17 . Why is it important that pupils see the meaning of 
carrying? How would you teach pupils to understand 
carrying? 

18. Why is our number system called a decimal system? 

19. What is the duodecimal system of numbers? To what 
number in the duodecimal system is the number 17 in our 
dedraal system equivalent? The number 30? 43? 75? 200? 
500? 

20. Why should the zero facts be omitted in early work 
with number facts? When should zeros be introduced in 
addition? 

21. What is meant by tlie statement that zero is a place 
holder? 

22. What precautions would you take in teaching pupils 
to add addends of unequal length? 

23. By adding several long columns of numbers, find out 
what your own attention span is. Also determine the at¬ 
tention span of several other persons, including a few 
elementary school pupils. 

24. What should the pupil learn to do when he reaches 
the limit of his attention span before reaching the end of 
a column? 

25. What is the relative importance of speed and accuracy 
in addition? What is meant by the statement that speed is a 
symptom of mastery? 
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30. What arc the two \ 4 . method? 

methods? deputes as to subtraction 

does*^he”do1^ subtract when he makes change? 

text? State the reason^for “ ^recommended in the 
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.ubtracSo of 

example be checked? In 
any wntmg be done? Why? 



99 


CHAPTER TEST 


AO Why is it important that practice on addition and 
subtraction be accompanied by the solution of problems in 
which these operations are employed? 


CHAPTER TEST 

For each of these statements, select the best answer. A 

kev will be found on page 533. 

1 The fundamentals of addition and suhtraciion arc 
usually (1) begun in the primary grades (2) linishcil in the 
primary grades (3) begun in the intermediate grades. 

^ 2 Teachers usually (1) overestimate (2) underc.stimafc 
(i) estimate correctly the difficulty of finding out what 
pupils have already learned. 

3. Written tests usually reveal pupils’ methods of work 
(1) adequately (2) inadequately (3) not at all, 

4. The number of addition combinations without zeros 
is (1) 45 (2) 81 (3) 100. 

5. The number of zero facts is (1) 46 (2) 10 (3) 19. 

6. Pupils should think of 9-f-0 as 10-|-5 (1) when 
learning 9 + 6 (2) always when they add 9 and G (3) not 
at all. 

7. Slowness in addition means the use of roundabout 
methods (1) never (2) sometimes (3) usually. 

8. The most important u.se of higher-decade addition is in 

(1) carrying in multiplication (2) short division (3) col¬ 
umn addition. 

42 

9. Bridging is required in the combination (1) G 

54 18 

(2) J (3) _2. 

10. One of the combinations whicli is used in carrying 

36 44 20 

in multiplication is (1) 8 (2) 2 (3) 5. 

11. The total number of higher-decade addition com- 
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1 TeUing „ ttadiing ( 1 ) soni,dnie, (!) 
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*ldU „*e„ “**« (») 

the other' s^Sl 

long „ a. „a«r ,y„°JS,“ I^W. 
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24 Compared with accuracy, speed is (1) more imimr- 

equally important (3) less important. 

25 Answers were recommended for the intermediate 
pda (1) for all examples (2) for some exami)les (3) for 

”° 26 *S£red with addition, subtraction is (1) less Com¬ 
dex (2) equally complex (3) more complex. 

^ 27 The take-away-borrow method is also called the 
( 1 ) method of decomposition (2) method of equal atUli- 
dons (3) Austrian method. 

28. If the accompanying example is solved by 
the take-away-carry method, one thinks in the 
second step (1) 7 and 3 are 10 (2) 7 from 10, 3 - 


(3) 6 from 9, 3. 

29 . If the same example is solved by the addition-carry 
method, one thinks in the tliird step (1) 9 and 4 are 13 


(2) 10 and 4 are 14 (3) 10 from 14, 4, 

30. If the same example is solved by the addition-borrow 
method, one thinks in the fourth step (1) 2 and 4 arc S 
(2) 4 and 2 are 6 (3) 3 and 4 are 7. 

31. Solving this example by the complementary method, 
one thinks in the first step (1) 8 and 5 are 13 (2) 8 and 2 
are 10 and 3 are 5 (3) 8 from 10, 2, and 3 are 5. 

32. The most commonly used subtraction melhotl is the 
(1) take-away-carry (2) take-away-borrow (3) addition- 


cany. 

33. The major four subtraction methotls sliould be known 
(1) by the pupils (2) by the teacher (3) by both pupils 
and teacher. 

34. The take-away-borrow method was recommended be- 
ause (1) it is the most widely used method (2) it is known 
to be the best method (3) it is the method which experts 
recommend. 


3S. The etymology of the word "subtraction" suggests 
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1933 Comments upon the articles by Dickey and Wheat 
and suggests that the pupil has uses for zero other than 
that of a place holder. 

5. Klapper, Paul. The Teaching of Arithmetic. New 
York' D. Appleton-Century Company, 1934, 525 pp. 
Chapters XX and XXI are devoted to the addition and 
subtraction of whole numbers. 

6. Morton, Robert Lee. Teaching Arithmetic in the Ele¬ 
mentary School, Volume I, Primary Grades. New York: 
Silver Burdett Company, 1937, 410 pp. Chapters 4, 5, and 
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Selected References at the end of Chapter 6 (pages 211-212) 
indude the more important sources of information on 
methods of subtraction. 

7. Morton, R. L. "Higher-Decade Addition in Some Re¬ 
cent Drill Devices." Journal of Educational Research, XV: 
104-110, February, 1927. Shows that prepared drill ma¬ 
terials often provide a very poor distribution of practice 
on higher-decade addition. 

8. Roantree, William F. and Taylor, Mary S. An Arith¬ 
metic for Teachers. New York: The Macmillan Comiiany, 
1932, 523 pp. Addition and subtraction are discussed in 
Chapter II as to teacher’s knowledge and methods of teach¬ 
ing. 

9. Taylor, E. H. Arithmetic for Teacher-Training Classes. 
New York: Henry Holt and Company, 1937, 432 pp. Ad¬ 
dition and subtraction are treated in Chapters II and HI. 

10. Wheat, Harry G. "More Ado about Zero." Elemen¬ 
tary School Journal, XXXII: 623-627, April, 1932. This 
artide, inspired by the article by Dickey (Reference 3) 
conunents upon the function of zero as a place holder and 
suggests that the zero combinations as such have no place 
in elementary arithmetic. 

11. Wheat, Harry Grove. The Psychology and Teaching 





CHAPTER 3 


the fundamental operations 

MULTIPLICATION AND DIVISION 

It has been suggested that the fundamentals of addi¬ 
tion and subtraction be taught together. These two 
operations were seen to be closely related. Presenting 
the basic facts of the two operations as teaching units 
means economy in learning and a better understanding 
of the operations. 

In like manner, the fundamentals of multiplication 
and division should be presented together. Thus, when 

9 6 _ 9 _ 6 

we tfa*"^ 6 and 9, we also teach 6) 54 and 9) 54. Again, 
54 54 

four primary facts, two in multiplication and two in 
division, are presented as a teaching unit. 

Entering fourth-grade pupils will have gone farther 
in their study of addition and subtraction than in their 
study of multiplication and division. Considerable vari¬ 
ation is found in the amount of multiplication and di¬ 
vision which is prescribed for the third grade but in no 
school with which the author is acquainted do the pupils 
go as far in multiplication and division as in addition 
and subtraction in this grade. 

There is a current tendency to reduce the amount 
of multiplication and division which is prescribed for 
grade three. It has been a common practice to present 
the multiplication and the division combinations and 
also considerable elementary work in the solution of 
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, 11111 1111 I 1. Then she slowly and painstakingly 
llunted the 24 strokes, wrote the 4 in the proper place, 
and recorded the 2 at one side, in cold-storage as it were, 
where she could find it when she needed it. She recog¬ 
nized apparently, that it would be a long time before 
L would have further use for this 2. Then, of course, 
she erased the marks, made four groups of seven each 
in their place, looked over to the place where the 2 had 
been stored, and added two more marks to the row so 

STitlookedlikethU: IIIIMI lllllll lllllll 

I I I The 30 marks were counted, the 0 was 


properly recorded, the 2 was erased to make a place for 
the 3, and the work continued. She consumed about 10 
minutes in solving the example and. fortunately, ob- 
tained the correct answer. 

Obviously this pupil knew the meaning of multipli¬ 
cation. Her actions showed a rather intelligent un¬ 
derstanding of what was required. But she did not 6 
know the multiplication combinations. Apparently, 6 
she could not add either, or, she did not recognize 6 
that the product of 4 and 6 can be obtained by _6 
y HHing four 6’s. Probably she found the sum of ad¬ 
dition combinations by the mark-counting procedure 


also. 

While this pupil was busy at the blackboard, the 
teacher was occupied with other tasks. He gave the 
pupil no attention before she had finished. Then he 
inspected her answer and complimented her on the 
accuracy of her workl 

Admittedly, this is an extreme case. But degrees of 
the same kind of faults are found in many schoolrooms. 
Sometimes, these faults are known to the teacher and 
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condoned by him but frequently the details of the pn- 
pil's methods of work are not known to the teacher who 
must plan his future work. 

The fundamental combinations. There is a long and 
firmly established custom in this country of teaching 
multiplication combinations to twelve times twelve, 
This custom, which seems to be of English origin, has 
little to be said in its defense. In ordinary multiplia- 
tion situations, one has no use for combinations beyond 
nine times nine. Of course, the tens will be learned 
while learning the nature and meaning of the number 
system, but tliis is not a matter of multiplication. A few 
twelves, perhaps as far as six twelves, should be learned 
eventually since there are 12 inches in a foot, 12 things 
in a dozen, and 12 months in a year, hut they should be 
taught considerably later than the combinations to nine 
times nine. The elevens should not be taught at all. 
Probably, the time will come when the pupil will find 
it advantageous to learn a few fifteens since many ar¬ 
ticles are priced at 15 cents each, a dozen, a box, etc., 
hut this time will probably be in the fifth or the sixth 
grade. 

There are 81 primary multiplication facts if we omit 
the zeros and go to nine times nine but there are 144 
if we go the twelve times twelve. The number of com¬ 
binations in the former case is 45 and in the latter case, 
78; Obviously, the task of learning 45 combinations is 
much simpler and easier than the task of learning 78. 
One iinportant reason for the ineffective learning of 
muUiplicaUon combinations in many schools is the fact 
that energy and time are dissipated on the elevens and 
me twelves. 
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We have discussed in considerable detail the teach¬ 
ing of the multiplication combinations to nine times 
nine.* If these combinations have been moved ahead 
from the third-grade course to the fourth-grade course, 
the fourth-grade teacher should proceed in the light of 
the suggestions which have been given. But if the teacher 
in the fourth or a later grade receives pupils who have 
been taught these combinations, the first thing on the 
program should be a test to determine what the pupils 
know and can do. In Review Test 9, the 81 primary mul¬ 
tiplication facts are arranged in a form which is con¬ 
venient for testing purposes. 

As was indicated in the preceding chapter, taking an 
inventory is largely a matter of getting acquainted with 
the habits and skills of the individual pupils. The in¬ 
formation supplied by group tests is not sufficient. The 
teacher must know not only how accurate the pupils 
are but also what their habits of work are. 

Review Tests for the Intermediate Grades. Test 9 
The 81 Multiplication Facts 


8 

7 

9 

6 

7 

9 

4 

9 

4 

_6 

J 

J 

_2 

1 

9 

_5 

J. 
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1 

7 

3 

5 

4 

2 

1 

8 

6 

6 

_8 

_3 

_5 

6 

_3 

_2 


5 

8 

5 

2 

1 

7 

3 

1 

2 

5 

4 

_2 

8 

_3 

_9 

_6 

_7 


_3 


1 Morton, Robert Lee. Teaching Arithmetic in the Elementary School, 
Volume I, Primary Grades. New York: Silver Burdett Company, 1927, 
Chapter 7. 
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farts The teacher in the intermediate grades should 
rive'special attention to these 36 multiplication facts. 
Most of the remedial work which is required will have 
to be done with them. They are listed for convenience 
in Review Test 10. 


Review Tests for. the Intermediate Grades. Test 10 


The 36 Harder Multiplication Facts 



It is especially important that the results in Review 
Test 10 be analyzed with care. The teacher must know 
not only the items, if any, on which the class as a whole 
does poorly and the individual pupils who make the 
poorest showing but also the particular items which 
each pupil misses. A large sheet of paper should be 
ruled into 36 columns and as many rows as there are 
pupils in the class, with extra columns and rows for 
the names of the pupils, the multiplication facts, and 
totals. Then an “0” may be recorded for each item 
omitted and an "X" or the actual wrong product given. 
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for each item wrong. Thus a detailed record will be 
available for the items with, which the individual pupils 
have difficulty. Totals at the right will indicate the pu- 
pils who are most in need of attention. Totals at the 
bottom of the sheet will indicate the facts which ate 
most in need of further practice. 

Multiplication without carrying. If multiplication 
without carrying has been taught in tire third grade, 
there should be a review test made up of examples of 
this kind. If multiplication without carrying has not 
been taught in the third grade, this should be the next 
step in the fourth-grade program. Review Test 11 con¬ 
tains examples having two-digit multiplicands and one¬ 
digit multipliers but whicli do not require carrying. 
All of the 81 primary multiplication facts, except those 
in which the multiplier is 1, are included in this test. 
The use of 1 as a multiplier is deferred until two-digit 
multipliers are used since the pupils will never have 
occasion in a real situation to solve examples in which 


Review Tests for. the Intermediate Grades. Test 11 




Multiplication without 

Carrying 
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81 

42 91 

41 

81 

63 

61 

50 

74 

_5 

7 

— _8 

6 

9 

3 

7 

5 
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51 

72 

60 81 

61 

- 60 

41 

83 

71 

61 

8 

_3 

_9 _6 

Jl 

_4 

_5 

_2 

_8 


71 

82 

71 41 

81 

41 

90 

71 

61 

71 

_5 

_4 

-1 1 


_9 


4 

8 

_7 



31 

_9 

82 

J 

31 
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multiplication with carrying 


52 61 

J J 

31 91 

_6 _5 

32 91 

4 6 


81 

40 

52 

91 

91 

_5 

_8 

_2 

_7 

3 

91 

40 

51 

50 

91 

_9 


_9 

6 

_4 

21 

20 

21 

52 

61 

_9 

_7 

_6 

_3 

_5 


31 

_7 

31 

5 
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21 

_8 

71 

6 


the fieure 1 is used alone as a multiplier. This test also 
indudes zeros in the multiplicand. Of course, the only 
zero facts in multiplication which are of practical value 
are those in which zero occurs in the multiplicand. 
Since there is no carrying in the eKamples of this test, 
and since the test is arranged so as to include all of the 
primary facts, except those indicated, it has been neces¬ 
sary to indude some of the facts in which 1 or 2 occurs 
in the multiplicand more frequently than the others. 

Other practice exercises involving multiplication 
without carrying are easily prepared. To provide .sys- 
tematically for the inclusion of all of the multiplica¬ 
tion facts used in Test 11, a list of these facts should be 
prepared on a separate sheet of paper and checked off 
as they are included in examples. The examples may 
indude those having three-digit multiplicands as well 
as those whose multiplicands are two-digit numbers. 

Multiplication with carrying. The operation of carry¬ 
ing in multiplication should be rationalized by a 
method similar to that used for rationalizing carrying 
in addition.* Coins may be used for first lessons but 
eventually the pupils should understand carrying in 


‘Morton. R. L., op , eit ., pp. 2G2-265. 
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terms of unitSj tens, etc., rather than in terms of the 
cents, dimes, etc. 

Set 1 of the practice examples contains 40 examples 
each of which has a two-digit multiplicand and each of 
which requires carrying. The 72 facts in which 1 does 
not appear as a multiplier are practised in these exam¬ 
ples. Eight of the more difficult facts are included twice 
each. Zeros are not used in these examples. 

Practice Examples in Multiplication. Set 1 
Multiplication with Carrying 


26 

39 

47 

16 

53 

25 

19 

34 

37 

95 

_4 

_8 

_5 

_7 

6 

_3 

_2 

_9 

_3 

_4 

42 

26 

46 

98 

37 

18 

67 

14 

28 

67 

_6 

_2 

1 

_5 

_4 

_9 

1 

_4 

_8 

J 

38 

94 

19 

27 

38 

36 

17 

25 

49 

9B 

_7 

_3 

_6 

_9 

_2 

_5 

_8 

_6 

_7 

3 

47 

67 

16 

59 

89 

57 

78 

19 

57 

82 

_2 

_6 

_3 

_9 

_4 

_2 

_6 

_6 

8 

1 _ 


Practice examples in multiplication, set 2, have three- 
digit multiplicands and one-digit multipliers. In this 
set, each of the 36 more difficult facts (see Review Test 
10) is used twice. The set also contains 13 of the 24 
combinations involving ones, twos, and fives—one fact 
for each of these 13 combinations—and five zero com¬ 
binations. This set of examples not only provides valu¬ 
able practice on multiplication with carrying but also 
gives an excellent summary of multiplication so far 
learned. This set may be used as a review test in the 
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01 the iixth grade. It wUl be noted that the carry- 
^difflcult, in Sen 1 and 2 ^niees the ute of htgher- 
aiade addition, as indicated m Chapter 2. 


Practice Examples in Multiplication. Set 2 
Three-Digit Multiplicands 


963 

849 

389 

4 

6 

7 

367 

416 

934 

6 


3 

973 

689 

397 

7 

6 

8 
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374 

502 

843 

6 

8 

8 

501 

679 

487 


5 4 9 


693 

687 

674 

9 

3 

8 

389 

478 

647 

8 

4 

_7 

384 

479 

486 

4 

9 

3 

- 



846 

106 

368 

7 

3 

9 


" ' * 

'' 

709 

397 

510 

2 

3 

6 


Further work with one-digit multipliers. If the fun¬ 
damentals of multiplication have been well taughtr the 
pupils should attain a greater and greater degree of 
skill as they practise on examples having one-digit mul¬ 
tipliers. Multiplication should become gradually easier 
for them and, as a consequence, the speed with which 
they multiply should increase and their errors should 
become less numerous. 

Also, multiplicands may be made longer. Instead of 
containing only three digits, they may contain four, 
five, or six digits. The teacher should remember, how¬ 
ever, that in the practical problems of the every-day 
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47 

63 


141 

28 ^ 

2961 


the pupil has not multiplied by a num- 
in any^ position other than units’ place. 

Now he finds that he must multiply by a 6 
which is in tens’ place. Furthermore, he must 
place the second partial product ^82, correctly 
Eventually he should see that the 282 is placed 
where it is because it really means 2820 and that it 
means 2820 because the 6 of the 63 means 6 tens or 60. 
This explanation of why we place the second partial 
product where we do probably will not be understood 
by pupils who are just beginning to use two-digit mul¬ 
tipliers. If we were to undertake to put this explanation 
aaoss at this time, we should probably have to begin 
with two-digit multipliers ending in zero, and, even 
then, only the brighter pupils would be able to appre¬ 
ciate the reason involved. 

The first explanation of placing partial products may 
be less complete but just as satisfactory to pupils as the 
better and complete explanation which can come along 
a year or two later. Step by step, multiplication can be 
shown as follows: 


47 47 

63 ^ 

47 47 

63 63 

47 

63 

47 

68 

1 

141 141 

2 

141 

282 

141 

282 




2961 

When we multiply 7 by 3, we place the 1 of the 21 
directly beneath the 3. Also, when we multiply 7 by 6, 


we place the 2 of the 42 directly beneath the 6. 

It is well to have several examples solved on the 
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examples for practice 


the form of solution to which ho is already accustomed 
however, the solution now appears m a new light. It 

“ SaturSlT^e^ «tent to which the writing of second 
J later partial products is rationalized will depend 
i the Lelligence of the pupils Those who are 
much below the average intellectually may well omit 
much of this rationalization. This is one of the numer¬ 
ous respects in which the arithmetic program may be 
differentiated so as to adapt it to the varying intelligence 
levels found among pupils. 

Constructing examples for practice. In constimcting 
sets of practice examples having two-digit multipliers, 
all of the basic multiplication facts should he used. 
Special attention should be given to the more difficult 
facts. Zeros should be found in the multiplicands. The 
multipliers will include numbers in which 1 oc- 
curs. This is the first real opportunity for practice 
with 1 as a multiplier. This is easy when the pupils ^ 
understand what is meant. The question, “How 
many is 1 five?” is no harder to answer than the ques¬ 
tion, "How many is 1 dog?" Just as the pupils have 
learned to think and say, “3 fives and 3 twos, rather 


than "three times five” and "three times two,” they now 
think “1 five" rather than "one times five.” Although 
such forms of expression as "three times five” are useful 
and must eventually be known, the meaning of multipli¬ 
cation is much more readily grasped if the pupil, in 
solving an example, thinks "3 fives” rather than "three 
times five." 

The first multiplicands should be two-digit numbers. 
Later, three-digit and four digit numbers may be used. 
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In Set 3. 90 multiplication facts are used but sin t l 
more difficult facts are used twice and a few three 

Practice Examples in Multiplication. Set 3 
Two-Digit Multipliers 
24 79 61 80 77 26 

^ ^ 78 19 69 71 
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Practice Examples in Multiplication. Set 4 
Three-Digit Multiplicands 
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153 

807 

375 

_37 

58 

49 

62 

17 

137 

247 

462 

214 
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J8 

54 

96 

21 

56 
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47 

39 

18 

27 

94 
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■ '' 


254 

897 

768 

148 

849 

38 

16 

52 

79 

84 


It should not be overlooked that the first example 
having a two-digit multiplier should be derived from 
a problem. Here is a typical problem. "Our school 
bought 35 paper tablets, each tablet containing 9(5 sheets. 
How many sheets of paper were bought altogether?" 
The development may proceed somewhat as follow.s: 

Teacher: "How shall we find the number of sheets of 
paper in all 35 tablets?” 

Pupil: "Multiply 96 by 35." 

Teacher: "Let us write the example this way. Now multi¬ 


ply 96 by 5 as you have always multiplied. (The pupil 96 
does so.) You wrote the 0 of 30 directly underneath 35 
the 5. Now, let us multiply by 3. How many are 3 480 

sixes?" 288 

Pupil: "18." 3360 


Teacher: "Since we wrote the first figure directly under¬ 
neath the 5 when multiplying by 5, let us now write 
the 8 directly underneath the 3. Now finish multiplying 
by 3. (The pupil does so.) Now, we have multiplied 96 
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by a variety of examples having two-digit multipliers 
ending in zero. 

After considerable practice has been provided on ex¬ 
amples having such multipliers, the pupils learn short 
methods for multiplying by 10, 100, 1000, etc., deriving 
the rules: 

To multiply by 10, annex 0. 

To multiply by 100, annex 00. 

To multiply by 1000, annex 000. 

After three-digit multipliers have been taken up, 
zero can occur in the second or middle posi¬ 
tion. In this case, it does not seem to be advis- 623 
able to have the pupils do more than skip the 
zero and write the 9 directly underneath the 2492 
3 when multiplying by 3. A row of zeros as a 
second partial product can be written in but 189392 
they probably are of little value in enabling 
the pupils to understand the example. Zero as a mul¬ 
tiplier means little, if anything, to pupils in the inter¬ 
mediate grades. 

■ The fifth set of practice examples contains three- 
digit and four-digit multiplicands and two-digit and 
three-digit multipliers. In this set again, each of the 
90 facts is included, some are included twice, and a 
few, three times. 

Practice Examples in Multiplication. Set 5 
Three-Digit Multipliers 
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2475 

36 

4328 

2000 

36 

2475 

2000 

4328 

14850 

180 

8656000 

16000 

7425 

252 


4000 


144 


6000 

89100 

72 


8000 


89100 8056000 


original solution and presents a greater number of 
opportunities to make mistakes in writing the partial 
products and in adding them. Still more striking is the 
difference between the original solution and the check 
of the second example shown. Surely, no one who had 
multiplied 4328 by 2000 would check by multiplying 
2000 by 4328. 

The best check for multiplication seems to be di¬ 
vision. Ordinarily, the multiplication and the division 
facts are taught together and any type of example in 
multiplication is followed soon by the corresponding 
type in division. But when a new type of example in 
multiplication (such as one having a two-digit multi¬ 
plier) has just been studied, the pupil is not yet ac¬ 
quainted with the corresponding type in division and, 
therefore, can not yet use division as a check. In his 
early work in multiplication, the pupil will have to 
check by following the simple expedient of repeating 
the work in the same way, or, interchanging multiplier 
and multiplicand, if this is feasible. Later, when the 
two processes have been taught, multiplication examples 
should be checked by dividing the product by the mul¬ 
tiplier and comparing the resulting quotient with the 
multiplicand. Of course, there will be no remainder. 

The clieck "casting out nines" is a valuable check 
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The best problems arise out of the activities in which 
the pupils are engaged. But these activities may not 
supply a sufficient number and variety of problems to 
make up the strong systematically planned program 
which pupils need and should follow. The resourceful 
tparhpr will derive other interesting problems from the 
afeirs of other children and, to some extent, from the 
affairs of adults. 

THE TEACHING OF DIVISION 

Division, the most difflcalt operation. Division is 
more difficult than addition, subtraction, or multipli¬ 
cation. It is very difficult for many pupils. Considering 
his age at the time he studies it, division is probably the 
most difficult topic in the arithmetic of the elementary 
school for the typical pupil. 

Thorndike has suggested three reasons for the diffi¬ 
culty of division.® The first reason has to do with the 
selection of the quotient figure. It is possible to give the 
pupil instructions which will make this somewhat easier 
but to make a good selection of a quotient figure usually 
requires more than tricks and devices; it requires judg¬ 
ment. This is particularly true when the divisor is a 
number of two or more digits. 

Secondly, division is difficult because it is complex. 
One must select a quotient figure, he must multiply, 
he must compare his product with the partial dividend, 
he must subtract, he must compare his remainder with 
the divisor, and he must bring down a figure to make 
another partial dividend. No other operation has any- 

‘ Thorndike, Edward lee. The New Methods in Arithmetic, Chicago: 
Rand McNally and Company, 1921, p. 166, 
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practice in many schools to teach all of the division facts 
and to do considerable work with one-digit divisors in 
the third grade. This sometimes goes so far as to have 
in this grade examples with three-digit quotients and to 
have quotients containing zeros. There is a current 
tendency, however, to teach little if any division in the 
third grade. The program which has been outlined in 
Volume I includes more than is offered in the third 
grade in many schools.® Probably it contains more than 
should be offered in this grade. 

It has been pointed out already that we would have 
the multiplication and the division facts taught to¬ 
gether as teaching units. We would also teach pupils to 
solve a given type of division example soon after they 
have learned to solve a corresponding type of mul¬ 
tiplication example. 

Teach long division first. Until recent years, it has 
been the almost universal practice to teach children 
short division before long division. The argument in 
favor of teaching long division first has already been 
presented.’ In brief, long division is much easier than 
short division for any given example. In dividing 5274 
by 6 by short division, for example, the pupil 
must subtract an invisible 48 from a visible ^79 
52, must think, "How many 6’s in 47?” when 6) 5274 
the 47 is only partially visible, must subtract 
an invisible 42 from a partially visible 47, etc. This is 
difficult, very difficult for beginners in division. But if 
the solution is written out in the customary long di¬ 
vision form, there is less left to mental imagery, the 

< Morton, R. L., op. cit.. Chapters 7 and 9. 

» Ibid., pp. 285-289. 
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6. Zeros in quotient, without and with remainders. 

(a) At end of quotient, as 4) 40, 6) 750, 3) 32j 

syiMs. 

(b) In midst of quotient, as 6) 1206j 4) 1612, 
9)6419. Sysin. 

The pupil’s first acquaintance with the long division 
form will come with the examples of the third 
dass in this outline. Examples of the second class 
represent a very slight step forward from the 
primary division facts, since there is no carry¬ 
ing in these examples. The pupil who learns 
to solve examples which represent the primary 
facts with remainders, is learning an important step 
which leads directly into division with carrying. 

It will be noted that in classes 4 and 5, we present 
examples involving carrying, first without remainders 
and then with remainders. This does not mean that the 
pupil necessarily must work through all of the sub¬ 
divisions of dass 4 before an example is permitted to 
have a remainder. It means, rather, that when a new 
type of example is taken up, remainders may well be 
dispensed with for a time in order that attention may 
be focused on the new difiiculty which the type repre¬ 
sents. Later, the examples should be allowed to occur 
both without and with remainders, usually with re¬ 
mainders. 

Review Test 12 may be a review test if the funda¬ 
mentals of division have already been learned or a set 
of practice examples in the grade in which this type of 
division is first introduced. This test includes examples 
without carrying and without remainders. The test in- 
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Alice and Kathryn earned 56 cents selling Christmas 
cards. If they divide the money equally, how much 
should each girl receive? 

The pupil thinks of the 56 cents as 6 dimes and 6 
cents. Dividing the 5 dimes by 2, he sees 2 dimes and 1 
dime remaining. He thinks of the dime remaining as 
10 cents, combines the 10 cents with the 6 cents, and 
divides 16 cents by 2. Then he sees that each girl should 
receive 2 dimes and 8 cents, or 28 cents. On the black¬ 
board, he may see solution expressed as follows: 

2) 56 cents = 2) 5 dimes and 6 cents =• 2) 4 dimes and 16 

cents 

Beginning with the right-hand expression, he will write 
“2 dimes and 8 cents" as his quotient, using the short 
division form, of course. Then, coming to the middle 
expression, he will write “2 dimes” above “6 dimes,” 
multiply, write “4 dimes" below “5 dimes” and sub¬ 
tract. Coming, finally, to the left-hand expression, he 
will employ the usual long division form. 

The pupil should drop the reference to coins readily 
and see 56 as 5 tens plus 6 units, should divide 
5 tens by 2, multiply, subtract, and divide 16 
units by 2, noting that the I ten remainder can 
be thought of as 10 units and. combined with 
the 6 units already there. 

Set 1 of the practice examples contains 72 ex¬ 
amples each having a one-digit divisor and a 
two-digit quotient. In this set, there are nine examples 
for each divisor from 2 to 9 inclusive. In each divisor 
group, the dividends are so chosen that each of the 
nine digits is used as the first quotient figure and that 
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8) 117 

9) 115 
7)~TP7 
4)187 
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3) 145 

4) 1M 
2)11 
417T 
3)155 
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7)125 
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The examples of Set 2 have three-digit quotients. In 
this set, there are four examples having 2 as the divisor 
and three examples with each of the remaining one- 
digit numbers (except 1) as divisor. It was necessary 
to include four examples with 2 as the divisor in order 
that all nine digits might appear in the quotient, for 
1 2, 3j ^ appear in the first place only, if there 
is' to be carrying in each step of the example. Re¬ 
mainders appear in nearly all of these examples and 
the same remainder does not appear twice for any one 
divisor, except 2. 

Practice Examples in Division. Set 2 
Three-Digit Quotients 


3)2810 

8)3087 

5)WB 

2)"97? 

6) 5591 

i)Wl 

9)2550 

2)719 

3) 741 

7)4490 

9) 6831 

6jT7^ 

4)734 

3)356 

8)1395 

6)"2740 

4)2299 

2)357 

7)1986 

5)2852 

7)6705 

9)5776 

2)592 

5)1974 

8)2156 


The examples of Set 3 and Set 4 have quotients con¬ 
taining zeros. In Set 3, the quotients are numbers of 
three digits, the last of which is 0. Practice is distributed 
over the remaining digits in divisors and quotients so 
as to give the larger amount of practice on the larger 
numbers. 

Practice Examples in Division. Set 3 
Zeros in Quotients 


6)4324 8)5044 5f4703 9)7291 7) 5950 
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correctly instructed and adequately practised in this 
difficulty as it occurs in examples having one-digit divi¬ 
sors before they learn to solve examples having divisors 
of two or more digits.® 

Introducing two-digit divisors. It has been stated that 
division is the most difficult of the fundamental opera¬ 
tions but that it can be made easier by careful planning 
and by good teaching. Careful planning means, among 
other things, thorough treatment of examples having 
one-digit divisors before more difficult examples are 
undertaken. Using the long division form for such ex¬ 
amples and following the steps which were outlined on 
pages 130-131, pupils have an opportunity to fix well the 
primary facts, to become thoroughly acquainted with 
the complex routine of division (writing the quotient 
figure, multiplying, subtracting, bringing down), to 
learn to handle zeros in the quotient, to become ac¬ 
customed to remainders, and to discover how solutions 
should be checked. By this time a sufficient number of 
worthwhile problems should have been found to estab¬ 
lish the usefulness of division and the pupils should be 
confident of their ability to handle any ordinary divi¬ 
sion example having a one-digit divisor. 

However, much remains for the pupil to learn. Ex¬ 
amples having two-digit divisors involve difficulties not 
yet encountered. Since the pupils have learned the 
routine of division and have developed adequate de¬ 
grees of skill in the use of the division and the multipli¬ 
cation facts and in subtraction, it is evident that the 
principal difficulty from now on will be the estimating 


* Moiton, R. L., op. cit., pp. 306-314. 
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quotients 7 and 4 are incorrect. It seems best, then, 
when the pupil is getting his first experience with two- 
digit divisors, to select dividends for which the trial 
quotients will be the true quotients and to enable him 
to gain some proficiency in solving such examples be¬ 
fore those whose trial quotients are incorrect are used. 

Selecting divisors and dividends in this manner gives 
the pupil an opportunity to become acquainted with 
the general procedure of dividing by two-digit numbers 
before the more difficult cases are encountered. But, 
eventually, the pupil must learn how to estimate quo¬ 
tient figures with any divisors and how to test the cor¬ 
rectness of his estimates. So, after a little preliminary 
practice in dividing by 10, 20, 30, etc., by 11, 21, 31, 
etc., and by 19, 29, 39, etc., the pupil should be given 
examples in which the estimated quotient figures are 
incorrect and he should learn how to test the quotient 
figures which he selects. 

Zeros probably should not be permitted to appear in 
the quotient until other difficulties have been fairly well 
mastered. To be sure, the pupil has had zeros in the 
quotient while dealing with one-digit divisors but this 
difficulty, when it occurs with two-digit divisors, is not 
quite the same as when it occurs with divisors of one 
digit. Consider the two examples shown. 

508 408 

7)3561 24) 9813 

35 96 


61 213 

56 1^ 

21 


5 
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Outline of difficulty steps. The following outline 
summarizes in brief space what has been suggested 
bv preceding paragraphs. This outline represents in 
schematic form the work in division to be undertaken 
in the intermediate grades after the work suggested by 
the outline for one-digit divisors (pages 130-131) has 
been completed. 

1. Two-digit divisors ending in 0, without zeros in 
quotients, without and with remainders. 

2. Two-digit divisors ending in 1 or 2. 

(a) Trial quotients correct, no zeros in quotients, 
without and with remainders. 

(b) Trial quotients incorrect, no zeros in quo¬ 
tients, without and with remainders. 

(c) Trial quotients correct or incorrect, no zeros 
in quotients, without and with remainders. 

3. Two-digit divisors ending in 9 or 8. 

(a) Trial quotients correct, no zeros in quotients, 
without and with remainders. 

(b) Trial quotients incorrect, no zeros in quo¬ 
tients, without and with remainders. 

(c) Trial quotients correct or incorrect, no zeros 
in quotients, without and with remainders. 

4. Other two-digit divisors. Trial quotients correct or 
incorrect, no zeros in quotients, without and with 
remainders. 

5. Any two-digit divisors, zeros in quotients. 

(a) Zero at end of quotient. 

(b) Zero in midst of quotient. 

6. Three-digit divisors. 

A greater number of classes of examples could have 
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these will present more difficulty in estimat- 
ing quotient figures. In the example shown. ^ 

for bstance. the pupil will determine the 70) 5320 
number of 70’s in 532 and 420 by thinking, _ 

“How many 7-s in 53?** and “How many 7 s 420 

in 42?” This makes the example more like ^ 

other examples which the pupil has already 
learned to solve. The zero in the divisor is simply 

carried along. 

Sets of practice examples may be prepared as sets 
have already been prepared for one-digit divisors. The 
sets which have been given in this chapter may be 
adapted to our present purposes by annexing a zero to 
each divisor and another digit to each dividend. 

Two-digit divisors ending in 1 or 2. The pupil is now 
ready to undertake more difficult examples having two- 
digit divisors. We may begin with a problem. 

Our principal brought us a package of 500 sheets of 
paper. There are 31 boys and girls in our room. If he 
divides the 500 sheets among us so that we each get the 
same number of sheets, how many sheets will each get? 
How many sheets will be left over? 

Teacher: "How shall we find out how many sheets 
there are for each pupil?” 

Pupil: "Divide 500 by 31." 

Teacher: "This is the way we divide 600 by 31. Think 
first, how many 31’s in 50? If you can’t tell, think, 

how many 3's in 5? 1 is right. Write the 1 above the _Ifi 

0 of 50. The rest of the example is just like those 31) 500 
you have been doing. Write 31 under 50, subtract, ^1 

and bring down the other 0. How do you tell how 190 

many Si’s there are in 190?" 

Pupil; “Think, how many 3’s in 19?" 4 
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7 as a trial quotient; but the correct quotient figure is 
6. In some-o£ the examples of Set 6, the first trial quo¬ 
tient figure is incorrect, in some the second is incorrect, 
and in three both are incorrect. This set will help to 
bridge the gap from the easier, somewhat artificial ex¬ 
amples of Set 5 to the more difficult examples which 
arise from a chance arrangement of digits in divisors 
and dividends. The quotient figures in Set 6 occur as 
did the quotient figures of Set 5. 

Practice Examples in Division. Set 6 

Trial Quotients Correct and Incorrect 


51) 3528 

21) 1223 

82) 7207 

12) 383 

92)Wr 

71) 992 

41)1923 

52) 1298 

91) 6002 

siyini 

72) 1418 

22)1623 

11)113 

62)1731 

32) 1022 

81)777? 

42)3148 

61) 3292 




The use of the examples of Set 6 will be preceded by 
definite instruction in the solution of examples of this 
kind. In this instruction, the attention of the pupils 
will be directed to the fact that sometimes the quotient 
figure obtained by using the first digit of the divisor as 
a trial divisor is correct and that sometimes it is in¬ 
correct. 

This leads to an important point in the teaching of 
division. After recording the trial quotient figure and 
multiplying the divisor by it, the pupil must compare 
this product with the partial dividend (the number 



1« mdltipucation and division 

‘“"“'““ly above) u 

de-ivTS T'®*”” “'P' >» 

the increase-by-one method • ^arge rtf 

“■”« ande ehl, Z^^„/ "-a 

ja^ product from the parti?? •?"'"* *’>' ^atractta, 

a™, dm d™„r?ii??“‘' “ «Irosa H m 
-- aimroif that the 

frequently «ai. madar of 

tial dividend an/ ^ product with th. 
the divisor. If the absurd ^ remainder /ith 
“ade are to be avoided 1 ^ sometime 

aacoma a habit ™ tm ^ «>ari»ri™ Zt! 

■aro® a^ntion to “ aabit if the teZ? 

Twoulijit divfaoro andh?-'" o“^ ofFectively. 

““ *0 hicreasZv *' “ ’“SSadad 

8 y a two-digit number if th'^^ niethod in divid- 

noutbar it 9 ™am .f 

•a^ the Hmt digit of ,? ? ™' °* 

“'Wd by one to tor ae in- 

•ae example thown Z ^ rUvisor. In 
•a' «>« quotient 

“="y 5't in S6f.. £ ^'’’I'arr'aing, "Hm, 

“f ■TharoatonS 

"“a fuch divitu” ??'■"“ ”* 'afr method ,, 

“"■M quotient figure m™?*’' 

' apparent quotient metSd“°" "aan does 


53 

48)^575 

240 

176 

144 



147 


two-digit divisors 

Grossnickle shows that if the apparent method is used 
for aU examples having two-digit divisors (except those 
ending in zero), the correct quotient figure is obtained 
n 63 9 per cent of the cases, but that if the apparent 
method is used for divisors ending in 1, 2, 3, 4, or 5 and 
the increase-by-one method for divisors ending in 6, 7, 

8 or 9, the correct quotient figure is obtained in la.i 
o’er cent of the cases.” In arriving at these figures Gross¬ 
nickle included in the group for which the correct quo¬ 
tient figure is yielded by the apparent method some 
examples which other investigators do not include m 
this ^oup. In dividing 256 by 28. for example, the ttial 
quotient is 12 if the apparent method is used but since 
no quotient figure can be greater than 9, the pupil is 
instructed to try 9 in such cases. In this case, 9 is correct 
so this example is included in the group for which the 
correct quotient figure is obtained by the apparent 
method. The same disposition is made of all examples 
in which trial quotients of 10 or more are secured, if 9 

is the correct quotient figure. 

Before deciding whether we should use the increase- 
by-one method for two-digit divisors ending in 6, 7, 8, 
or 9, we should determine the proportion of such ex¬ 
amples for which the true quotient figure is obtained 
by this method. The answer to this question has been 
worked out by Jeep and reported by Knight.^ Of course. 


• Grossnickle, Foster E. "How To Estimate the Quotient Figure in 
Long Division.” Elementary School Journal, XXXil: 299-306, December, 
1931* 

M Knight, F. B. "Some Considerations of Method,” National Society 
for the Study of Education, Twenty-Ninth Yearbook. Bloomington 
niinois: Public School Publishing Company, 1930, pp. 143-267. The 
work of H. A. Jeep is reported on pages 162-167. See also: The National 
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for use when the second figure .of the divisor is small 
Id the other for use when the second figure of the 
divisor is large. The criticism is not without point. 
Moreover, there are many examples for which die cor¬ 
rect quotient figure can not be . obtained by the use of 
either of die two methods given. But the use of two 
methods means much less of the trial and error type of 
procedure and, in the opinion of the author, is justified 


for this reason. 

In Set 7 of the practice examples, the 18 two-digit 
numbers ending in 9 or 8 are used as divisors. Each 
dividend is selected so that the trial quotient is correct 
if the first digit of the divisor is increased by 1 to form 
the trial divisor. Again, each of the digits from 1 to 9, 
inclusive, occurs twice in the first place in the quotient 
and twice in the second place. Each example has a re 

mainder. 


Practice Examples in Division. Set 7 
Trial Quotients Correct 


49)1828 

79)4928 

28)"267? 

88)1690 

58) 4322 

89)4325 

39)"20I7 

48)“T27T 

29) 2429 

18)1200 

9symo 

69)2562 

78) 7345 

19f483 

68)"5'677 

99)1865 

59)3117 38)715 

The 18 two-digit numbers ending in 

9 or 8 are used 

again as divisors in Set 8, 

but in this set one or more 
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rf the tna. quotient figue,,, 

found to be incorrect. The suea • ^’^ample will be 

in connection with the offered 

examples of Set 8. Here agai„ f ^ the 

1 to 9, inclusive, will be found tJ^ from 

in the quotient and twice in th,. place 

second place. 

J^lQuot,enuCon.e„e„,I„^^_^ 

59) 5386 89)1337 28 \' 9 aTTr 

28)2412 igy^ 

?8rJ535 48^157 391 -^ _ 

_ 98)155T 

18) 688 7Q)7m 68TW^ 

‘^8) 3538 49y^ 

99)im ZBjm samRB- 

88)735^ 38)1798 

58)3717 69)2484 

Other two-digit divisors. Thfra 
sots which have not yet been ' two-digit divi- 

amples. They are the two-dieit tn practice ex- 

6 , or 7—nine of each. Each of th ending 3, 4, 5, 

as a divisor in the examples ofT* n ® numbers is used 
In making up the examples o 

have not been chosen with dividends 

whether the trial quotients are reference to 

have seen that neither method'^°f'^^^*^.°’^ incorrect. We 
figures is as satisfactory with th ° ®®*intating quotient 
sors ending in 1, 2, 8, or 9 t?^ “ivisors as with divi- 
divisors ending in 4, 5, or 6. In “ especially true for 
use the apparent method for *he pupil should 

''"isors ending in 3, 4, or 
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5 and the increase-by-one method for divisors endine 
in 6 or 7, especially in his first experiences with these 
divisors. But by this time, the pupil should 
begin to use some judgment in selecting quo- 3 g 

tient figures and, as he gains experience with 
these examples, the factor of judgment 192 
should become more and more prominent. 5 jg 

The pupil must learn early to use his best Big 

judgment in selecting quotient figures but 
he must expect to make errors. It is impor- ' 

tant that he learn to be on the lookout for errors to 
detect them, and to correct them. It is sometimes said 
that multiplication examples can be solved with a pencil 
but that division examples require both a pencil and an 
eraser. If the use of the eraser is gradually decreased 
the teacher may be assured of the pupil’s progress. In ’ 
example shown, the pupil should think: “ 6 ’s in 24 a 
and no remainder; Ts in 24, S and a remainder ofV 
3 is probably right.” Then he multiplies, notes that 199 
is less than 243, subtracts, notes that 51 is less than fid 
brings down the 9, and thinks: "6's in 51, 8 and a ’ 
maindcr of 3; 7’s in 51, 7 and a remainder of 2- 8 rn^ 
be right; I’ll try 8 .” ' 


Practice Examples in Division. Set 9 
Other Two-Digit Divisors 


47) 2930 

63) 5028 

26) 2216 

34)“T664 

87) 8400, 

15) 1189 

73) 6320 

97)"7nx 

54)3211 

23) 1850 

45) 4237 

®3ri?9i 
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17)981 

75)2000 

94)4666 

67)2052 

66)5441 

84)4095 

95)3502 

53)4963 

86)'S0S3 

64)1121 

74y2TH 

93) 6922 

25)987 

96) 6573 

S3)T89f 

46)199T 

65)1766 



66)174? 

37) 2845 

35)2431 

13)~7T7 

24) 1987 

43)169 

77)128? 

36)1782 

27)2580 

44)1796 

I6)"822 

57)151 

55)1096 

76)6877 

85)5921 

14)1150 


multiply the divisor by the 
trial quotient without actuaUy writing the product and 

Te “XL*: X." -PoraCemeL! 

sX: Evt “ actually 

visible nrodu subtract this in- 

i^^X fi with the divisor without writ- 

Xof sXX “ --- thX 

^timLin; n' T- Srow in skill in 

where T reaches the point 

his work Thh°d to erase and correct 

and totanv however. 

quires X IT ^“ainment re- 

q much practice and no little ability on the part 
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of the pupil as well as careful teaching and unlimited 
patience on the part of the teacher. 

In preparing the examples of Set 9, a record was 
kept of the frequency of the occurrence of each of the 
10 digits (including 0) in the quotient. The larger 
numbers have been used more frequently than the 
smaller. 0 and 1 occur four times each; 2 and 3, six 
times, 4, eight times, 5, ten times; 6 and 7, twelve times; 
and 8 and 9, fourteen times. 

The practice examples which have been provided for 
two-digit divisors have been constructed so as to give 
two-digit quotients. Of course, the same divisors will 
be used with dividends yielding quotients of three or 
more digits. 

When examples yielding three-digit quotients have 
been taught, the troublesome cases of XOX quotients— 
quotients of three digits, the second of which is 0— 
should receive careful attention. In teaching pupils to 
solve such examples, they should be forcefully impressed 
with the fundamental principle that every time a figure 
is brought down from the dividend, something must be 
written in the quotient. If no other numeral can be 
written there, we place a 0 in the quotient. 

The next two sets of practice examples. Sets 10 and 
H, contain examples having two-digit divisors and 
three-digit quotients. In Set 10, no zeros occur in the 
quotients, except as the third quotient figure. In Set 
11, the second figure is 0 in the majority of the cases. 
A few cases in which there are no zeros in the, quotient 
are included as a means of keeping the pupils alert, of 
preventing their writing 0 as the second quotient figure 
as a matter of form. 
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The digits 0 to 9, inclusive, occur in the quotients of 
Set 10 with about the same relative frequency as was 
the case in Set 9. In the first and third quotient figures 
of Set 11, a similar distribution of practice will be found 
In general, the larger digits occur about twice as fre^ 
quently as the smaller. 

Set 10 contains 36 examples. The divisors are selected 
so that there are four from each decade from which 
two-digit divisors come. Each of the digits 1 to 9, in¬ 
clusive, occurs four times as the second digit of these 
divisors. 


Practice Examples in Division. Set 10 


, 

Zeros in 

Quotients 


48)13804 

65) 19272 

81)25764 

lEjlMT 

t1) 12922 

32) 31053 

59) 28914 

73) 41426 

97)57162 

64)47121 

93) 80842 

56) 42802 

18) 15044 

87) 14733 

21) 5427 

45)8838 

76)28591 

14)10981 

39)26523 

13) 6127 

35)25507 

54)37443 

78) 61563 

42)39376 

89)75497 

23)13612 

99)25478 

82)55939 

68)26945 

75) 45772 

57)53024 

91)22864 

24)13691 

66)18337 

31) 14892 

46)21421 
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Set 11 also contains 36 examples. Twenty-eight of 
these have quotients in which there is a zero in the 
second place. The divisors were selected as were those 
of Set 10, but no divisor which was used in Set 10 is used 
again in Set 11. 

Practice Examples in Division. Set II 
Zeros in Quotients 

33) 13472 61) 43252 28)'25374 15)12021 

44)TT0^ SSySTm , 52)l60S7 98)20965 

71)“39020 29)17^ 45)11655 8479T5r 

34) 20415 17)15372 96)26561 51)41117 

74)59469 62725383 85) 47386 16)6552' 

67) 40348 38) 30474 77)53961 92785216 

22) 19483 49)15068 53) 47837 58) 46791 

37)33329 41) 20809 95)62832 19)15244 


79)32254 26)21308 86)77677 63725671 

Three-digit divisors. The suggestions which have 
been offered for teaching children to solve examples 
having two-digit divisors apply, in general, to examples 
having three-digit divisors also. The trial divisor will 
be the first digit of the divisor, or the first digit increased 



534 

328)175293 

1640 

1129 

984 

1453 

1312 

141 
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by one if the second digit is large. The pupil should h. 
encouraged to ignore the third digit of 
the divisor completely in estimating quo¬ 
tient figures. In solving the example 
shown, the pupil thinks, "3‘s in 17, 5 and 
a remainder of 2, so 5 is probably right.” 

Later, he estimates the number of 328’s 
in 1129 and in 1453 by noting the num¬ 
ber of 3 s in 11 and 14, respectively. 

Thus, the pupil learns that estimating 
quotients with a three-digit divisor is al¬ 
most the same process which was used 

in estimating quotients in an example having a divisor 
of two digits. 

In providing practice on examples whose divisors 
have, three digits, we should take into consideration 
the various difficulties involved and plan definitely to 
give practice on each of them. Quotients will have two 
igits, three digits, and. sometimes, four digits. Zero 
difficulties will be included. All of the digits should 
appear m the quotients and the larger of these should 

smaller. 

Almost all of the examples should have remainders, 
of Division, Set 12, have divisors 

nf th ^ ^*'6 36 examples in the set. Four 

tL h ^ hundreds, four in the 

of hundreds, etc. Each 

the ^ inclusive, is used four times as 

to “ ”0' ““d 

to imto, rf hundreds group. The digits 

toeXl^r elected in 

nner. Thus, practice on three-digit divisors 
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is distributed so that pupils should be able to handle 
any three-digit divisors if they can handle these. Zeros 
have not been included in these divisors but they do 
not increase the difficulty of estimating quotient figures 
so much as they increase the difficulty of multiplication. 
Examples having zeros in divisors should be given in 
lists of practice examples also. They are easily prepared. 

We have seen how instruction in division should pro¬ 
ceed through a series of carefully graded steps from the 
easiest examples to the most difficult which the pupils 
are likely to encounter. We have suggested that, so far 
as practicable, but one difficulty should be introduced 
at a time and that practice should be provided on it 
until it is fairly well mastered before the next difficulty 
is introduced. We have suggested that practice exam¬ 
ples be selected so as to include all of the basic division 
facts but that the more difficult of these be given the 
larger share of our attention. 


Practice Examples in Division. Set 12 
Three-Digit Divisors 


517)240731 

831)231472 

243)2346S 

488)408670 

799)406923 

123)222831 

962)82657 

656) 521378 

375)306217 

548) 1649209 

214)167262 

826)63822 

661)'626853 

392) 266017 

757)446216 

433) 21584 

185) 1103938 

979)37959? 
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jssymm g^e^mss 

M7)T?l6j 613J32S53? 
935JB5455 I6in2503F 

146) 532845 554Jlb382ff 

498)3fl6^ 

761)32526 


677)158255 

235jT5o75I 


^991361621 

874)‘69!64 

'^62)11954? 

®82)77256r 

9I3)1258?5 

329)1^6061 
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regular multiplication procedure has been learned. 
Pupils do not learn to multiply by 25 by annexing two 
zeros,and dividing by 4 before they have learned to 
multiply by the usual method. For some reason, un¬ 
known to the author, division has very generally been 
taught by a short method before it was taught by a 
long method. A possible explanation is found in the 
fact that the examples having one-digit divisors usually 
were considered to be short division examples while 
examples having divisors of two or more digits were 
thought of as long division examples and, quite nat¬ 
urally, those in the former group were taught before 
those in the latter group. However, the distinction be- 
tween long and short division is a distinction between 
two methods of solution, regardless of the number of 
digits in the divisor. The example, 4) 136 is a short 
division example only if it is solved by short division. 
If the long form of solution is used, this example is an 
example in long division. Likewise, the example, 
25) 5625^ is a long division example only when it is 
solved by long division. Many persons would solve this 
example by short division; to them, it is a short division 
example. 

Short division more difficult. We have already indi¬ 
cated that short division is more difficult than long di¬ 
vision, particularly for those who are just learning to 
divide. The reason is obvious. In short division, one 
must visualize numbers which are not written and 
make certain combinations of them with numbers which 
are in sight, while in long division the work is all writ¬ 
ten out where it can be seen. This matter of relative, 
difficulty of the two procedures led the author in 1927 
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to recommend that long division be taught before short 
division.^ 

Should short division be taught at all? Many teachers 
have taken pride in the fact that their pupils never used 
long division for an example having a one-digit divisor. 
Others, after teaching short division before long divi¬ 
sion, later have accepted the work of pupils with appar¬ 
ent indifference, whether examples having one-digit 
divisors were solved by short division or long division. 
And, it may be observed, many pupils use long division 
for all examples after they have learned it, even though 
they have been taught short division first. Apparently, 
they find long division to be the easier process for all 
examples. 

There is difference of opinion as to whether short 
division is sufficiently worthwhile to justify the time 
and energy required to learn it. John recommends that 
the long division form be taught first and that short 
division be taught later as a short cut.^ Buckingham 
also recommends the later teaching of short division, as 
a short method.“ Ballard holds that there is only one 


Morton, Robert Lee. Teaching Arithmetic in the Primary Grades, 
New York; Silver Burdett Company, 1987, pp. 107-169. Also, Teaching 
Arithmetic in the Intermediate Grades. New York: Silver Burdett 
Compsny, 1987, pp. 75 and 97-101. 

“John, Lenore. "The Effect of Using the Long Division Form in 
Teadiing Division by One-Digit Divisors." Elementary School Journal, 
XXX: 675-698, May, 1930. 

“Buckingham, B. R. "The Training of Teachers of Arithmetic." 
National Society for the Study of Education, The Twenty-Ninth Year¬ 
book, Bloomington, Illinois; Public School Publishing Company, 1930, 
pp. 876-377. 
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method and that that method is long division.^ Gross- 
nickle concluded that it is not worthwhile to teach the 
short division form at allThe present writer has rec¬ 
ommended that we make the long division form "the 
King’s Highway,” as Ballard expresses it“ until the pu¬ 
pil has learned well the fundamentals of this difEcult 
operation, but that later, perhaps in the junior high 
sAool, the pupil may learn the short method when the 
finishing touches are being put on his work in division “ 
However, those below the average in general intelli¬ 
gence and arithmetical ability may well omit short di¬ 
vision entirely. 

Olander and Sharp investigated the use of long and 
short division with the harder one-digit divisors by 1265 
pupils in grades IV to XII, inclusive, in four school 
systems. They found that three-fourths of these pupils 
used the long form, one-fifth the short form, and one- 
twentieth both forms. There was little difiEerence be¬ 
tween the grade pupils and the high school pupils as 
to the form used. They recommend the use of the long 
form at first and the short form later as a short cut for 
the more able pupils.^ 


Ballard, Philip Boswood. Teaching the Essentials of Arithmetic, 
London: University of London Press, 1928, p. 170. 

Grossnickle, Foster £. “An Experiment with a One-Figure Divisor 
In Short and Long Division." Elementary School Journal, XXXIV: 496- 
514 and 590-699, March and April, 1934. 

“ Ballard. P. B., op. cit.. Chapter VI. 

^‘'Morton, Robert Lee. Teaching Arithmetic in the Elementary 
School, Volume I, Primary Grades, New York: Silver Burdett Company, 
19S7, p. 289. 

Olander, Herbert T. and Sharp, E. Preston. "lAng Division versus 
Short Division." Journal of Educational Research, XXVI: 6-11, Septem¬ 
ber, 1932. 
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In some schools in which short division is taught first 
and is the required form for examples having one-digit 
divisors, the alleged advantages of the short division 
form are lost, to a considerable extent, because of the 
use of crutches. In solving the example, 7^ 5362, for in¬ 
stance, it is not unusual for the pupil to write a small 4 
between the S and the 6. This makes the partially visible 
46 into a fully visible 46 and is a step toward the long 
division form. Also, pupils sometimes facilitate subtrac¬ 
tion by writing the product below the partial dividend 
(here 49 under 53) or write the partial dividend and 
the product at one side before subtracting. 

There are certain advantages in short division which 
should not be lost if the procedure can be learned with¬ 
out an undue expenditure of time. In the first place, 
it is neat and concise; it makes a better appearance than 
does long division. Secondly, it requires less space, 
thereby effecting a slight economy in materials. In the 
third place, when one has become expert at this form, 
it can be done more quickly than can long division. 
Finally, in solving problems requiring two or more 
steps where division is one of the steps, the quotient can 
be written out at once without performing the opera¬ 
tion on a separate sheet of paper. 

However, these advantages are not sufiScient to justify 
the labor and time required for pupils who are below 
the average in intelligence and ariAmetical ability to 
learn this division form. It seems best, then, to postpone 
short division until the seventh grade and then to offer 
it as a short method to those who are more able than the 
average. So used, it may add interest to division at a 
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time when further practice is required and increased 

'rtfrprpst mziY be desirable- ^ 

Caching short division. If and when the teaching of 
short division is undertaken, it must be preceded or 
accompanied by the teaching of higher-decade subtrac- 
Z It was shown in the last chapter that there are 175 
hieher-decade subtraction combinations which are used 
in short division. It was shown also that these higher- 
decade subtraction combinations are related to the 
basic subtraction facts and to the higher-decade addi¬ 
tion combinations which are used in carrying in multi- 
nlication. It should not be very difficult, then, for the 
pupil to learn higher-decade subtraction, but to attempt 
short division without giving attention to higher-decade 
subtraction is to court unnecessary learning difficulties. 
The divisor, 2, can be used with any dividends as 

soon as the pupil is famUiar with the higher-decade 
soon as P r 11 13 15 17 19 

subtraction combinations, 1£, 12, 14, j_ 6 , and J^. These 
are quite easy since they are all in the same decade and 
the remainder is 1 in each case. Likewise, the divisor. 
3 can be used as soon as the pupil knows the subtraction 
13 14 16 17 19 20 22 23 25 26 28 
combinations, 1 ^, 12 , 1 ^, 1 ^' 21 » ^ 

29 

and 27. These are a little more difficult. As the divisor 
becomes larger, the number of higher-decade subtrac¬ 
tion combinations needed increases rapidly and they 
become more difficult. 

If the pupils are to learn short division, they should 
be interested in it and have a desire to learn it. It seems 
best for the teacher to solve a few examples on the 
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blackboard, using the short division form, in order th 
the pupils may see the brevity and apparent ease of the 
process. An explanation may proceed somewhat as fol 
lows: 

Teacher: "How many 4's in 13?" 

Pueil; "Three." 

Teacher: "We write the 3 above the 3 of the 13 and 
multiply 4 by 3 but we do not write the We 
subtract the 12 from the 13 mentally and remember 337 
that we have a remainder of 1. Now think of the 1 471^ 
and the 4, making 14. How many 4’s in 14?” ' 

Pupil: "Three." 

Teacher: "What is the remainder?” 

Pupil: "Two." 

Teacher: "Think of the 2 and the 8 as 28. Then, how 
many 4’s in 28?" 

Pupil: "Seven." 

If the easier examples are solved first—examples hav¬ 
ing small divisors and quotients of two or three digits_ 

the pupils should be able to solve such examples for 
Aeimelves after seeing several demonstrations at the 
bl^kboard. However, some pupils seem to find it very 
difficult to visualize numbers. They depend upon hav¬ 
ing actual figures in sight. Much of this difficulty may 
e due to lack of training, but even with training some 
continue to find it difficult. Marked differences in the 
success of pupils in learning short division are to be 
expected. Those who find it very difficult should not be 
required to spend very much time on it. 

For practice in short division, the sets of examples 
with one-digit divisors which have already been given 
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in this chapter may be used. They constitute a series 
graded according to difficulty. 

Checking results in division. Division may be checked 
by reversing the divisor and the quotient. That is, after 
the division has been completed, 
the dividend may be divided by 
the quotient which has been ob¬ 
tained and there is fair assurance 
that the work was correct if the 
original divisor is obtained as the 
quotient' and there is the same 
remainder. In the example shown, 
for instance, the quotient obtained from dividing 1768 
by 26 is 67 and there is a remainder of 16. Then, if 
1758 is divided by 67, the quotient is 26 and the re¬ 
mainder is 16. 

This check has the advantage of giving intensive prac¬ 
tice on division. If division is to be learned, the more 
practice the pupil gets, the better, other things being 
equal. Its disadvantage lies in the fact that dividing the 
dividend by the quotient may involve a type of division 
which has not yet been learned. For example, if 2499 
is divided by 52, the trial quotient is correct in both 
steps and the example is comparatively easy. But if 
2499 is divided by the quotient, 48, the trial quotient 
in the first step is incorrect whether the apparent or the 
increase-by-one method is used. Then, too, the quotient' 
may contain a greater number of digits than the divisor 
thus introducing a kind of example for which the pupil 
is not yet prepared. 

The best check seems to be multiplication. The pupil 
will multiply the quotient by the divisor, add in the 


67 26 

26)"T7M 67TT755 
156 134 

198 418 

182 402 

16 16 
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remainder, and compare the result with the dividend 
This check is easily understood, is easily applied, and 
provides an excellent review of multiplication with 
multipliers of two or more digits. 

The check, "casting out nines,” is a valuable one for 
use with long and difficult examples but is not appro¬ 
priate for use in the intermediate grades. It may be 
introduced in the junior high school. 

The use of division in problems. We have said that 
the scarcity of practical applications is one of the reasons 
for the difficulty of division. But pupils are likely to 
lose interest in the subject unless many interesting prob¬ 
lems involving division can be found. Then, we must 
find such problems and they must cover the various 
types of examples which have been taught. 

Of course, textbooks are one source. But no one text¬ 
book is an adequate source. The teacher should have 
at hand several good texts from which the best problems 
may be selected. Other problems will arise in the affairs 
of the school, of the children’s homes, and of the neigh¬ 
borhood. An alert teacher will find these and will bring 
in a wide variety for use in the arithmetic class. Also 
she will eiicourage her pupils to look for problems 
which require division. Other problems may be "made 
up” and worded in such a way as to appeal to the imagi¬ 
nations of the pupils. They like to solve problems about 
hypothetical picnics, hikes, camping trips, etc., which 
are sometimes the experiences of boys and girls. Teach¬ 
ers who have made a serious effort to find good problems 
requiring the use of division have been gratified with 
the success which they have achieved. 

Abstract and concrete numbers. A number of years 
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ago, arithmetic texts and arithmetic teachers made much 
of the distinction between abstract and concrete num¬ 
bers. Pupils learned that abstract numbers were num¬ 
bers which were not applied to any particular thing, 
numbers like 26, 3, 17i/^, etc. They learned that concrete 
numbers were numbers which were attached to specific 
objects or quantities, as 6 baskets, $425, 6 gallons, lOi/^ 
pages, etc. This distinction led to certain rules which 
were to be followed in performing the operations with 
numbers. 

Rules for abstract and concrete numbers. In adding, 
the addends must all be abstract or all concrete; if con- 
CTCte they must be of the same denomination. Likewise, 
in subtracting, both the minuend and subtrahend must 
be cither concrete or abstract. Then, in addition, the 
sum is the same kind of number as the addends and in 
subtraction the difference or remainder is like the min¬ 
uend and subtrahend. 

In multiplication, the multiplicand may be either 
abstract or concrete and the product is always like the 
multiplicand. The multiplier must always be abstract. 
In division, the dividend may be either abstract or con¬ 
crete. If the dividend is abstract, divisor, dividend and 
quotient are all abstract. If the dividend is concrete, the 
divisor may be either abstract or a concrete number 
like the dividend. If the divisor is abstract, the quotient 
is like the dividend. If the divisor is concrete and like 
the dividend, the quotient is abstract. 

These rules were prepared for a good purpose. They 
were intended to keep young learners from going astray 
by combining unlike numbers in absurd and impossible 
ways. They would also enable one to label his answer 
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correctly when he got it. Unfortunately, however, they 
accomplished neither of these purposes for the youni 
learners were usually unable to understand the rules^ 
The situations to which the rules referred were easier 
to understand than were the rules. Accordingly the 
brighter children did not need the rules and the duller 
were unable to profit by them. 

Strictly speaking, the rules are correct. We cannot add 
horses and cows and call the sum either horses or cows 
or any other specific animal name, but in actual prac¬ 
tice we do add horses and cows and call the result "live 
stock.” We do add men, women and children and call 
the result "population.” The advocate of the abstract- 
conCTete-number distinction will say, "Yes, but before 
adding horses and cows, you actually thought of each 
as animals and you thought of the men, women, and 
children as persons before you added them. So, after 
all, your addends were alike and the sum was like the 
addends.” Quite so. That is why we say that, strictly 
speaking, the rules are correct. But, in actual practice 
we do not hesitate to write, 

3,528 men 
3,641 women 
7,329 children 

14,498 population of our city. 

The words, "men,” "women,” and "children," are con- 
vement notes which help us to identify the addends. 
We have no difiiculty in adding apparently unlike num¬ 
bers and labeling the sum if we understand the con¬ 
ditions of the problem from which these numbers came. 



169 


the real distinction 

If we do not understand the problem, no rules about 
like addends will help us out of our predicament. 

The real distinction. The important distinction, as 
Thorndike says, is between a number and a quantity. 
"The newer methods find this distinction between ab¬ 
stract and concrete numbers undesirable in teaching, 
and find much better ways of attaining the desired ends. 
The valuable distinction is between a number (or ab¬ 
stract number as the older methods would call it) and 
a quantity, or number of units of a certain sort. . . . 
What we add and subtract and multiply and divide 
with are numbers. If we wish to know what seven boxes, 
f a rh containiiig 144 pieces of chalk, contain in all, we 
do not multiply pieces of chalk by boxes or pieces of 
chalk by 7. We multiply 144 by 7. We may keep mental 
or written notes of what quantities the numbers meant 
so as to be able to know what quantity the number ob¬ 
tained as product means.”^* 

Application to multiplication and division. In multi¬ 
plication and division, we remember that we are oper¬ 
ating on numbers, not quantities, and we use as mul¬ 
tiplier or divisor the number which it is more 
convenient to use as such even though doing 325 

so may mean a violation of the rules which _§ 

have been cited. If one wishes to find the cost $26.00 
of 325 note books at 8 cents each, he multiplies 
325 by 8, rather than 8 by 325, because the former is 
easier. One knows that the answer is $26.00 and not 
2600 note books or 2600 of anything else because the 
problem calls for the cost of 325 note books. A litde 


^ Thoindike, Edward Lee. The Neif) Methods in Arithmetic, Chicago: 
hand McNally and Company, 1921. p. 169. 
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later, when decimal fractions are better known, the mul 
tipZier may appear as .08 but it is not difficult tnT 

$2600^^' answer is $26.00 rather than $2.60"or 
$260.00 even though the multiplier appears as 8 T 
be sure, the same result can be obtained bv ’ ° 

following the rule which the older methods 
advocated and making the work appear as 
shown, but such a solution requires more time 
and space and is more likely to be accompa- 
Furthermore, no one outside 
of the school does it that way and it would be 
oily to learn a method which people do not 
use u^ess there were some clear gain in doing so. 
will do^w if® fundamental operations, the teacher 
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Aoroughly what the problems mean Ld what th^c^t 
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any, is taught in the third grade in your local schools. 

3. If you were a fifth-grade teacher, what would be the 
nature of the inventory in multiplication and division 
which you would take at the beginning of the school year? 
Why is it important to take an inventory? 

4 . Do the teachers in your local schools teach the multi¬ 
plication combinations beyond nine times nine? What 
multiplication combinations beyond this should the pupil 
know eventually? When should these extras be learned? 

5. How many multiplication facts are there from one 
times one to nine times nine? How many of these were 
classified in an easier group? 

6. What limitations do group tests have for inventory 
purposes? What would you do in taking your inventory 
besides giving group tests? 

7. Why does Review Test 11 have no large numbers 
in the units’ place in the multiplicands? 

8. Outline the procedure which you would employ in 
teaching carrying in multiplication. 

9. Is attention span ever an important factor in multi¬ 
plication? 

10. What explanation, if any, would you give for plac¬ 
ing the second partial product where we place it in multi¬ 
plication? 

11. Is it important that a set of practice examples in 
multiplication include all of the basic multiplication facts? 
Why? 

12. Which way do you prefer to write a multiplier of 
two digits, the second of which is 0? Why? 

13. What is the best check for multiplication when a 
new type of example has just been taken up? Should this 
check always be used? Why? 

14. What is the interview technique in diagnosing the 
work habits of a pupil? What value does it have? 
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difficulty of division? 

Will good teaching make division easy? 

16. Were you taught long division or short division first? 
Do you agree with the recommendation that long division 
be taught first? Why? ® 

fi apeed that long division should be taught 

fet, should this form be used for examples having one- 
digit divisors and no carrying? ° 

18. What limitations are placed upon the second quotient 
fi^re if there IS to be casing and the divisor is 2? If 
the divisor is 3? If the divisor is 4? 

19. Why is it easier to estimate the quotient figure with 
some two-digit divisors than with others? WWch tw^ 
digit divisors are most likely to be accompanied by cor¬ 
rectly estimated quotient figures? 

20. What proportion of division examples should have 
T^ainders? Examine one or more textbooks to see how 
frequently division examples have remaindeis. 

difficult to use a two-digit divisor ending 
in 0 than to use a one-digit divisor? ^ 

“ it suggested that two-digit divisors ending 
in 9 or 8 be used before those ending in 3 or 4? 

23. ^at is the apparent method of estimating quotient 

The increase-by-one method? With what^visors 
should each be used? 

24. Do you believe that pupils will be better off if they 
use on^ one method of estimating quotient figures? 

judgment? Should 

charS““ quotient figures be purely me- 

calfed'^Ae ^8* been 

S ecL R f Grossnickle. (See reference 4 in 

Selected References.) Try each of these divisors on several 



dividends. Do you see wny me term "aemons is a gooa 

name for them? . ^ 

27. How should the quotient be estimated when three- 
digit divisors are used? 

28. Summarize the argument for teaching the long di¬ 
vision form for one-digit divisors. 

29. Should short division be learned at all? If so, when 

and by whom? 

30. Is higher-decade subtraction used in short division? 
In long division? Illustrate by an example the use of 
higher-decade subtraction in division. 

31. What is the best check for use in division? What 
other checks can be used? 

32. Why is it important that pupils find frequent use for 
multiplicadon and division in problems? 

33. What is an abstract number? A concrete number? 
Would you teach these terms to pupils in the intermediate 
grades? 

34. Summarize the old-time rules for the use of abstract 
and concrete numbers in the four fundamental operations. 

35. What cognizance should the teacher take of abstract 
and concrete numbers in teaching multiplication and di¬ 
vision? 


CHAPTER TEST 

Decide whether each statement is true or false. Check 
your decision by the key on page 533. 

1. It was recommended that division facts be learned 
along with multiplication facts. 

2. There is a current tendency to reduce the amount of 
multiplication and division which is prescribed for grade 
three. 

3 . A satisfactory inventory is provided by a written group 
test. 
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4. The multiplication combinations should be leam»j 

to twelve times twelve. anted 

5. The number of multiplication combinations tQ nine 

times nine, without zeros, is 45. ® 

6. The only zero facts in multiplication which are nf 

value are there fa which zen, occur, fa u,e muld! 

7. The method for rationalizing carrying in multiplica 

1"!“ r rationalizing cariyiS, in 

8 It was recommended that the first work with two- 
digit multiphers be with those ending in zero. 

9. ^1 pupils should have the same explanation of reasons 
for all processes in the fundamental operations. 

10. In prepmng sets of practice examples in multiplica, 
tion. the teacher should use any numbers at random.^ 

H. Pupils should learn to multiply by 100 by simplv 
annexing two zeros. r y / uy simpiy 

If I?" for multiplication is division. 

, foe division check for all of their 

multiplication examples. 

”ew phase of multiplicaUon should be intro- 
duced by a problem. 

IS. The best problems arise out of activities in which 
the pupils are engaged. 

‘ -' ri mn'*”? to 1» 

caU^ problem, fa multipfa 

«. The long divfaon forn, ^lould be umd in onedirit 
d.v.«on enample, which do no. «qui„ emry^ 
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20. If the divisor is 3 and there is carrying, the second 
figure of a two-digit quotient can be 2. 

21. Division is the most difficult operation. 

22. Ordinarily, it is easier to divide by 64 than by 59. 

23. Examples having zeros in the quotients are com¬ 
paratively easy for children. 

24. Ordinarily, when the divisor is 8, about one-half of 
the examples will have no remainders. 

25. The easiest two-digit divisors to use are those ending 
in zero. 

26. The increase-by-one method was recommended for 
two-digit divisors ending in 3 or 4. 

27. There are two comparison steps in the solution of a 
division example. 

28. Three-digit divisors are as much harder than two- 
digit divisors as two-digit divisors are harder than one¬ 
digit divisors. 

29. Short division is more difficult than long division. 

30. Short division should be taught to all pupils. 

31. Long division requires the use of higher-decade sub¬ 
traction. 

32. Most children who learn short division in grade three 
use it later for all examples having one-digit divisors. 

33. Crutches were recommended for use with short di¬ 
vision. 

34. If short division is taught, it should be taught after 
long division and as a short method. 

35. If short division is taught, it should be taught to all 
pupils. 

36. Dividing the dividend by the quotient and compar¬ 
ing the result with the divisor is the best check for division- 

37. The rules for abstract and concrete numbers pro¬ 
vided that the multiplicand must always be an abstract 
number. 
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38. Pupils in the intermediate grades should learn the 
difiEerence between a concrete number and an abstract num 
ber. 

39. The important distinction, as regards abstract and 
concrete numbers is the distinction between a number and 
a quantity. 

40. The teacher should permit the pupils to use as 
multiplier the number which it is more convenient to uw 
as multiplier. 
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GETTING ACQUAINTED WITH FRACTIONS 

Fractions in the primary grades. An elementary un- 
derstandmg of some of the more common fractions can 
be acquired by the pupil long before he undertakes 
seriously the smdy of fractions in the intermediate 
grades. The child in the primary grades has so many 
experiences which involve fractions that he learns much 

of the meaning of fractions in a very practical and con¬ 
crete way. 

A carefol study of what young children know about 
fractions has been made by Polkinghorne.^ She studied 
266 children in the kindergarten, the first, the second 
and the third grades of the Elementary School of the 
niversity of Chicago. It was discovered that their 
knowledge and understanding of fractions far exceeded 
what many persons would have expected. The test used 
contained 42 items. These items required the children 

2 pencils, to draw a 

sHrt 1 whether a little 

snck of candy was one-halfi one-third, or one-fourth as 

g as a big one, to draw a picture containing one-half 
as many apples as another which contained four apples. 

color a glass so as to show that it was three-fourths 
fell of orange juice, to color three-fourths of a group 

tndt'nfh five-fourths, as seven-fifths. 

_®fiow their understanding of frac- 

Fractions." CHilclhood 
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lions. Every one of the pupils tested gave evidence that 
he knew something about fractions. None gave correct 
responses to all 42 test items but one gave correct re¬ 
sponses to 41, two to 40, three to S8. etc., the average 
number of correct responses was 11. The average num¬ 
ber of correct responses in the kindergarten was 4; in 
the first grade. 6; in the second grade, 12; and in the 
third grade, 18. They knew more about unit fractions’ 
than other fractions and more about proper fractions 
than improper fractions or equivalent fractions. 

The children studied by Polkinghorne may have 
been somewhat better selected than are the children in 
the corresponding grades in an average elementary 
school but even if some allowance is made for selection, 
it is obvious that an understanding of fractions is grow¬ 
ing in the kindergarten and the primary grades. How¬ 
ever, Polkinghorne discovered that there was great 
variation among the pupils tested and that some of them 
were unable to respond satisfactorily to very simple and 
elementary test items. This leads to an important con* 
dusion, namely, that there is no basic minimum in the 
way of knowledge and appreciation of fractions which 
the fourth-grade teacher can assume her pupils to pos¬ 
sess. 

Taking an inventory in the intermediate grades. 
There are schools in which some of the operations with 
fractions are taught in an elementary way in the fourth 
grade, although these operations are usually taught in 
grade five. There is a current tendency to teach the more 
difficult work in fractions in the sixth grade. But because 
of their contacts with situations involving fraction ideas. 


*A unit fraction is a fraction whose numerator is I. 



180 GETTING ACQUAINTED WITH FRAr-r 

>a« whidi »i]l he, ^ *“““ plan acdv 

nbon, Sh/ehoiS* “ r 

tagmen.^ and less Z“ot ^cdoo. is 

Jn any intennediate g^de it °‘her*. 

teacher to begin by talcingan inven! tiecessary for the 
edge of fractions Ae indfvfouiroZr f 
Tests, such as those used by Poif- ®^^eady possess, 
what the pupils already know and 
bnng to light njisund^r^ "°'^“°'" and will 

which have developed. The^each^* and wrong ideas 

f the pupil, have a correct 

fot sample, while othS °"^-h«Wxnean, 

merely a pan ox a portion anH « 

two e^ua/ parts. It is fairlv necessarily one of 
children talk about the young 

h,lf., nnt the biggest half' and the "luS 

he examined the pupil, must 

g^nnp tests will help Ae teacf.. f ^ g^^des. 

Praisal of the pupil,- knowledge of ° ^ ^ ^°“g^ “P" 

hut much that the teacher “ fractions 

obtained through the use of * he 

tionable work habits and snS^fi ^ ^®^^ons ques- 

hrought to light only thrL^ are 

and the use of the iLerview examinations 

pde, almost the entire ^°nrtli 

he individual. inventory examination must 



an understanding of fractions 181 

Developing an understanding of fractions. In any 
grade and in any subject, the teacher must begin where 
the pupils are rather than where she thinks they ought 
to be or where the course of study indicates they should 
be. To fail to begin where the pupils are is to under¬ 
take abstract work in the operations with fractions 
before the pupils have an adequate foundation in con¬ 
crete experiences with fractions. If the teacher would 
build her lessons upon the meaning theory of instruc¬ 
tion, she must see to it that the pupils understand 
fractions before they undertake to add, subtract, multi¬ 
ply, or divide them, or find common denominators, or 
reduce them to lower terms or to mixed numbers. 

Some of the errors commonly observed in performing 
the operations with fractions are due to the fact that 
the pupils simply do not know what fractions are and 
what they mean. No pupil who has had adequate ex¬ 
perience with fractions before undertaking to add them 
could obtain % V 2 example. 

If a pupil has a sufficient amount of the right kind of 
experience with % and he will recognize at once 
that the sum is without any formalized procedure 
for finding common denominators, etc. A pupil, who 
has learned to think of % and % in terms of pies and 
dollars and other concrete materials certainly would 
never arrive at the conclusion that their sum is %. 

Much of the so-called learning which takes place 
when fractions are studied in intermediate grades is 
nothing more than rote learning. Clearly, the theory of 
instruction upon which it is based is the drill theory. 
This means that the pupils do not understand what they 
do. Since they do not understand, they lack interest 
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Other objective materials will be used to illustrate the 
fraction, one-half. At first these materials should be 
concrete materials, such as sheets of paper, apples, 
candy bars, etc. Then, semi-concrete materials may be 
used, such as rectangles and circles drawn on the black¬ 
board or on paper. 

, In the primary grades, the pupil learns the meaning 
of one-half and learns to use the word “half," but he 
may not become acquainted with the abstract repre¬ 
sentation, As the subject is developed in grade 
four, the pupil learns to see as well as hear “one-half" 
and he also learns the symbolical form, 

The fraction, one-fourth, should come next and 
should be represented in a similar manner. The sheet 
of paper may now be folded in three ways, as indicated 
by Figure 2. The pupil should see and understand that 


Figure 2. Three Ways of Illustrating the Fraction, 
One-Fourth, by Folding a Rectangular Sheet of Paper. 



if the sheet of paper is divided into four parts and these 
parts are all the same size, each of the parts is one-fourth 
and that it does not matter whether the sheet of paper 
is folded twice lengthwise, or twice crosswise, or once 
each way. 

The teacher will observe that if the denominator of 
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The pupils should have much experience with 
fractions, using concrete and semi-concrete materials, 
before undertaking to add or subtract them or to change 
their forms. Most pupils are not prepared to manipulate 
fractions until, through long experience, they have 
learned thoroughly what these fractions mean. 

The illustrations of fractions which have been given 
have referred to parts of a single object or thing. The 
pupils may also apply the fractions which they learn to 
groups of objects. Thus, they may find one-half of four 
apples, one-third of six marbles, one-fourth of eight 
oranges, three-fourths of eight oranges, etc. This latter 
treatment should come later than the former for 
Polkinghorne found that children knew more about a 
unit fraction as applied to a single object than about a 
unit fraction applied to a group of objects.® Pupils also 
learn more easily that one object is one-half as large 
as another than they learn that one group of objects is 
one-half as many as another group of objects. 

The fraction form for division facts. The division 
facta were found to have two meanings, measurement 
and partition,^ When the pupil thinks: "how many 8’s 
in 48?" as the reverse of “six 8’s are 48,” he is thinking 
in terms of the measurement idea of division. One 
measures 48 when he finds how many 8’s there are in 
48. The unit of measure is 8. But after learning that 
six 8’s are 48, the pupil may also recognize that one of 
the six equal parts of 48 is 8. In other words, he sees 


“Polkinghorne, Ada R., op. cit., p. S57. 

“Morton, Robert Lee. Teaching Arithmetic in the Elementary 
School, Volume I, Primary Grades, New York: Silver Burdect Coni.- 
pany, 1937, pp. 282-285. 
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insist that all quotients which are not integers be 
written in mixed number form but whether a quotient 
should be written as a mixed number or as a whole 
number with a remainder depends upon the problem 
from which the division example has been derived. 
Thus, if a woman has 7 feet of toweling and wants to 
cut it so as to make two towels of equal lengtli, it is 
dear that there will be 3^ feet of toweling for each 
towel. Here. 7 divided by 2 yields a mixed number 
quotient. But if 7 chairs are to be carried to another 
room by 3 children and each child can carry 2 chairs, 
it is equally clear that 1 chair will be left over. Under 
no circumstances, could one say that the number of 
pupils required would be 31^. In this case, we should 
need 4 pupils. 

Fractions in varied situations. We have seen that 
the pupils learn about a fraction as a part of a whole 
or as a part of a group, that they find fractional parts 
of numbers in connection with their early experiences 
in division, and that their first experiences with unit 
fractions are followed later by experiences with proper 
fractions which are not unit fractions. All that they 
learn should be applied and applied frequently in a 
wide variety of situations. They learn that one-fourth 
and a quarter mean the same thing. Then the coin 
which is usually called a quarter takes on new meaning 
when it is seen that it has this name because it is one- 
fourth of a dollar. The pupils probably have learned 
to use such expressions as “a quarter after two” and “a 
quarter to six” in telling time without a clear under¬ 
standing of why the word “quarter” is used. Now, they 
learn that “a quarter after two” means that a quarter 
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and that "a quartet to 

hour must elapse before six o'clock 

that 15 minutes is one-fourth of an W anf]° 

15 IS one-fourth of 60. that 
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^ acquaintance with, and an understanding 
Then, when they find the «iK- fractions. 
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Chicago: Rand McNally and'Compan^^ggt'p';'’* /" 
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hal£-hours and quarter-hours, about half-dollars and 
quarter-dollars, about half-pounds and quarter-pounds, 
about half-inches and quarter-inches, about half-gallons 
and quarter-gallons, etc. They see the quart as a quarter 
or fourth of a gallon. All these things are learned as 
apparent by-products of the activities in which the pu¬ 
pils engage, such as telling time, measuring and weigh¬ 
ing. 

The use of measures also provides an opportunity to 
teach the meaning of fractions whose numerators are 
numbers larger than 1, and to make comparisons be¬ 
tween fractions which will lead later to the more formal 
reduction to lowest terms and the changing of two or 
more fracdons to fractions having a common denomi¬ 
nator. Pupils learn that two quarters are the same as a 
half-dollar and that two quarts are the same as a half¬ 
gallon and, hence, that two-fourths equal one-half. 
Later, they will see this in the written form, % = 

It is to be noted that the equivalence of these two 
fractions is shown concretely and not by dividing the 
numerator and the denominator of % by 2 . The latter 
will come later, as the equivalent of the former. 

The meaning of three-fourths and its shorthand form 
%, can also be learned from experiences with measures. 
We talk about three-fourths of a dollar, three-quarters 
of an hour, three-fourths of a gallon, etc. In like manner, 
two feet are seen to be two-thirds of a yard; two cents, 
two-fifths of a nickel; three nickels, three-fifths of a 
quarter; thirty cents, or three dimes, three-tenths of a 
dollar: five inches, five-twelfths of a foot; four days, 
four-sevenths of a week; etc. 

The illustrative material which is used in building 



190 GETTING ACQUAINTED WITH rSACnoNS 

up the ^on concept should be mthin the realm . 
the childrens experiences. If the material is ^ 
if It pertains to their activities at home at nlav 
school, and if it is properly handled by the^ teache 
IS probable that the children will find tLir U “ 

with fractions interesting and that they wUl growS? 
in their understanding of the subje J 
Many questions which require ■ 

frartons can be framed from the children’s 
mth measures. The loUowing, which include somrf 
those already suggested, are typical of the rich a^H a 

variety which is possible. “ “v "<* and wide 

A pint is what part of a quart? 

A glassful is what part of a pint? 

A glassful is what part of a quart? 

A quart is what part of a gallon? 

part of a gaUon would two quart, bel Three 

What part of a dollar is a quarter? Two quartets? 

fcul^.r of and 

part of a foot is an inch? Two inches? Three 
inches? Four inches? Five inches? Ftr n ^ Tti«e 
covery that 8/ v 4 / ^ 

etc. «a = ye, = 

ce^ For*c«t.? ^ 

A nickel is what part of a dime? 

What part of a dolUr is a dime? Two dimes? Etc. 
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USE OF TERMS AND DEFINITIONS 


(Lead to the discovery that %o = %* ¥lo = %> 

5io = . T, 

What part of a dozen oranges are three oranges? Four 


oranges? Etc. 

What part of a week is a day? Two days? Etc. 

What part of a school week is a day? Two days? Etc. 

What part of a year is a month? Two months? Etc. 

What part of a bushel is a peck? Two pecks? Three 

teacher should remember that the pupil must 
have many experiences with fractions and that these 
experiences must extend over a long period of time 
before the operations with fractions are undertaken. 
We have said that the pupil’s understanding of fractions 
grows slowly. He passes from one stage to another as he 
grows in his understanding of the subject but at no 
stage does he know fully the meaning of fractions. If 
each experience and each stage find him with a better 
grasp of the subject, progress is being made, but we 
must expect progress to come slowly and gradually. 

The use of terms and definitions. There persists in 
some schools a tendency to begin the study of fractions 
with a series of definitions. In other schools, definitions 
appear soon after the study of the subject is begun. In 
either case, the pupil is burdened with the necessity of 
memorizing wordy statements which mean little or 
nothing to him since he knows so little about the subject 
he can not understand the definitions. 

The favorite words for definition are fraction, nu¬ 
merator, denominator, proper, and improper. To these 
are often added integer and mixed number. Now, all 
of these terms are terms which the pupil should know 
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eventually and should use but he will leam 

con^nted with the symbolical reprLentations U v 

befo VT*"® “one-half.” “one-fourth/efc' 

before he learns the word ‘‘fraction” and he learns 

word fraction” long before he learns to state fn wofd 
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if he answers, and % are fractions.” It is enough 2 
this stage if he can identify a fraction when he sees^one 
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V “ "“P'y “ fraction like iz ar 

As the pupil progresses in his study of fractions he 
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mXf th.®™“’’, Xion i, one or 

more of the equal parts of a whole.” He learns that the 

denoonnamr tell, the number of part, or t 
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parts, that the numerator tells the number of parts that 
have been taken, that a proper fraction is one whose 
value is less than one, that an improper fraction is one 
ffhose value is equal to or greater than one, that an 
integer is a whole number, and that a mixed number 
consists of an integer and a fraction. But it is much 
more important that he be able to identify all of these 
and to use the terms correctly than that he be able to 
form rigorous definitions. The mere memorizing of 
ready-made definitions especially early in the study of 
fractions probably will hinder more than help growth 
and development. 

It is sometimes said that there are two groups of pupils 
to whom a definition will be of little value: (1) those 
who are unacquainted with the thing defined for they 
can not understand the definition; and (2) those who 
are already acquainted with the thing defined for they 
do not need the definition. Probably this is an over¬ 
statement of the case but it contains more truth than 
fiction. 

Common versus uncommon fractions. Common 
fractions are ordinarily distinguished from decimal 
fractions. Historically common fractions appeared be¬ 
fore decimal fractions. With the advent of decimal 
fractions, common fractions were termed “vulgar” 
fractions as a convenient means of distinguishing them 
from decimal fractions. “Vulgar” meant that they were 
ordinary; vulgar fractions were fractions of frequent 
occurrence. Just as the common people were at one 
time referred to as the vulgar crowd to distinguish them 
from the aristocrats, vulgar fractions were the ordinary 
or the commonplace fractions. 
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In this country, fractions which are not , 
fractions are no longer called vulgar fractions- thl 
universally called common fractions. Then let us diink 
o common fractions as belonging to two groups Ise 
of frequent occurrence and those of infrequent occur 
rence. In other words, let us think of common fractions 
as opposed to uncommon fractions. 

Many of the fractions found in textbooks, tests and 
courses of study are quite uncommon. It s^r^^Cs 
happens that the fractions which receive the grebes 
emphasis are not common but very rare. Eights are 
common but ninths are uncommon; yet 
materials supplied to some pupils emphasize nfnfe as 
much as eighths. A set of practice examples may contain 
sev^ths as often as thirds or ninths as often as^fourths 
e do not know just how frequenUy the various 
fractions occur in ordinary affairs. Even though we 
possessed this information, we could not use k as a 
sole guide in determining the frequency with which 
these fractions should occur in the pupils' practice 

fractions of frequent occurrence but enough of the 
in be induded to 

tTey leafn^Sai? procedures which 

mey learn. Fractions which are of common occurrence 

should receive the greater emphasis because the skills 
mnn ^ ^ examples containing very uncom- 

oc^ to mouvate work on fraction, which rarely 
Wilron (ound in a .tudy of the m« of arithmetic that 
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about 95.3 per cent of all the fractions used in problems 
collected from ordinary social and business practices 
ffcre included in the list, %, Ys, %. Vs, 

u and It will be noted that this brief list includes 
u, and %. but not %. It also includes and % 
but not % and If these three fractions are added to the 
list, 96.1 per cent of all the fractions found are included. 

These data indicate clearly that fractions in common 
use are usually those having small denominators and 
that halves, thirds, fourths, fifths, and eighths include 
most of the fractions which one ordinarily encounters. 
Obviously, the school program should emphasize these 
"common” fractions. But the teacher will not confine 
her teaching to those listed. She should include sixths, 
tenths, twelfths, and sixteenths, letting them come along 
later than the others, however, and giving less practice 
with them. If the sixths, tenths, twelfths, and sixteenths 
are included in the list taken from Wilson’s study, 98.8 
per cent of all the fractions which he found will be 
used in instructional materials. 

It has been suggested that a sufficiently wide variety 
of fractions should be included to permit the pupil to 
generalize as to the operations which he performs. Al¬ 
though the pupil may never have a real need for adding 
thirds and sevenths, he may well solve one or two ex¬ 
amples involving these fractions merely to observe that 
the procedure is the same as that which he has used in 
solving other examples and to demonstrate to himself 
that he can solve such examples. Ninths will also receive 
occasional attention. Of course, sevenths and ninths 


“Wilson, Guy Mitchell. What Arithmetic Shall We Teach? Boston: 
Houghton Mifflin Company; 1926, pp. 28-29. 
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wUl be used with the division facts as han =.i j 
indicated. Other fractions which mav ro • 
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/ mury. Boston; Ginn and Company, 1923, p. 9. 
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COMPARISON OF FRACTIONS 


4 . A man walked 23% mi. the first day of a trip, 

25^0 mi. the second, 28 i %4 mi. the third, and 
26 B%oo fourth. How far did he walk in all? 

5. Find the value of 8 % + 5% + 9% — 3%^ — 3%. 

6 . Find the value of 2 %^ x 7% X %o* 

of 13%2 

7. Find the value of 

Pupils not only find their work to be less difficult but 
also more pleasant and interesting if the examples and 
the problems which they are assigned contain only 
fractions of reasonably frequent occurrence. One text¬ 
book, published much later than that from which 
Smith made his collection, requires in a single lesson 
that the pupils shall subtract sevenths from fifths, ninths 
from eighths, eighths from sevenths, ninths from fifths, 
sevenths from thirds, sevenths from ninths, elevenths 
from halves, halves from ninths, halves from elevenths, 
and thirds from seventeenths. 


Comparison of fractions. When fractions are ob¬ 
jectively represented, pupils can readily compare them 
and tell which is larger and which is smaller. If they 
are confined largely to the numerical form of expression, 
pupils quite naturally make errors, concluding that %, 
for example, is larger than %, simply because larger 
numbers are used as numerator and denominator. But 
if they take two sheets of paper of the same size, divide 
one into eighths and the other into fourths by folding 
or by ruling, they learn in a way which is more likely 
to be meaningful that % is smaller than %. Indeed, 
they see that % is exactly equivalent to %. 

Comparison may begin with unit fractions. Any con- 
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impresses forcibly the fact that when two 
like fractions are compared, the compari¬ 
son is between the numerators. Experiences 
such as this lead pupils to see that the 
larger the numerator the larger the fraction 
if the denominator remains the same. 

There should be many experiences such as these to en¬ 
able pupils to see the relationship between the size of 
the numbers used as numerator and denominator and 
the size of the fractions. 

Exercises in the comparison of fractions also help 
pupils to understand that when the numerator and the 
denominator are equal, the fraction is always equal to 
1. Thus, they learn that % = % = % = % = % = 
% = 1 and that two-halves of a thing, or three-thirds 
of it, or four-fourths of it, etc., are all of it. This is fre¬ 
quently a difficult point if it is not well illustrated ob¬ 
jectively. They also learn that when the numerator is 
less than the denominator, the fraction is less than 1. 
A litde later, when they study improper fractions, they 
discover that if the numerator is greater than the de¬ 
nominator, the fraction is more than 1. 

Changing the denominator of a fraction. While 
pupils are comparing fractions, they acquire consider¬ 
able information as to the equivalence of Actions which 
have different numerators and different denominators. 
This leads, eventually, to the discovery of rules about 
reducing fractions to lower terms, or changing them so 
that their numerators and their denominators are larger, 
as in changing them to a common denominator form. 
Some teachers make the serious mistake of having pupils 


1 eighth 

2 eighths 

3 eighths 

etc. 
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reduce fractions to lower terms by simply following a 
procedure dictated by the teacher and used by them 
without regard to whether or not they understand it. 
The pupils are told that they can divide the numerator 
and the denominator by the same number. They do it, 
and so long as they do not forget the process their an¬ 
swers are right. But in time their memory of the process 
may become hazy and they may make ludicrous blun¬ 
ders which might well have been avoided had the 
process been properly rationalized. 

Such semi-concrete materials as the circular and the 
rectangular diagrams which we have been using illus¬ 
trate nicely the equivalence of certain fractions. Figure 
5 shows very clearly that % = %, that % = that 
% = that % = and that % = %. 


Figure 5. The Equivalence of Halves, Fourths, 
ANU Eighths. 
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Figure 6 illustrates in a similar way the equivalence 
of halves and sixths and of thirds and sixths. From the 
two diagrams here, the pupil learns that % = %, that 
% = Vs> and that = %, 

Many such diagrams can be drawn but not msuiy are 
needed to enable the pupils to discover the more im¬ 
portant equivalences among the more common frac- 
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tions. When they have discovered from their experiences 
ffith such figures the important principle that the 
numerator and the denominator of a fraction can be 
divided by the same number without changing the value 


FicuiB 6- The Equivalenge of Halves, Thirds, and 
Sixths 
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of the fraction, the figures will have served their pur¬ 
pose. It will be well for the teacher to prepare figures 
showing the equivalence of twelfths and fractions hav¬ 
ing smaller denominators. There may be a diagram for 
halves, fourths, and twelfths; one for halves, sixths, and 
twelfths, and one for thirds, sixths, and twelfths. These 
will enable the pupils to discover that = Vq’ that 
%2 = Vi’ that ^2 = %» that =Vs’ that %2 = %» 
that %2 = %. that %2 = that %2 = %, that 
%2 = %’ that %2 = and that l%2 = %• 

In preparing exercises for practice in reducing frac¬ 
tions to lowest terms, particular attention should be 
given to those fractions which are obtained as the result 
of adding or subtracting fractions. Fourths, sixths,, 
eighths, tenths, twelfths, sixteenths, twentieths, and 
twenty-fourths will occur fairly frequently. Others, such 
as ninths, fourteenths, fifteenths, eighteenths, twenty- 
fifths, thirtieths, thirty-seconds, forty-eighths, and sixty- 
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fourfts, will occur often enough to justifv 
providing some practice on them Such 
twenty-fat.. twenty^cond,, “ 

twenty^ighdu, dirtSf, *"“'?■ 

fcrtyfifth,, ett., ,riu 

best to make them the Qhipc^ ^ ^ 
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—fourths, sixths. eigSis ^tenth, ? Paragraph 

twentieths, and twen^fourt^ S thT t 

proper fractions which may b^’reduced 
Each of these 52 fractinn.^ ouced to lower terms, 
examples wLu he «« 1- These 

some such form*^ accompanied by instructions in 

fractions toTwel^rS 

you may divide numerator “|f"tber that sometimes 
more numbers before the • '^“°*"tnator by two or 
terms. “ ^^duced to lowest 

Practice Examples in Fractions. Set 1 
Reduction for Group One 

^ 0 = % 2 = %= 
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^2 ” 

= 

%0 = 

%0 = 

8/12 = 

/A* 

% ~ 

%4 = 

^5^0 = 

% = 

8/24 = 

/li 

%0 = 


2%4 = 

%0 = 

/ID 

10/^4 = 

= 


% = 

20/^4 = 

%2 — 

1%4 = 

yi6 = 


%0 = 

9^4 “ 

^%0 = 


%2-= 

% = 

1%4 = 

%4 = 
%6 = 

rio = 

%2 = 

%0 = 


Set 2 contains examples from the second of the groups 
indicated above—ninths, fourteenths, fifteenths, eight¬ 
eenths, twenty-fifths, thirtieths, thirty-seconds, forty- 
eighths, and sixty-fourths. Since several of these denomi¬ 
nators are rather large numbers, there are in this group 
many more fractions that can be reduced than there 
were in the first group. The total number of proper 
fractions in this group which can be reduced to lower 
terms is 127. Of these, 21 are thirtieths, 31 are forty- 
eighths, and 31 are sixty-fourths. It does not seem neces¬ 
sary to include the entire 127 in the lists which we as¬ 
sign for practice, for if a pupil is p:foficient with those 
in Set 1 and can satisfactorily reduce a miscellaneous 
sample of those with a given denominator in the second 
group, he should be able to do others in this group with¬ 
out practice. That is, we rely upon transfer. If, for 
example, a pupil can reduce to lowest terms, he 
should not have trouble with 2%^ if he encounters it. 
Set 2 contains 50 of the 127 fractions. These are selected 
from the various denominator groups so as to give the 
pupil practice.on a wide variety of examples. 

The examples of Set 2 may be given with these in¬ 
structions. In reducing these fractions to lowest terms, 
remember that sometimes you can divide numerator 
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and denominator by two or more numbers To 
tme. divide by the largest number that vnu r 
that^will divide both numerator 


0/l5 = 

= 

«%8 = 

^%0 = 

%8 = 

%8 = 

%8 = 


Practice Examples in Fractions. Set 2 
Reduction for Group Two 


1^64 = 
%0 = 
1%6 = 

% = 
yi8 = 
2%2 = 

^%8 = 

15/i8 = 


^%8 = %: 


^14 

1%8 

^%4- 
»/l6 = 
2%6 = 
1%8 = 
i%5 = 


8/^5 = 

^%4 = 
^%2 = 
"y32 = 

^%4 = 
^%0 = 
S%2 = 


^%6 = 
2^30 = 


''%2 
19i4 
%8 
2^48 
2%4 
%6 = 
%4 = 
0 = 


3/16 = 


pu^ dL^rr,'” '• “ ft' 

economy of Ze convenience and 

pupil to looi 

thrS'che^r S'iSng AaVonl^'^TseT^^^ 

of ^ fractions to lowest terms and to be sure 

by dividTng by 2 fcee rimes' 1 ^ 1 ^^^ by T'" 
serious loss is suffered ^ ^ once, no 

oft^'i'"^rd:“tid r ” 

iucr IS caned the greatest common 
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divisor of the numbers. To reduce a fraction to lowest 
terms in one operation, then, we divide the numerator 
and the denominator by their greatest common divisor. 
There was a day when classes in arithmetic spent con¬ 
siderable time on a formal method for finding the great¬ 
est common divisor but that day has gone. 

Some teachers have pupils learn and apply a long 
list of rules for divisibility. One writer recommends 
rules for divisibility by 2, 3, 4, 5, 6 , 9, 10, 12, and 15. 
This much detail would seem to be more of a burden 
than a help in the intermediate grades. Pupils should 
soon learn that a number is divisible by 2 if it is an even 
number and that even numbers are those ending in 2 , 

4, 6 , 8 , and 0. Sometimes pupils try 2 on a fraction such 
as 1%6 when they should see at once that 46 is an odd 
number and, therefore, not divisible by 2. Pupils also 
may be expected to learn that a number is divisible by 
5 if it ends in 6 or 0 and that it is divisible by 10 if it 
ends in 0. Beyond these three simple rules, there would 
seem to be little advantage in learning rules for divisi¬ 
bility. Some recommend the rule that a number is divis¬ 
ible by 3 if the sum of its digits is divisible by 3 but in 
the fractions that occur in the affairs of most persons, , 
there are very few with which this rule could be used 
to advantage. Numerators and denominators so large 
tliat one can not see at once that 3 is a . factor of each 
almost never occur and if they do, one can try 3 on both 
the numerator and the denominator about as easily as 
he can add the digits and divide the sums by 3. The rule 
that a number is divisible by 4 if the number formed by 
the last two digits is divisible by 4 is also of little value 
for it is a rare fraction indeed that has more than two 
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digits in its numerator or in its ^ 

stated in a preceding paragraph, when 
counter a fraction with a large denominatornT,, - 
he should convert it into a decimal. * dinanly 

The fractions supplied to pupils for practice in 
mg to lowest terms should include some wmI 
reducible. In this case pupils should be warneT^L^ 
there may be such fractions in the list. It shnnM « 
a pupil very long to discover that i%b can not°be^ ^ 
duced. He will discard 2 as a possible diW It 
and try 3 and discard it readily enough if 
division facts. He soon sees that 4 w!ll 
denominator, that 5 will not divide the numet° 
that 6 IS also impossible for the denominator. Lm’ 
may learn that 4 and 6 will not do if tn • *. 
and 3, could not be uaeTbut ^ 

aflonl to let him try 4 aS 6 1 JweH , 

the pupilJ^'SuW ako"" d^covCT^S"'* ° 

the opposite operation perform 

numerator and denominator b“y' the'^re 
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CHAPTER REVIEW 

out changing the fraction’s value. This will be evident 
from the operation of reducing to lower terms. Thus, 
since % = equals %. Likewise, % is the 

same as as % as %o. etc. It does not seem to be 
worth while, at this stage of their progress, for the pupils 
to do much work of this kind with fractions but the ease 
with which the operation may be performed should be 
seen while reduction to lower terms is being learned. 
Later, this subject will be given more specific attention 
in connection with the learning of addition and sub¬ 
traction of fractions. 

QUESTIONS AND REVIEW EXERCISES 

1. How early can a pupil be expected to have some 
understanding of fractions? 

2. In general, did Polkinghome's investigation reveal 
that the pupils tested knew more or less about fractions 
than you would have expected? 

3. Since children seem to acquire considerable informa¬ 
tion about fractions before a study of fractions is made 
in school, why should teachers of the primary grades be 
concerned about the teachii^ of fractions? 

4 . Why should the teacher of an intermediate grade 
take an inventory of what the pupils already know and 
understand before beginning a systematic program of in¬ 
struction in fractions? 

5. Have you known pupils who had acquired erroneous 
ideas about fractions? What, in your opinion is the cause 
of these erroneous ideas? What should the teacher do to 
correct them? 

6. Why must the teacher use the interview technique in 
taking an inventory? 

7. What is the place of concrete and semi-concrete ma¬ 
terials in developing an understanding of fractions? Upon 
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i-iat aeory of tottuction b it „ ^WlONs 
of frocUom *„„,d bo “» 

8. Do you believe that the f-, ; 
etc., should be learned in Ae Vd 

acquire an understanding of thell f^ Can pup| 

“1 t:mr‘ 

Okouid Uf«o“o^'’;“Lrw ”“»M 

grades? Why should they be knLn '“^rmediate 

10. Which is more mZnLft , ^ 

“S'wr Th' partition'aif”*'”®^ 

• hen should the re mai nder in a Hiv* • 
be expressed as a fractional part of L ^ 

^ 13. How can the facts wwi pLlt 

be used to increase their undemfnri- measures 

14. When does the Zn7 
understanding of whaf a LS h?'‘M 
acquainted with all fraction forms to tea^h f ^ 

15. Why do teacheis of fn,^7 ^ fractions? 

tions at the beginning of the ^“ention to defini- 

a™ m tho teochoB rf yo^ o^T 

«nd whLfP'opo.of If .0, » wta 

railing ra^ii’'fLtS^‘b,^‘'? 

raeo. «bon Z StT “ 

“ “7™ JT„ SolSshtA^S'^r “ 
on.p.b.on»'t„obri^Vo'ar^rd;°ir^-“ 



CHAPTER REVIEW 


209 


20. How should a pupil be expected to know that % is 
less than How would you teach pupils the comparative 
sizes of unit fractions? 

21. Which is larger, or How can you 

tell? 

22. How would you help pupils to discover that if the 
numerator and the denominator of a fraction are divided 
by the number the value of the fraction is unchanged? 
When you were in the grades, did you discover this 
principle or was it told to you by a teacher? 

23. It is sometimes said that the equivalence of certain 
pairs of fractions, such as % and % and %, % and 
Yi, etc., should be so well known by the pupils that they 
would recognize instantly that the one member of a pair 
is equivalent to the other without reducing. Do you 
agree? 

7A. In teaching the reduction of fractions, should the 
teacher expect any transfer? Why? 

25. Do you agree that in reducing fractions to lowest 
terms the use of the greatest common divisor is a matter 
of convenience and not a matter of vital importance? 

26. What rules for divisibility would you expect pupils 
to know? How would you teach these rules? 

27. How should a pupil discover whether or not a frac¬ 
tion is reducible? 

2B. Is it worth while for pupils to learn to change frac¬ 
tions to higher terms as well as to reduce them to lower 
terms? 

29. Have you known pupik to make absurd mistakes 
with fractions because they did not understand fractions? 
Give examples. 

30. When would you expect pupils to begin using the 
terms, numerator, denominator, proper, improper, and 
mixed number^ 
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For each of these statements selerf u 
A key will be found on page 553. ^ 

1. The pupil’s first acquaintance with fraction- • 

aUy gamed (1) in the primary grades ( 2 ) " „ ^ 
mediate grades (3) out of school ^ ^ 

2 . Miss Polkinghome found that what vo»n» 

know about fractions was (1) less than ‘*iWren 

more ^an what would noiially^havTbSn 

3. The youngest children who have some uS a 

mg of fractions are of ( 1 ) kindergarten aae ST 7 
grade age (3) second-grade age ^ 

>“?“tory is accomplished through the use 
adding then. (S> ate 

(a, by te 

7. Instruction in fractions shnuM i>«a k j 

w (t rcy':;. 

ia«4ST„torte „tsfg rrs 

compositt number.’ len than 10 " “ 

(2)““. hT S ■ 

11 One half nf ? denominator is 1. 

Oue-half of one under.tood by young children 
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( 1 ) more easily (2) equally easily (3) less easily than 
one-half of a group. 

12. When finding one-fourth of 24, the pupil is using 

(1) the measurement idea (2) the partition idea (3) the 
latio idea of division. 

13. The remainder in division should be expressed as 
a fractional part of the quotient (1) in all of the examples 

(2) in part of the examples (3) in none of the examples. 

14. If definitions are learned, they should be learned 

(1) before the pupil has experience with fractions (2) 
while he is having his early experiences with fractions (5) 
after he has had much experience with fractions. 

15. Compared with the ability to identify the various 
kinds of fractions, definitions of these kinds are ( 1 ) less 
important ( 2 ) equally important (3) more important. 

16. Historically, common fractions appeared (1) before 

(2) simultaneously with (3) after decimal fractions. 

17. Wilson’s investigation revealed that a list of ten com¬ 
monly occurring fractions made up about (1) 50 per cent 

(2) 75 per cent (3) 96 per cent of all the uses of fractions 
which he found. 

18. The first work in the comparison of fractions should 
be developed by (1) changing the fractions to common 
denominator form (2) using diagrams (3) changing the 
fractions to decimal form. 

19. The expression % is (1) a proper fraction (2) an 
improper fraction (3) an integer. 

20. Pupils should learn to reduce fractions to lower 
terms by (1) discovering the procedure from objective 
representations (2) following the teacher’s directions (3) 
getting the rule from a textbook. 

21. It was recommended that all pupils should learn 
how to tell when a number is divisible by (1) 2 (2) 3 

(3) 4. 

^ The subject of highest common factor is emphasized 
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mpldpl, avide With 
Thje are many pupils in the fifth, the sixth 
^ades whose progress in learning the operations with 

seriously hindered by the fact that 
they had not had a sufficient background of meanll 

^ belc, op^uriS 

d«cov« to ^ arTn^lt fof^ 

work which is scheduled for the vear 

uled lessons can be meaningful to them Df r. 
the progress which they have been abfeTo m r^’ 
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A SURVEY OF ATTAINMENT 

Should the teacher whose inventory reveals these de¬ 
ficiencies be responsible for aiding her pupils in gaining 
the concepts which they need but have failed to gain? 
Is it the duty of a teacher to try to make good the short¬ 
comings of her predecessors? There are teachers who 
are very reluctant to admit that they have any responsi¬ 
bility beyond that prescribed by the course of study for 
the grade in which they teach. But it is a shortsighted 
policy, especially in arithmetic, to undertake a program 
of lessons with pupils who are not ready for them. Such 
a program will not be successful. Even though time is 
lost from the regular program in making up deficiencies 
in the pupils’ preparation, time will be gained in the 
long run for the pupils will make much greater progress 
in the work which lies ahead with than without an ade¬ 
quate foundation. Indeed, without such a foundation, 
satisfactory progress is impossible. Instruction can not 
be built upon the meaning theory if the pupils are not 
yet prepared for that instruction. The learning which 
the pupils do acquire, if any, will be largely rote learn¬ 
ing. 


THE ADDITION OF FRACTIONS 
A survey of attainment in fractions. The author has 
made an extensive investigation of the abilities of pupils 
in addition, subtraction, multiplication and division of 
fractions in grades five, six, seven, and eight. Twelve 
tests in fractions were given to pupils in 21 Ohio cities. 
The first test was a test in the addition of two simple 
fractions expressed in the equation form. Such items as 

^ + ^4= .%+%= rV 2 + %= -and% + 

% = , were used. Twenty-four such examples were 
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mimeographed on a sheet of oaner 

given three minutes to solve as many as th 

ble 3 shows, for grades five siv ^ Ta- 

cent of the pupils who scored zerlThe 

right, the maximum score. ' ^ 

It will be seen that the median n„»r,K 
i« afth grade and 4a“« “r'Jf T'■* 

™able to aolve any of dfe 

S^brr:^d7b»a.T r'»5 

tion.. However.&“^ ^■ 

“d aght ate by no meant mtilcto7 5,7 7'"’ 

produced very pronounced gain, to *7 “*“<’1* 

nght The many diane,ri4 ^ oftoe 
ever. « found in the per cente whn l- / ’ 

one-fourth of the sixth u About 

•hito of those77etST7’ °- 

» dngle example in the t« ITJ,' '’T 

were a fete Z comJeS 

■n the test and who could havTln- ' 

^ve done more examples. 

Table 3. The Results op a Test im th*. a 

_ ^ lEST IN the Addition 

OF Fractions 
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A STUDY OF PUPILS’ ERRORS 

A study of pupils’ errors. The papers of one class 
were analyzed in an eflEort to determine what errors had 
been made. The class made, in all, 268 errors. It was 
possible to determine in 262 of the 268 cases the nature 
of the error. The results of this analysis are shown in 
Table 4. 

It will be seen that performing the wrong operation 
was the chief error in this class. Instead of adding, these 
pupils frequently subtracted, multiplied, or divided. Of 
these three wrong operations, multiplication was the 
one most frequently performed. All of the examples of 
the test were given in the equation form with a + sign 
between the two fractions and it seemed that some of 
the pupils tended to confuse the + and the X signs. 
This belief is strengthened by the fact that on the mul¬ 
tiplication test, many of the pupils who performed the 
wrong operation, added. The majority of the instances 
of performing the wrong operation occurred in the 
papers of pupils who followed one wrong operation con¬ 
sistently. Some, however, performed various wrong 
operations with none more prominent than the others. 
Others, although adding most of the time, occasionally 
subtracted, multiplied, or divided. 

As an illustration of the extent to which pupils some¬ 
times mix wrong operations in a single test, a specific 
case will be described. One paper in addition showed 
clear evidence of both multiplication and division, the 
two operations sometimes occurring in consecutive ex¬ 
amples, as shown by these: = % + % = 

%6. This pupil tended to divide when division without 
remainder was possible, as shown by the former of the 
two examples. However, he did not actually perform 
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Tail* 4. EwtoRj m AiifmoN or 


Types of Errors 

Wrong operation 
performed 
Denominators 
added 
Error in computa-j 
tion 

jFailure to convert, 
both addends to 
common denomi 
nator 
jFailure to record de¬ 
nominator of sum 
’’ailure to reduce 
answers to mixed 
numbers 
'ailure to reduce 
answers to lowest] 
terms 

Miscellaneous 
Unknown 


Illustrations 

^ = %6 
^ = % 

34 + % = 16^0 

% + % = 

+ % = 9 


Per Cent 
of Total 

45.0 

30.4 


13.6 


1.1 


2.3 


I.l 


2.3 
1.9 
2.3 

Too.o 


the operation of division • 

divided nnmerator by numerltor ^ A°"’ 
dvnommator. The onlv^r, by 

surely was ffnffrioTi k i, ^ ^ ^swer on this paper 

H “ *■= 

^ding numerato„ for a new numeMtor and de- 
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nominators for a new denominator is a very common 
error. It arises from the fact that the pupils have little 
understanding of frartions, do not know how to add 
them, and, naturally, react to the familiar -|- sign in the 
only way they know. Pupils who understand the mean¬ 
ing of fractions and who are well taught in the pro¬ 
cedure of adding them do not make this error. In this 
particular class, a brief period of remedial instruction 
followed the test and then the test was repeated. An 
analysis of the errors made on the second test showed 
only one case of adding denominators. 

The two types of errors which have been discussed 
account for more than three-fourths of all the errors 
made. Next in frequency is errors in computation, mak¬ 
ing up 13.6 per cent of the total. Of course, errors of 
this class are the result of inadequate instruction or 
insufficient practice in the fundamental operations with 
integers. 

The remaining types occurred much less frequently. 
Usually, they represent errors which were found in the 
paper of only one pupil. A little individual instruction 
will readily eliminate them in most cases. 

The validity of error studies. The reader may well 
question the validity of such error studies as that just 
reported. In the first place, only seven types of errors 
were recognized, in addition to a few which are classi¬ 
fied in Table 4 as "Miscellaneous.” Other analyses of 
errors in the addition of fractions have resulted in many 
more classes of errors.’' It should be noted, however, 
that the test here reported included proper fractions 

^Brueckner, Leo J. "Analysis o£ Errors in Fractions.” Elementary 
School Journal, XXVIII: 760-770, June. 1928. 
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only, and that there are only two addends in 
ample. This reduces considerably the number of^ 
of errors. Furthermore, if a pupil made 
one example, the two errors were tabulated in 
spective classes and not as a separate class to represent 
this particular combination of errors. ^ 

reason for doubting the validity of such 
e^or analyses is the fact that the analysis was Jade S 
Ae test papers only. It was pointed out in Chapter 4 
that an examination of pupils’ test papers reveah onlv 
parti^ly their faults and questionable work habij 
Olander expresses doubt as to the validity of analyses of 
mors made from test papers.^ His data on erro^'J at 
in the operations with integers indicate that teacher! 
are very often wrong in their conclusions when their 
la^oses are made from test papers only. Another in 
vestigation by Brownell and Watson repealed die ^ 
perionty of the personal interview technique over the 
analysis of test papers as a method of diamiosis* Thev 
a test in the addition of proper fractfonT 

stric^lhem^T recommend that teachers re¬ 

el themselves to test papers in making analyses of 

pupils errors. Information obtained from the test 
papers should be checked and supplemenJ^d by infon 

Duoils H individual conferences with the 

pupils. However, the author has reason to believe that 

__l^rrect. He has found that much practice in error 
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analysis contributes greatly to the skill of the one mak¬ 
ing the analyses. Later contacts with this particular class 
supported the belief that the analysis which had been 
made was approximately correct. 

The reader should not conclude that the errors r& 
ported here are typical of grade classes in general. 
Classes will be found to differ markedly in the kinds of 
errors commonly made and in the frequency of each. 
This analysis is offered as an illustration of the kind of 
fhin g which is very much worth the time and effort of 
the teacher and not as an indication of what one should 
expect to find if the papers of another class are analyzed. 

As an illustration of the difficulty which is sometimes 
experienced in analyzing errors and of the inferences 
which one will draw, a difficult specific case will be de¬ 
scribed. A pupil obtained as the sum of % and %. 
The correct sum, 1 ^ 5 , supplies a clue, for the sum, 
before reducing, is There was no written work 

on the paper to indicate how the example was solved. 
Possibly the pupil added the fractions correctly, doing 
the work "mentally,” and simply set down for his an¬ 
swer the reciprocal of the numerator of the sum. This 
hypothesis was strengthened by the fact that there were 
in the same paper two more just like the example al¬ 
ready given, % + %2 = Hs and ^ -f % = %. Note 
that the answer for the first of these examples, before 
reducing, is and for the second, %. Furthermore, 
in six additional examples this pupil gave an answer 
which, in each case, was the numerator of the sum, as 
% - 4 - %e = 15. This pupils’ score was 9-0, that is, 9 
attempted and 0 right. A little analysis followed by in¬ 
dividual instruction cleared up his whole difficulty for, 



222 ADDITION AND SUBTRACTION 

after all, none of his solutions was far frnm ^ 
though all *ero wrong. >1- 

One boy in the class whose erron have been dec -i, j 
sconrf 20d) (4at is, 20 attempted and Lne“S^tT? 
^TOon of his paper soon revealed that in^^ti 
the 20 examples he had divided. Furthermore in lo ! 
the 20 examples, the division was correctly done ThJ 
same boy scored 12-12 on the subtraction tes^'J^fi 

In fite 14-8 on the division test 

In five of the six examples which he missed on the divi‘ 
Sion test, he performed the operation of multinli,. h- 
Obviously, there is only a slight difference bewei'Ihe 
p^rman« of this boy and a performance whhhri,^ 
fully would be called “very good.” 

A girf in th^e same class is another interesting case 
s^red 24.0 It wUl be remembered that therf ^ 
only 24 example, in the test. She multiplied in eS 

™o. A score of zero might easUy have beL one of the 
highest scores secured. ™ 

illustrative cases which have been 
presented suggest the interesting and greatlv varJn^ 
Krformmce. of pupUs who are trying to add frS 
Wey micate ^ that prior to undertaking to add hac- 
tions, the pupils should be competent in the funda 

rrea^on with fmctions a. 

S'JS o’ ™P°«“ce of making very 

H the e^MtfZ'J’ “P^lio" « » be perfomeZ 

werLZJTl. "a” “Sn. must be 

well known. As « ponited out in a later pantgraph. how- 
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ever, it seems better to make much less use of the equa¬ 
tion form of statement. 

An elaborate analysis of errors made by 200 pupils 
in grades 5A, 6B, and 6A at Minneapolis has been re¬ 
ported by Brueckner.^ He found 6,202 errors in addition 
of fractions. One hundred sixty-seven of these were in¬ 
stances of omitting the example; these could hardly be 
called errors. In 1,268 others, he was unable to deter¬ 
mine from an examination of the test paper what the 
difficulty was. The other errors may be grouped as fol¬ 
lows; 


1. Lack of understanding 
of the process 

2. Error in reducing to 
lowest terms 

3. Error in changing to 
mixed number 

4. Error in computation 

5. Miscellaneous 


1,254 errors or 20.2% 

1,088 errors or 17.5% 

1,061 errors or 17.1% 
855 errors or 13.8% 
509 errors or 8.2% 


This distribution probably represents more accurately 
what one would expect to find in a typical class than 
does the distribution previously reported since this dis¬ 
tribution is based upon far more cases. However, teach¬ 
ers may find distributions which differ markedly from 
either of those reported due to the special conditions 
under which the pupils in a particular class have 
worked. 

Types of examples. All examples in the addition of 
fractions may be classified conveniently into two groups: 


*Bnieckner, Leo J., loc. cit. 
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1 . Fractions having the same number as • 

Having diffa^n. nu^’^roS 

A great many subordinate classes may be recntm- a 
If *e ftactiona are ainiUar ftacriona, L 

Have a aum wHich is a proper fraction Hut Si S 

. ‘ % — IjS- sum which is an imoroDer fn 

non and reducible to a mixed number but It rLtSfi 
to lower terms, as 

which IS an improper fraction and reducible^o a mS 
number and to lower terms, as % + 3 / — 8 / i o/ 
^ (01 = IH). EacH ofll-a^a='^,: 

fractions alone or as mixed numbers. Each of these five 
dasses IS represented by a mixed number below but 
with different fractions. ' 

(2) (3) (4) /g\ 

4% iV, 3^ 

1% 2% 5^ 4^ g ° 

6% 6%=6H 6%=7 ■7%=8% 645'=6%=6% 

Further variations may be made by having three or 
more addends in each example. ® 

examples can be formed from 
^.tans are c.assia'idlS^^tLXergSV"^^" 
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. KVh the least common denominator 
(b) Those m which h 1 the de- 

^ ' is the product of common. 

!=‘"“rr"«?ss?s 
“trrrsi. 

more common factors. 

to, *= ^dmon of ^ 

it no more difloilt o They wiU ^ 

nppta, book*. is like adding apples, that 

siding fon^. te ;uch are being added and 

the fourths are th 8 ^ there are. 

that the numerators ^ Lpes of examples 

We have already re<n^^«l^ft« ^ 
in the addition of two learned to reduce 

little la^r, .ve 

»% »r •"' "e we talcSr in a dayf 
noon, how many hours are w 

Teacher; "Hovf shall -we find out 

Pupil: “Add 3% and 214- , ^ the blackboard 

Tkatnua: 'Oet u, writeJi. “ 3% 

as we always do when addi^- 2 ^ 

one-fourth and one-fourth? 5%»-5% 

Pupil; "Two-fourths? j and 2?” 

Teacher: (Writing %) "And how many 
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Pupil: “Five.” 

^ T™: -So a,« in «tool W man, hou„ 
Pupil: "Five and two-fourths." 

»' ^-ced to What (tan 

Pupil: "One-half.” 

TEACHtai: “Then, we can write 5 U as the numK i: 
hours we are in school in a day." ^ number of 

Very soon the reduction of % to will k- a 
mentally and ^ written at once. It seei^ better to write 
% at first and to reduce m order to make the first so¬ 
lutions as simple as possible. 

adSln‘T''fc“ i« will occur in 

toiZ.f'n “ adequate 

back^ound of meaningful experience with fracLn« 
this should not be difficult. If fhe backgTofnd ^ftm' 

£ the pupils IS not adequate, change the problem m 

ead of hours, draw diagrams to represent 3% pies and 

To hdp the pnpil, ,0 undetatand the addition of V. 
^d >4 n „ d^ble, tometimes. to mite the fmetiom 
out by themaelves and to modify their form, a, folW 

i / m m ^ 


V4 

% 2 fourths^ 


1 fourth 
I fourth 


The pupils add 1 fourth and 1 fourth at the right first 
left. equivalent of 2 fourths, at the 
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Several illustrative examples involving various frac¬ 
tions should be worked out. Then the pupils should be 
Sen examples for practice. This early practice should 
be supervised closely by the teacher lest wrong starts be 

tnade and wrong habits developed. 

The examples in Set 3 illustrate how such examples 
mav be prepared. In no one of these examples is the 
sum of the fractions equal to or greater than one. Halves 
are omitted, therefore, and only one example is given 
for thirds. The fractions used in the set are thirds, 
fourths, fifths, sixths, eighths, and twelfths. This set of 
examples by no means exhausts desirable practice ma¬ 
terial Other combinations of fractions may be included 
and some, such as % and Vg may be included again but 
in different order and with different integers. 


Practice Examples in Fractions. Set 
Addition of Similar Fractions 



sya 

2y8 

8% 

4% 


m 

iii 

7% 

4y6 

. 6% 

2yi2 

3% 


3% 

51/12 

6% 

sye 

4y8 

2y6 

aVs 

7% 

33/8 

6y6 


m . 

4% 



4% 2 

53/12 


2y4 

3^2 

3^2 


7y4 

6yi2 

1«A2 



3 


93/8 

4% 

43^2 

mi 

7% 

43/s 

8^ 

6Vi2 

5yi2 


The teacher should also give attention to examples in 
which some of the addends are integers, such as the 


following: 
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5 

3^ 


6 ^ 

3 

5H 


5 

13/4 

6 


2^8 

5% 

8 


7 

3% 

^6 


Such examples arise out of real problem situations anrf 
must frequently be solved. If neglected, the nunils ! ^ 

times have difficulty with them ^ ^ 

It will be seen that we have provided for the intm 
duction of addition of fractions by using examples con- 
lining mixed numbers rather than isolated fractfor^ 
There are two reasons for this. In the first place most 
of our adding of fractions in real life experiences occurs 
with mixed numbers. Real meaningful problems lead 
mg to example. o£ thf. kind are eaeily secured, whit 
It 1 . sometime, very difficult to get interesting nkctol 

it t«m. to 

easier for children to understand the addition of frac¬ 
tions in examples containing mixed numbers. These ex¬ 
amples look like examples to which they have long 
been accustomed except that the fractions have been 
appended. If fractions alone are added they must be 

Witten like thi., y. + y, = , „ lit, I 

fomer m^y occur, except in Khoolrooms the 
alter is likely to be confusing at first appearance. 

would be a mistake, however, to confine our prac- 
ice work in the addition of fractions to either of these 
wo orms exclusively. Both forms are used, although 
the colurnn form is used more generally than is the 
equation form. It has already been suggested that pupils 
sometimes become confused over the meaning of the 
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signs. These signs should be learned. Furthermore, 
standardized tests in arithmetic frequently contain ex¬ 
amples in the equation form. If we would have our 
pupils well trained in the operations with fractions as 
they occur in tests, in books, and in life situations, then, 
we should give practice on the two forms of expression 
which have been given. 

While learning to add similar fractions, pupils will 
practise on both mixed numbers and examples whose 
addends are fractions only. In the latter case, they will 
use both the equation and the column forms of state¬ 
ment, as has been indicated. When adding fractions 
alone, pupils seem to be in greatest danger of forgetting 
that they are adding fractions and, sometimes, even 
after good teaching, add the two or more denominators 
for the denominator of the sum, as % + % = tie' 
The teacher should emphasize frequently the fact that 
adding eighths is like adding anything else, as pencils, 
dolls, or chairs, and that and % (or 1 eighth and 3 
eighths) are % (or 4 eighths) just as 1 pencil and 3 
pencils are 4 pencils. 

Changing improper fractions to integers or to mixed 
numbers. In adding fractions, pupils will soon encoun¬ 
ter examples in which the sum of the fractions is equal 
to or greater than one. It is not at all likely that im¬ 
proper fractions will be met in such work as properly 
precedes the learning of the operations. Improper frac¬ 
tions are little used in business and social afeirs; mixed 
numbers are used instead. Such an expression as, “two 
and a half gallons’’ is quite meaningful to most persons 
but “five-halves gallons" would confuse many. In order 
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Aat they may make the right disposition nf i 
fractions obtained as parts of sums, pupils mus 
change improper fractions to mixed numb^ " 
Of course, the work should beein with m 
semi-concrete materials. If apples shee of ' 
are cut into pieces of the proper size the 

■ia- % = I%. .ha. = 

The prce«l„re i, alilar .o 
for teaching the nunils tn ^^^Pter 4 

terms. Half-dollars^ and quarter^Ln “""h 
excellent advantage in showing- h ^ ^ 

whose denominator are Z or 4 
equivalent mixed number The i... t .e “f"™'"* >> 
the iUmradons meaningful a^d rellS^' 

(or &e.trm h'- 

whole apple! S’Si'!’ 'll ^ » 

And how many halves lL''X'? ^ ™ '"“f 

make how many apples?” ^ ^ ^ ^^^^-apples 

in™L™tr '■r • 

of an improper fraction h th numerator 

it to a mbcerLmb; i denominator to change 

pils have should lead them the pu- 

least. to understand it. They can 
their own experienrps ti, ^ t verify it from 

by the teacher at the beo-'^ ^ should not be supplied 
rote and followed blindly'.°"“^^ by 

By dus means, die pupil, are led to «e dm. a ffacdon 
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means division, that % means 6 divided by 2, etc. In 
their later work, this concept of a fraction as an indi¬ 
cated division will be strengthened and further ampli- 
fied. 

Carrying in addition of fractions. When the pupils 
have learned to convert improper fractions to integers 
or to mixed numbers, they can practise on many exam¬ 
ples in the addition of similar fractions which have 
not yet been used. All three of the remaining types of 
examples involving similar fractions (see page 224) 
ran be included in sets of practice exercises. So far, we 
have been unable to use the fractions, %, 

etc., because the addition of other halves, thirds, 
fourths, etc., would have given sums which are improper 
fractions. Thit is, we have been unable to use these 
fractions in combination with other fractions; we have 

6 23/4 

used them in examples like 3^,4 , etc. 

Set 4 contains further examples for practice in the 
addition of similar fractions. Halves, thirds, fourths, 
fifths, sixths, eighths, and twelfths are included in this 
set. Like Set 3, this set is not exhaustive, but illustrates 
the kind of examples which may be used. 


PRAcnriGE Examples in Fractions. Set 4 
Addition of Similar Fractions 


9% 

63/8 

5 % 

6 ^ 

73/4 


2 % 

3% 

4 % 


m 

63/4 


1 % 

4 % 


3% 

46/i2 


7% 
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3% 

2% 

4% 

3% 

m 

7% 

3% 

0^4 

23/4 

4% 

f/l2 

7y8 

47^ 

5% 

iy4 

4% 

2% 

3% 

4/3 

5% 

5% 

63/4 

1% 

7r3 

4% 

8% 

m2 

3^2 

6% 

27/8 

7% 

6% 

6/0 

3/0 

2% 

An example will be placed on the blackboard 
discussion may proceed somewhat as follows: 

and the 


0 % 

4 % 

10 % 


“ ^■‘ourou. ^ 

Pupil; "Six-fourths." 

^cher: -Then, what is the sum?" 

^PIL. Ten and six-fourths " 

Reduce it to three-halves." 
PupiL^^a^J^it^t^on?” d°“ Aree-halves?" 

T-chkk: "Lft ;/:re “ 

» a. n«t colu,^ I and 6 aS ^ 

What IS the sum?” » are 11. Then 

Pupil; "Eleven and one-half.” 
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be permitted to perforin these two operations in either 
order. 

In some examples, the pupils easily learn to abbrevi¬ 
ate the process. In the example shown, for in¬ 
stance, they learn to combine % and %, making 
1, and to hold the 1 in mind while writing the *7% 
remaining ^ as a part of the sum. 

The pupils should grow steadily in the ability 
to convert improper fractions to mixed numbers and to 
reduce fractions to lower terms “in their heads" and to 
confine their writing to the writing of the sum in final 
form. Many will do this if encouraged to do so by their 
teachers. 

The addition of unlike fractions. By this time, the 
pupils should be able to add like fractions as they appear 
alone and in mixed numbers as well as to add a fraction 
and a whole number, a fraction and a mixed number, 
or a whole number and a mixed number. They should 
be competent also in reducing fractions to lowest terms 
and in changing improper fractions to mixed numbers, 
the latter including carrying in an addition example. 

Since these difficulties have been mastered, it is not 
necessary to form many separate classes of examples in 
the addition of unlike fractions. Reduction to lowest 
terms and the changing of improper fractions to mixed 
numbers can be taken care of as a matter of course in 
examples having unlike denominators; so can the com¬ 
bination of fractions and whole numbers, fractions and 
mixed numbers, and whole numbers and mixed num¬ 
bers. 

This makes it possible to simplify greatly the treat¬ 
ment of addition of unlike fractions. We can recognize 
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»t o^ple. in the addition “j SS / P»“i» 

S. r °" '“«'• *“* 

firounVT denominator niv«« 

ground of concrete exn^>r;«„e. . . ®"- back- 

liberal use of such semLncrSe m ^ 

rectangle diagrams which have he^ «rcleand 

wiA ample experience in the addir^ ®^*l“sed, together 

“lake the approach to the addWo fr^«lons, 

in which the least commL dt? 

denominators given, relativet 

example, children learn to 

quickly and easily if they know fr ^ 

% is equal to %. ^ experiences 

be pupils should see that thmr 
fractions as they stand but 
so that they will have the same d^’' 
be need and .be 

grocery. Last helps Mr. Jackson in the 

forenoon and 4% ho^xs^^ T f In the 

Imnrs did he work that day?^ afternoon. How many 

_-e ^te the example on the blackboard. 

“Brucckner, Leo T nj „ 

n Company, I9S0, pp. lyy.jgo. 
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We can not add % and Va as they are, but we 3%-=3% 
can change % to fourths. One-half equals how 4^=.4% 
many fourths?" 7% 

Pupil: “Two-fourths." 

Teacher: “Then, % and % are how much?" 

Pupil: “Three-fourths.” 

Teacher: “Then, what is the sum?" 

Pupil: "Seven and three-fourths." 

It should not be difficult for the pupils to follow this 
solution if the equivalence of halves and fourths is al¬ 
ready well known. Indeed, they should soon be able 
to write the sum at once without re-writing the mixed 
numbers as shown. If necessary, go back to diagrams to 
show the equivalence of % and %. 

Several examples will be used for illustrative pur¬ 
poses. In these, the fractions will be those whose equiva¬ 
lence has already been discovered through the use of 
diagrams. From these examples, there will emerge grad¬ 
ually the principle that both the numerator and the 
denominator can be multiplied by the same number 
without changing the value of the fraction. When 
learned in this way, the principle is meaningful and is 
not likely to be forgotten. 

Set 5 of the practice examples has been prepared to 
illustrate examples of this class and to supply practice 
material for the use of the pupils. In this set, the pupil 
learns to combine halves with fourths, sixth, eighths, 
and twelfths; fourths with eighths and twelfths; and to 
make several different combinations of fractions in ex¬ 
amples having three addends. No fractions of extremely 
rare occurrence are included in this set. Of the frac¬ 
tions used, those of most frequent occurrence in prac- 
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tical affairs, such as halves j . 

used most often. No combination 

twice in the set. ^ fractions occu 


5^ 


Practice Examples in Fractions. Set 5 
Common Denominator Given 
2^3 73/4 

1% 


m 8% 


6% 

10% 

sya 


1% 

1%2 


7Vi2 

4% 

6% 


11% 

8B/e 

3% 


6% 

3% 


4% 

f/s 

2 % 

f/a 

3% 


6% 

3% 

734 

4S/i2 

2% 

1% 


3% 

8% 

4% 

4% 

4% 



10% 

5% 

47/12 

2% 

3% 

0 00 1 

4% 

6% 

7% 

2% 

5% 

4% 

4% 

6% 

67/8 

3% 

3% 

2% 

5% 

3% 

4% 

28/^ 

2%2 

10^ 

11% 

4% 

,3% 

3% 

27/8 

11% 

3% 

5% 

8% 

16% 

2% 

• _4% 

7y3 

5%2 

2% 


2 % 

6% 

4% 

4% 

2yi2 

1% 


frequent occwencr w^iT^f certain fractions of very 
irence will be memorized. If sufficient 
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i, provide C^tly the 

tributed. the s/e. V 2 and % Va 

equivalence o /a V and 

^.^andye. y^an o£ this takes time, of 

%o. and probably knowledge and 

Surse; the teacher growth. But 

skill with fractions to e should not hesitate 

Cl: or % to elghdtr. 

Se«“ J ricLS es addiUonal p,aca« « pro- 

common have no common 

factors. We do not talk , ^ / to add fractions 

do proceed n«t 0 j«h*emj^ “ 

proUem"a°iS develop the solution in the following 
manner. 

Texopetu "On Samrday ^ 

How many yards did she seu 

. od, » 

Pupil; "Add 4% and 2^. ^ 

Teacher; "We have not T®* , _-ed 

You will remember that one day w «„ 

% to sixths. How many sixths did we have? ^y^^y 

Pupil; “Three-sixths.” , ^ to sixths. 

Teacher; "We also changed % to 

How many sixths did^ we have?’ 

Pupil: "Two-sixths." 
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Teacher: "Then we can rewrite the examni 
as we have added other examples. What is ® ^ 

Pupil: "Six and five-sixths/' 

If necessary, reproduce the rectancri*> 
showed the equivelence of halves „d sixSj^ 
and sntths. Each pupil should see from mch i * 
repiesentatiou that halves and thirds om 
chan^d to sixths. The rule for finding > 

nonunators sliould be developed from snS 
pies; It shoidd not be handed Lt by the Lchl ST' 
wurh on examples of this class. 

cov®^ 

Examples in whicli thirds and fourths are to beadrf«i 
®ay_a,me next. Diagrams show tha! 

can b^'mad^ fr ^ = % 2 - Several example 

bineU whh V V fractions. We can com- 

From these examples, the pupils can see that die ™ 
mon denominator is always the product of thTZ 

»““pS.** ^ 

hlustradon, ai, 

examnle. * effort has been made to list thew 

aU oc^ibirn * “aohing order. For example, 

I l^ble combinations of thirds and fourths may weU 

suA examples nmy be prepared. 

fractions whiA™i?*^'° ® oombinatioiu d 

nacuons which wiU occur rarely if ever in ordinary af. 
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fe « These merely provide the popi'b with an npp>ar 

icvtoextend their skiils so as to «»«-« 4 

ijiiti'om. The following coiabinal»*m» «sf S*^ trm 
jioDS will be found in the set; 

Halves and thirds FottriJw amS bitf» 

Thirds and fourths Halve* arwl »nrrsiil>» 

Halves and fifths Fiftlw and 

Thirds and eighths Halve* and nsnUba 

Thirds and fifths 


PaACTicE Examples im Fraction v Stt *S 
Common Denominator by MuUtjdtvalfcwit 


5ii 

6% 

1% 

6*^ 




Zi^ 

2ii 

-lajj 

sa 

m 




3 




R. ’'T|y 

2^ 

12^4 

7% 


H V, 

10% 





7% 

2% 



*xv. 


ii 

iM 



3% 

7% 

254 


1 ’S-'* 





..A 




7^3 

jo I 

S 

IVj 








** 

a 

6% 

7% 

754 

755 

■*»* 

Mrw 

1 
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1 % , 
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O -i y ^ 


3 ^ 

4 % 


77/8 

4 % 

m 


6 % 

7 ^ 

4 ^ 


4 % 


tlu^'fiSiom. “mbinatio^ 

Halves, halves, and thirds 
Halves, thirds, and thirds 
Thirds, fourths, and fourths 
Thirds, thirds, and fourths 
Halves, thirds, and fifths 
Halves, thirds, and eighths 
Thirds, fourths, and fifths 
Halves, halves, and fifths 
Halves, fifths, and fifths 
Thirds, thirds, and eighths 
Thirds, eighths, and eighths 
I birds, thirds, and fifths 
Of fourths, and fifths 

these lists, M fi^TSi in each of 

fifth,, and aixU^in 

just what combinations of I® “ 

in sets of practice exam I should be included 

varied and if the subject Ts tauSt^'^'^ considerably 

the general princinle*^ i ®° to emphasize 

w no. h«n^.S;r„l’“‘^ 

•bow'Xnr”^'.' „T h*" “■* 0* •be 

fthoiom which are incla<S ■TT'’ 'h* 

the fractions of any one comh’ 1“ using 

any one combination, the teacher may 
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well use all of the possible examples rather than repeat 
some and omit others. In the combination, thirds-^ 
fourths—fifths, for instance, the following arrangements 
of fractions arc possible. 


% + % + ^ — 
^ + y4 + % = 
% + V4-h ¥6 = 
% + ^4 + y6 = 
% +¥4+ Vb = 
% + 3/4 + % = 

% + 3/4 + 8/0 = 

H + ¥ 4 + ¥0 = 


% +¥ 4 -¥% 
% + % + % 
% + 1/4 + 3^ 

% + H + Vs 
¥3 + ¥4 + Vs 
¥3 + 3/4 + ¥b 
% +¥4 + % 
% + % + % 


For the combination, thirds—^thirds—eighths, we may 
have the following arrangements. 


% + ^ + Vs = 
% + % + ¥8 = 
^ + % + % = 
ya + H + % = 
% + % + % = 
+ % + % = 


% + % + % 
ya + % + ys 
% + % + ys 
% + % % 
% + % + % 
% + % + % 


Of course, each of these arrangements may appear in 
an order different from that in which it is given. 

Some special attention should be given to examples 
in which a denominator is repeated. The pupils 
should see that the common denominator is the 4^ 
product of 2 and 3 in the example shown and that 2 ¥i 

we use the denominator 3 only once. They will 
readily see that this is so if it is pointed out that 
we can add % and % first and then add % to the 
sum, %. 
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Denominators with common factors. The j 
the denominators of the fractions to beldded ? 
tracted) is always s common denominator but itTJ' 
least common denominator only when the ■ 
nominators have no factors in Lm^on j r“ 
denominators have factors in common. theL^lT 
factors must be used only once in finding the least 
mon denominator. Thus, the denominator of SIS 
ons, 4 Md Yg, have 2 as a common factor The least 
rn°” “ *= ptod-ct of this 2, at 

:u7h^ettsrT2rr-‘ P 

“-SOS'" 

in the old-fashioned school, a device wa<! envwi j 
e of tire given denominators and for finding the 

b;le~inrrm“r “ 


?_L^_r_3 I 1 , 7 
2 3^6^ 4'^2'^8 “W" 

2 07 2, 1. 4 


24+24+24+24 


3 3^3, 1, 1. 2 


If 1, I, 2 
L.C.D.=2X2X3X2*24. 

whfr-f instructed to divide by any prime factor 

■ong as7S^tSm StiTSttT' 7" “ 

nominator tho ^ j , ^ common de- 

rZSS “d the final 
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Pupils learned this procedure by rote and followed 
it blindly. It is doubtful whether their teachers could 
have told why it yielded the least common denominator. 
In doing the assignments of that day, some such pro¬ 
cedure was necessary. Sometimes the least common de¬ 
nominator was a large number but much smaller than 
the product of the denominators of the addends. But 
the arithmetic of ordinary affairs does not include such 
examples. This method of finding the least common 
multiple of a series of numbers or the least common 
denominator of a series of fractions has been discarded 
by recent textbooks and by up-to-date teachers although 
it is still found occasionally in old-fashioned schools 
taught by old-fashioned teachers. 

The pupil understands by this time that a common 
denominator is a number which is divisible by each of 
the denominators in the example. For all ordinary ex¬ 
amples, the least common denominator is easily found 
by a trial and error method. Using such an exam¬ 
ple as that shown, the pupils may at first suggest 5% 
that the common denominator is 24. The teacher 2% 
may permit the solution to be completed with 
this common denominator. Of course, the sum of the 
two fractions will be reduced from 2%^ to Then, 
the teacher may suggest that a smaller common de¬ 
nominator may be used and the pupils are asked to 
think of a number smaller than 24 which will contain 
both 4 and 6. Most of them will see readily that 12 is 
such a number. 

Two or three relatively easy examples such as this 
should be used so that the pupils may see that fre¬ 
quently it is possible to find a common denominator 



2 % 


244 ADDITION AND SUBTRACTION 
Which is smaller than the product of the • 
of the fractions which are to be added ThLT"'^”" 
call such a common denominator the smallell^^^T 
common denominator. Then a more 
•homd b. pr««.Kd tor ,option. 

ae finding of the 

aably more difficult than wat the case to ffi, 
apples of this class. Such an 

may be used. Most pupih, will not readily 
ee the least common denominator here. For such 

The explanation to the pupils may be eiven in 
such manner as the following. First trv th V 
denominator you see 8 Thlc ^ largest 

2 but not 3 Ther, f o ^ denominator will contain 

2 andTas 7 V 

nator ' “ *' ““ “ ““”0” fienomi- 

whl^ ar’r 

longer ex^mX. ■ encounter. Even the 

solved h textbooks are readily 

this manLr Vhe^ the least common denominator in 
nominators examine the de- 

"Is there anv question in mind, 

just been desf^-ik th ^ method which has 



COMMON FACTORS 


245 


It should be noted, however, that finding the least 
common denominator is a matter of convenience and 
not a matter of vital importance. Pupils should be urged, 
as a matter of economy of time and energy, to use the 
least common denominator. But if, on a test, a pupil 
uses some other common denominator, his score should 
not be discounted very much. The ability to add 
fractions is the main objective whether the least com¬ 
mon denominator or any other common denominator is 
used. 

Examples illustrative of the kinds which may be used 
for practice are given in Set 7. The 50 examples of this 
set have been carefully prepared so as to provide con¬ 
siderable variety in the fractions to be added and so as 
to center the pupil’s attention largely on those of more 
frequent occurrence, such as fourths and sixths, sixths 
and eighths, halves, fourths, and sixths, etc. 


PRACTicaE Examples in Fractions. Set 7 
Common Denominators by Inspection 


6^4 

2% 

7% 

zys 

syio 


4% 


1% 

lS/4 

10% 

eye 

m 

7y» 

4%0 

7% 

5^ 

5%o 

1 % 

m 

2% 

1% 

eys 

m 

12%o 

6^10 

2%2 


2%0 

6%2 

9% 

m 

sye 

3% 

evs 

8% 

10% 

SVio 

4% 

8% 
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m 

ZVio 

6%2 

4% 

2% 

7% 

93/10 

107/2 

4ye 

m 

2ye 

7% 

6y2 

£% 

5% 

6% 

4% 

7% 

ioy4 

5ye 

3/4 

2% 

3% 

8% 

2% 

5% 

1% 

13/4 

£% 

53/4 

4% 

8% 

2y2 

1% 

9% 

12% 

113/4 

4% 

5% 

1% 

2% 

1% 

8% 

6y2 

11% 

4ye 

83/4 

1% 

2% 

£% 

6^ 

7^4 

4% 

5% 

7% 

£% 

2% 

sys 

6% 

10% 

47/8 

7% 

66/6 

23/4 

2y« 

3% 

5% 

7% 

1% 

ey^ 

5% 

12% 

37/8 

2y4 

4% 

3% 

6% 

86/e 

1/4 


by leam™. Aem r *' ^ ^me 

bj u.e ».i*b.rrc.:dMrr."^;nC 
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Some pupils learn most of these, as the result of many 
contacts, without their receiving specific attention by 
the teacher. 

THE SUBTRACTION OF FRACTIONS 

It was indicated in Chapter 2 that the problems in¬ 
cident to the teaching of subtraction of whole numbers 
are somewhat fewer and apparently somewhat simpler 
than those incident to the teaching of addition of whole 
numbers. The reason for this lies in the fact that in 
addition there may be many quantities to deal with 
whereas in subtraction there are but two quantities,— 
the minuend and the subtrahend. Reasoning by anal¬ 
ogy, one might conclude that the teaching of subtrac¬ 
tion of fractions and mixed numbers is simpler and 
possibly easier than the teaching of addition of frac¬ 
tions and mixed numbers. From the teacher’s point of 
view, the process of subtraction may be simpler and 
easier than the process of addition but, of course, this 
is no guarantee that it is either simpler or easier for the 
pupU. It may be easier for the pupil to find the least 
common denominator in subtraction than in addition 
but other serious difficulties inhere in subtraction. 
Prominent among these is the difficulty of borrowing 
which seems to be more serious than the difficulty of 
carrying in addition. 

Pupils’ errors in the subtraction of fractions. A very 
detailed analysis of errors in the subtraction of frac¬ 
tions has been reported by Brueckner.® It will be re¬ 
called that he tested 200 pupils in grades VA, VIB, and 


•Btueckner. Leo J., op. cit., pp. 203-206 and 215-216. 



248 ADDITION AND SUBTRACTION 
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Table 5. Errors in Subtraction of Fractions 
(after Brueckner) 


Class of Errors 

Number 
of Errors 

Per Cent 
of Total 

Errors in borrowing 

1,828 

24.3 

Confusion of operations 

1,521 

20.2 

Errors in reducing to lowest 



terms 

1,094 

14.6 

Lack of understanding of proc- 



ess 

1,094 

14.6 

Errors in changing to common 



denominator form 

626 

8.3 

Errors in computation 

614 

8.2 

Omissions (not really errors) 

419 

5.6 

Performed only a part of the 



operation 

SOI 

4.0 

Errors in copying figures 

14 

0.2 

Total 

7,511 

100.0 


Errors which are classified as due to a lack o£ under¬ 
standing of the process of subtraction of fractions ap¬ 
peared in many forms, Brueckner lists 16 forms of this 
class of errors. More than one-half of these occurred in 
examples in which a mixed number was to be sub¬ 
tracted from an integer, as in 4 —2^. The pupil 
simply subtracted the integers and combined the one 
fraction with the result, obtaining 2^ as his answer. 
It seems probable that these pupils had had but little 
practice on examples of this type. Next in frequency of 
occurrence came the subtraction of the minuend 
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fraction from the subtrahend fraction, as in 4U _ o?. 
The pupil wrote 2% as his remainder. The otW ^ 
occurred less frequently. • other forms 

Of the 626 errors which had to do with chanfoi,„. 
the common denominator form, 499 or fin r, ^ ® 
were cases of subtracting numerators and 

need of further attenfmn ti. jl • ^ niuch in 

on th.^n“S”S' “P'Si 

LS!J, My the proceM o£ subtraction of 

preZ:rr 

reduce answers to lowest term* • *° 

imoortanre k ‘ ™"ch less 

.eacCmTt.TT' T '>« 
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The author in making case studies of pupils’ diffi¬ 
culties in the subtraction of fractions has found some 
interesting examples of inadequate understanding and 
consequent confusion. One girl scored 12-0 on a test in 
the subtraction of fractions alone. In the first two ex¬ 
amples, she quite evidently subtracted both numerators 
and denominators, % — % = % and % — ^ 

The third, = more difficult case. The 

only clue is that 16 has been written in pencil on the 9. 
She probably subtracted denominators, then inverted 
the subtrahend and subtracted numerators, making an 
error in computation. The next two were scored "Un¬ 
known.” At this point, the pupil evidently recalled that 
she had been taught something about cancelation. She 
did this example, % — % = Ve by canceling the 3 into 
the 6 and then evidently subtracting denominators for 
the denominator of the answer. She used the one re¬ 
maining digit of the numerators for the numerator of 
the answer, failing to understand that the 3 of % has 
been displaced by a 1. Then in this example, 
%2 “ = %< 3 is canceled into 12, 4 is written 

beneath but this 4 is ignored in writing the answer. 
Some further recollection about inversion must have 
pushed to the foreground of consciousness at this time 
for in the example, % — % 2 » this girl availed herself 
of the very excellent opportunities for canceling but 
wrote the result %. One may easily guess at what was 
done in % — % = %, but the source of the denomi¬ 
nator in the answer of % — ^ where the second 

fraction was inverted and the digits rewritten, % — %, 
before cancelation was indulged in, is hard to determine. 
This example, % — was rewritten, % — •%, can- 
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celed, and the answer 7/g ingeniously arrived at by mu] 
tiplying jiumerators and adding denominator, t 

^ ^ ~ ^ rewritten on the 1 can 

^^wt restored to the denominator in writing Z 

Another girl with the score, 12-0. subtracted denomi 
nators for three examples and then performed the 
operation of division perfectly, rewriting the sLnJ 
action, canceling, and multiplying. These two proc 
were alternated through the remainder ofTer 

Types of examples. It is convenient to recognize the 

have examples in subtraction^hat we 

have already recognized in addition. They are: 

. Fractions having the same number as denominator 

(a) Those in which the least common denomi- 
Mtor IS the largest denominator given. 

Those m which the least common denomi- 

ZT"" denomi¬ 

nators, the denominators having no factors in 
common. 

Those in which the least common denomina¬ 
tor IS a number smaller than the product of 
the given denominators, the denominators 
Having common fectors. 

Since the addition of fractions and the subtraction of 

th? “f “Edition of fraction,. 

Tie eubtraetron of stoiiar t^diom. Except to 


(b) 


:(c) 
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borrowing, subtraction of fractions is easy for those 
who have learned the corresponding phases of the addi¬ 
tion of fractions. But borrowing is really troublesome, 
as was indicated by the results of Brueckner’s study of 
errors. 

It seems best to begin with a few examples in which 
no borrowing is required in order that the pupils may 
gain confidence in their ability to solve such examples. 
These easier examples may consist of fractions alone, 
or of mixed numbers, or both. The teacher may begin 
with a problem and develop the subject in the following 
manner. 


Teacher: “Elizabeth, who helps her father in his dry 
goods store found that there were just 4% yards of silk 
left in a bolt. That afternoon, she sold 1% yards. How 
many yards were left? How shall we find out?” 

Pupil: "Subtract 1% from 4j4*” 

Teacher: “Let us write the example on the blackboard. 
Can we subtract % from 

Pupil: "No." 

Teacher: “Then we must borrow just 
as we always have borrowed in subtrac- 
tion. We borrow in subtracting fractions 
just as we borrow in subtracting whole numbers. How 
many fourths in a whole yard of silk?” 

Pupil: “Four-fourths.” 

Teacher: "Four-fourths and this one-fourth make five- 
fourths. Now we can subtract % from 54- How much is 
left?" 

Pupil: 'Two-fourths." 

Teacher: “And since we borrowed one yard, there are 
3 left. So how much silk was left in the bolt?" 

Pupil: "2% or yards." 
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After other illustrative examnioB , 

period of supervised practice on eiamS^ ^ ® 

The pupils should be able to dispense 

the writing and write their answer^ nrooerf 
directly. ' pt^^perly reduced, 

ex2;.nS'drr;t i®d ifrr»< 

There are 60 examples in thir^'Tn eh™f' 
86 example., no borrowing ii required L’ ^ 
required in each of the remaining*? « 

be noted that there are two ^ examples. It will 

integer from a ^LTnZbr”? 

-btracting a mixed number from'n in"ege;T"\°‘ 
requiring the subtraction of a fraction f ® 
a fraction from an integer, and a frarH ^ 
number are easily preoared Xh ^ 

in practice exerciL*^ 


43/4 

lii 

7% 

1% 

103/8 

JVs 

7«/i2 


Practice Examples in Fractions. Set 8 
Subtraction of Similar Fractions 


6/4 

12% 

9% 

1% 

f/s 

3/8 


7% 

1% 

10% 

_6% 

63/4 

6 % 

£% 

9% 

7% 


5% 

2% 

12%, 

6 

m 

1% 

7% 

1% 

106/3 

7% 


3% 

8% 

4% 

ll/e 

7/6 

6% 

4% 

7% 

5 
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2 % 

7ye 

4 % 

leyg 

A 

1% 

3% 


7% 

10 

13 

14 

8 ^ 

4 % 


6 % 

9y4 

3% 

1% 

9 ^ 

7y8 

5 % 

8 

6 


3% 

m 

4 % 


7% 

6 % 

9 

6% 

6 

m 

4 % 


1% 

m 

9% 

6% 

12 

6 % 

10 

1% 

3% 


2% 

3% 


The subtraction of unlike fractions. When pupils 
have learned to add unlike fractions and to subtract 
similar fractions without and with the borrowing diffi¬ 
culty, there is little left for the teacher to do but to 
provide practice on the various types of unlike fractions 
in examples in subtraction. Many of the suggestions 
which have been offered relative to the teaching of 
addition of fractions apply equally well to the teaching 
of subtraction of fractions. Pupils should understand 
now that they must change the fractions so that they 
have the same denominator and that borrowing is 
necessary if the fraction part of the minuend is smaller 
than the fraction part of the subtrahend. 

The least common denominator given. Practice Ex¬ 
amples in Fractions, Set 9, include unlike fractions in 
examples in which the larger of the two given denomi¬ 
nators is the least common denominator. In the 40 ex¬ 
amples of this set, practice is limited largely to halves 
and fourths, halves and sixths, halves and eighths, thirds 



256 ADDITION AND SUBTRACTION 
and sixths, and fourths and eiehths ArJ/i;*- , 
^ples, requiring the subtraction of fracti^^frr' 
fractions and fractions from mixed numbersTn 
be prepared. *' 


Practice Examples in Fractions. Set 9 
Common Denominator Given 


43/4 

3 % 

2% 

1% 

m 

4% 

4 % 

1% 

9% 

2% 

10% 

4% 

63/4 

1% 

7y6 

4% 

23/8 

1 % 

5 % 

2% 

11% 

4y4 

3 % 

1% 

6% 

Bk 

93/4 

Bk 

12% 


sye 

m 

3 % 

6% 

4% 

9% 

3 % 

1 % 

43/8 

1J4 

3 % 

1% 

93/4 

5 % 

73/6 

4 % 

6 % 

2% 


7% 

2% 

8 % 

4 % 

iiyio 

4 % 

12% 

Mz 

6% 

3 % 

14y2 

10% 

111% 

8 % 

93 % 

6 % 

6 % 

3 % 

10 % 

sye 

14% 

_ 8 % 

63/6 

3 % 


^omlmfors 

is * f“ 1°’ common denominator 

“ the product of the Wo given denominators. The 
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skill which the pupils have already developed in the 
addition of such fractions should carry over to the 25 
examples of this set. While pupils are working on ex¬ 
amples of this kind, the teacher should be on the alert 
for evidences of difficulty in borrowing, for tendencies 
to perform the wrong operation, for difficulty in chang¬ 
ing the fractions to common denominator form, for 
errors in computation, and for other evidences of mis¬ 
understanding or the lack of understanding. Of course, 
the teacher will supplement the set with examples re¬ 
quiring the subtraction of fractions from fractions, of 
fractions from integers, of fractions from mixed num¬ 
bers, of integers from mixed numbers, and of mixed 
numbers from integers. 

Practice Exampues in Fractions. Set 10 

Common Denominator by Multiplication 



4% 

3% 

7% 

6% 


1% 



3k 

6% 

3% 

8% 

9% 

6% 

1% 



4% 

3k 

5% 

7% 

6% 

7% 

5^2 

2% 

4% 

1% 

3% 

2% 

14% 

113/8 

7% 

5% 

4% 

10% 

_6% 

3% 

1% 


8% 

63/4 

lOVa 


7% 


2% 


3k 

1% 


Common denominator by inspection. Examples of this 
type are found in Set 11. The 30 examples of this set 
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provide for considerable variefv 
to combinations of fourths and^sixfos Tnd 
eighths. A few other combinations ’ ^ 

Ae pupil may see that thTme^nT\^-l ‘^at 

IS of general application Aeain th learning 

ment the set by provldfo. ^ ^*«Pple 
bers are not all mixed numbewf 


3^4 

1 % 


Practice Examples in Fractions. Set H 
Common Denominator by Inspection 

/!• 4 i 

4% 


6% 




9% 

lii 

1% 

7% 

1% 

7% 

2% 


SVs 

2% 

3^0 

iiio 


3Tlo 

5% 


5% 

2% 

7f4 

1% 

5% 

9% 


5% 

i% 

78/4 

lUo 

6% 

1 % 

43/4 

2% 

9% 

PH2 

3% 

1% 


14% 

5% 

e/e 


8% 

2% 

10% 

6% 


The sequence of tonics 

major types of examnles ^ recognized the same 

fractions'^In of 

lllte fractions and Tn eaS I T''" - 

into three distinct 

groups. We have also seen that teach- 
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ing children to subtract fractions is in many respects 
j jmilar to teaching them to add fractions. 

It seems best, then, to teach pupils to subtract any 
given type of examples immediately after they have 
learned to add that type. After pupils have become 
proficient in adding similar fractions they may subtract 
similar fractions. Then they may learn to add unlike 
fractions with the least common denominator given and 
foUow with subtraction of fractions of the same type. 
After that, practice will be given on the remaining two 
types of unlike fractions, first in addition and then in 
subtraction. 

QUESTIONS AND REVIEW EXERCISES 

1. What are the probable effects of undertaking to teach 
pupils to add and subtract fractions before they have had 
a sufficient background of experience with fractions to 
enable them to know what fractions are and what they 
mean? 

2. Is a teacher responsible for making up the deficiencies 
in a pupil's preparation which are due to neglect on the 
part of another teacher? 

3. Why do pupils become confused about the signs, 
4- and X? 

4. Is adding denominators a natural mistake for a pupil 
to make? If a pupil says that ^ and ^ make %, what, 
probably, is his fundamental difficulty? 

5. What reasons are there for doubting the validity of 
error studies which have been made from test papers 
alone? Do you think that such error studies made by some 
persons are much more valid than those made by others? 
What additional sources of information would you use 
in analyzing pupil errors? 

6. Do you believe that some errors in adding fractions 
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«TOis as of oquIll^oraMf “«• •« 

““ ‘^”u i"® ™"“ 

•entad in bothS''i^™Lt'aS‘^h“°»S^f‘‘°"‘ ’’' 
o.aK^ in addidrTfrSm ™ ■'^ 

or mixed numbers? Why? fractions alone 

13. Describe a lesson if T 
to carry in addition of fractions. 

their Ss“mucff fe wof of'S 
common denominator form rha ^ fractions to 
to mixed numbers, and ref dfc. finiproper fractions 
15. Should pupils haffd^ 
fractions to know that bef expenence with 

addition of such fraction?? ^ ^ ^ approach the 

principle 

tion can be multinlipd >, ? denominator of a frac- 

an ™inn of ae Lcl^ 

least commo^mtlti>f ifthe "“^bers their 

of donominaL 

those fractions? common denominator of 
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18. How would you teach pupils to find the least com¬ 
mon denominator when the denominators have one or 
more factors in common? 

19. What is meant by the statement that finding the 

least denominator is a matter of convenience and 

not a matter of vital importance? 

20. Is it reasonable to expect pupils to learn that % 
and % are % as they learn that 6 and 7 are 13? 

21. What is the commonest error which was found by 
Brueckner in the subtraction of fractions? 

22. What method of subtraction is assumed in connec¬ 
tion with the discussion of subtraction of similar fractions 
with borrowing? What changes should be made in this 
explanation if. the pupils have learned the take-away-carry 
method? The addition-carry method? 

23. Why does this chapter devote less space to the dis¬ 
cussion of the subtraction of tmlike fractions than to the 
discussion of the addition of unlike fractions? 

24. What is meant by finding common denominators 
by inspection? 

25. How much work in the addition of fractions should 
be completed before the subtraction of fractions is begun? 
What should be the teaching order for the remaining 
work in addition and subtracdon of fracdons? 

26. How could you use a foot rule to illustrate the ad¬ 
dition of such fracdons as % and % and or % 
and ^? Can you illustrate the subtracdon of fracdons 
with a foot rule also? 

CHAPTER TEST 

For each of these statements, select the best answer. A 
key will be found on page 533. 

1. Pupils frequently confuse addidon of fractions, when 
the examples are expressed in the equation form, with 
(1) subtraction (2) muldplication (3) division. 
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2. The table showing the per cenr -t 

zero on a test in the addition of fractionf^; * 
largest per cent of zero scores in m 
the seventh grade (3) the eighth ^Le 

hT^ ^6 as the answer to % 4 ,a/ . 

bly (I) subtracted ( 2 ) multiplied (3) divided'!'^ ^ 

• It IS desirable that error studies be bacpH 

( 3 , 

mg to divide the fractions. (3) are try. 

.houMtSt? f 

w b„. '™““ 

hi! study ot ^'^aUon”of Snieckner iu 

antor. iu ™iudug towlY^rV , « 

iug of dtu 

• tot ^p,u iu ^a„„ „j Hi. 

(0 2 % ( 2 ) 3 % ( 3 ) 2 ^, 
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Cu2“d.Sdl,tri“7,tS 

sixths. maude (1) halves (2) fourths (3) 

merator is equal To ^^deno 
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£r" 

ary business and soaal affairs improper 
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fractions occur (1) more often than mixed numbers (2) 
less often than mixed numbers (3) just as often as mixed 
numbers. 

13. In adding mixed numbers, well-taught pupils learn 
eventually to (1) put all of their work on paper (2) put 
some of their work on paper (8) put none of their work 
on paper. 

14. The value of a fraction is unchanged if both the 
numerator and the denominator are (1) multiplied by 
the same number (2) increased by the same number (3) 
decreased by the same number. 

15. Pupils should eventually memorize the equivalence 
of (1) % and 8^ (2) Yz and %4 (3) % and %o- 

16. The least common denominator is the product of 
the given denominators if these denominators (1) have 
no factors in common (2) have one or more factors in 
common (3) are identical. 

17. To add fractions whose denominators have common 
factors pupils should (1) factor the denominators (2) 
find the product of the denominators (3) try successive 
multiples of the largest denominator. 

18. Einding the least common denominator is (1) un¬ 
desirable (2) mathematically necessary (3) convenient. 

19. The commonest error found by Brueckner in sub¬ 
traction of fractions was (1) error in reducing to lowest 
terms (2) error in borrowing (3) error in computation. 

20. The number of major classes of examples in sub¬ 
traction of fractions is (1) equal to (2) less than (3) 
greater than the number of major classes in addition of 
fractions. 

21. Subtraction of like fractions should be taught (1) 
before addition of like fractions (2) just after addition 
of like fractions (3) after addition of fractions has been 
completed. 
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multiplication and division with 
fractions 

When pupils are given tests on the four 
^^erations widx fractions, it is not ungual for 
make better scores, on the average, on the t^t n ? 
Dplication than on tests in the other three operatibm 
This IS especially true if tests include fractions 
mAer than m^ed numbers, and if examples appear in 
the equation form. This leads tn i • ” “ 

mulaplicatto ^ to b. ofT""”” •“““ 

pupili do just what they hare learned to do in muldoli' 
«.on with mtegers; they react to the famflL 

aenominators for a new denominator. Now uunils whn 

numerators operations with them also add 

merators and denominators in attempting to solve 
examples in addition and subtract 

hauLs examples. It just 

Sr uSerT T followed with no 

rect results in "f process, always yields cor¬ 

rect results in multiplication if there are no errors in 

computation and if results are properly redu^S u 

S apweeiS tha? mitiplication is 

Division on th addition or subtraction. 

of 

P acions with fractions to learn if “learning" 
2 ee 
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the operation implies an understanding of the steps in 
the solution. In division, the pupils do a new and here¬ 
tofore unheard-of thing to the divisor; and then they 
cease thinking about division and multiply instead. We 
shall attempt to show, however, that division need be 
neither so meaningless nor so difficult as it is made in 
many schools. Division is difficult and good teaching 
will not make it easy. But it can be made easier. Cer¬ 
tainly, it can be made more meaningful than it is to 
many pupils. 

THE MULTIPLICATION OF FRACTIONS 

Should multiplication be taught first? Convinced that 
multiplication is the easiest of the operations with frac¬ 
tions, some students of the teaching of arithmetic recom¬ 
mend that multiplication be taught before addition or 
subtraction. A few schools have tried this plan and have 
reported that the results seemed to be satisfactory. It 
should be remembered, however, that the success of 
pupils in multiplication is probably due to good fortune 
as well as to the ease of the operation with some ex¬ 
amples. Furthermore, if multiplication is presented first 
and the pupils learn that they multiply numerators for 
a new numerator and denominators for a new denomi¬ 
nator, there may be a still stronger tendency to add 
denominators in addition and to subtract them in sub¬ 
traction. It seems best, then, to follow the plan outlined 
by the textbook and the course of study until experi¬ 
mental evidence justifying a change is produced. 

Pupils’ errors in multiplication. Brueckner found 
that far fewer errors were made in multiplication of 
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fractions than in addition or subtraction^ Wk 
the 200 pupils whose test papers he analv 7 Pfi 
™ - .ddMon and 

iMdc only 2.477 erron in multiplication. The 

haa found fewer errors in multiplicatiofr " 
addition or subtraction.® 

The commonest error found by Brueckner was prrn« 
in computation. He listed 712 of these or 2S '7 ” 

of the total. Next in order of frequen^^^^^^ 
indicating a failure to understand the process of m T 
phcationj there were 429 of these, or 17 3 per cenf f 
the total Next came failure to reiuce to Wt te™ 
reducing when it was attempted; in this 
dass, there were 428 errors, or 17.3 per cent of the mta 
here were 218 cases of failure to change improner hJ 

mors made. There were also occasional errors in codv- 

frfrt- .5” numbers to improrer 

fractions and in cancelation. In 214 cases, the difficulty 

errors 

is conSdeSblT'^^"^ chapter, it was suggested that there 

‘'‘^hool and from 

cenrS’t^T ^onnd that 33.1 per 

cent of the errors made in Grade VIB were errors in 
computation while only 24 4 ner cent f 

in Grade VTA u i ^ j . P” errors made 

VIA belonged m this class. On the other 

tic. Philadelphi^The^To^°r**^w”** Remedial Teaching in Arithme- 
® Morton. K pp. 2H-21S. 

<7 Mww.-™., i 
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hand, errors that indicated a failure to understand the 
process of multiplication constituted 13.3 per cent of 
the total in Grade VIB but 21.3 per cent of the total 
in Grade VIA. The total number of errors made was 
almost exactly the same in Grade VIB and Grade VIA." 
In other words, the teacher who makes an analysis of 
the errors made by her pupils should not be surprised 
if the proportion in each of these groups differs con¬ 
siderably from the proportions found by Brueckner or 
by other teachers. It should be remembered, too, that 
Brueckoer’s analysis was made from test papers but that 
a more accurate and a more nearly complete analysis 
can be made by supplementing such an analysis with 
information secured through the use of the interview 
technique. 

The author has found that if the test consists of ex¬ 
amples containing simple fractions alone and they are 
presented in the equation form, there is sometimes a 
marked tendency to read the sign X as -j- and to add 
the fractions instead of multiplying them,* 

The class whose test papers were analyzed by the 
author made 69 errors in the three types, error in com¬ 
putation, failure to reduce answers to lowest terms (or 
cancel), and failure to reduce answers to mixed num¬ 
bers. A few months later, the test was repeated with 
this class. This time, there were only 29 errors in these 
three groups. In the interval between the two tests, the 
teacher used a series of practice exercises in fractions— 
all four operations—^but did not give special attention 
to the three types of errors under consideration, for the 


’Brueckner, Leo J., op. cit., p. gll. 
* Morton, R. L., loc. cit. 
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analysis of errors had not been made at that time Th 
^ abundant evidence that .pedal attentior»^ 
tions and more careful teaching produces a mt. v 
proventent in the average petffr^an ""f th^ll"" 
It IS interesting to note that pupils who mfke t H 

score was 2^0 IR 

(20 tried and 18 correct). added denominators in th! 
two wrong examples, in one case after canceling. -Jht 

were the examples: ^ x X % = Ho- 

It is probable that this pupil had been trying recendv 
to overcome the habit of adding denominates ^ of 
confusing addition with multiplication. Myers shows 
^t^ennr. nncc made are lihdy occur 'again ^ 

Brueckner and ElweU studied the validity of a diag¬ 
nosis of errors in multiplication of fractions" Thel 
conduded that a single example of a given type is likeh 

PuSlTcS dimpression of what the Ldividual 
pupils can do with examples of that type. Ordinarily 
there should be at least three exampleTofTtyp m 
accurate individual diagnosis. 

samples in multiplication. It is possible to 

rion^S examples in multiplica- 

tion With fractions. Brueckner lists 46 types ^ Six of 

involving three factors imtead of just 

“Brueckner. SaTanl llwlrr "’S- 

Error in Multiplication o£ Frarf ’ •> of Diagnosig o£ 

XXVI: lys-iss! NovemberfTMr'’’ 

’^Brueckner, I.eo J., op. cit.. pp, 186-191. 
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two and five others are types which were found to be 
especially difficult because they involve the use of large 
numbers. This leaves 34 types. These 34 types are classi¬ 
fied in eight groups. The eight groups provide for all 
possible arrangements of integers, proper fractions, and 
mixed numbers. Thus we can have: 

1. Proper fractions multiplied by integers. 

2. Integers multiplied by proper fractions. 

3. Mixed numbers multiplied by integers. 

4. Integers multiplied by mixed numbers. 

5. Proper fractions multiplied by proper fractions. 

6. Mixed numbers multiplied by proper fractions. 

7. Proper fractions multiplied by mixed numbers. 

8. Mixed numbers multiplied by mixed numbers. 
Subdivisions of these groups include those in which the 
product can be reduced to lower terms (or in which 
cancelation is possible), those in which the product is 
an integer, those in which the product is a mixed num¬ 
ber, and various combinations of these. 

For convenience, we can classify all examples in mul¬ 
tiplication with fractions in three groups and then ar¬ 
range for the necessary types in each group. These three 
groups are: 

1. Fractions multiplied by integers. 

2. Integers multiplied by fractions. 

3. Fractions multiplied by fractions. 

In each of these three groups, we shall understand ‘‘frac¬ 
tions’’ to include both proper fractions and mixed num¬ 
bers. The first of these three groups would include the 
first and the third of the above eight groups; the second 
would include the second and the fourth of the eight 
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groups; and the third would include the fifth th ■ 
and dae aighd. o£ the ei^.“;*.' 
Multiplication of a fraction by an integer Th; 
teem, to be the beet group to Je in S'pupK"? 
fat acquaintance with multiplicadon of tad™ ^ 
fat examples probably should be caM of multipl^ 
a proper fraction by an integer. We may beein Ltf 
unit fractions and then move to other proper fraction* 

viel?'^ necessary to avoid examples which 

yield products that can be reduced to lower terms or 
anged to integers or mixed numbers since the pupils 
^ready have had much experience with such nuS 
We may simply let the products occur as they wiS we 
may consider in this major group, then, cases T 
(a Mu tiphcation of a unit fraction by an integer 

(b) Multip ication of any other proper fraXn 
by an integer. 

(c) Multiplication of a mixed number by an in¬ 
teger. ' 

slmuld t!?"’ experience. 

Teacher: "Henry drinks one-half of a pint of milk each 

S'"' ^ 

dav hL 3 2 P“^® each 

Teacher: “How did you get 14 pints?” 

Pupil: "Multiply 2 pints by 7.” 

How drinks % pint each day. 

ny half-pints will he drink in 7 days?” 
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Pupil: "7 half-pints." 

Teacher: "We can write it this way: 7 X 1 half-pint 
»7 half-pints; or this way, 7 X % pint — % pints. The 
jecond way is better. How many pints in % pints?" 

Pupil: "3>^ pints." 

Teacher; "Then we can write. 7 X Vz pi^t — % pints 
^ 3% pints, or, leaving out the word, ‘pints,’ 7 X ^4 

There should be several such illustrative problems 
with accompanying examples. Here is another: 

Teacher: "From Ruth's house to the grocery and back 
is just % of a mile. In one week, Ruth walked to the 
grocery 12 times. How many miles did she walk? How 
do we find out?" 

Pupil: "Multiply % by 12." 

Teacher: "We can write, 12 X 1 fourth —12 fourths 
-3, or 12 X 3." 

In like manner, many other proper fractions can be 
used. These will include the following and others. Note 
that some of the products are reducible to integers and 
some to mixed numbers. 


12 X 3 fourths = 36 fourths = 9 
6X1 third = 6 thirds = 2 
8X2 thirds = 16 thirds = 5% 

7 X 1 fifth = 7 fifths = 1% 

10 X 2 fifths = 20 fifths = 4 
12 X 3 eighths =; 36 eighths = 

4% 


12 X % = 3% = 9 
6X%= % = 2 
8X% = 1% = 

5% 

7X^6= % = 
1 % 

10 X % = 2% = 4 
12 X s/s = 3% = 
4y2 
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From Aese examples, there emerges gradually the 
general idea that. To multiply a fraction by a whole 
number, multiply the numerator by the whole number 
and write the denominator under the product It is n f 
to be recommended that the pupils memorize and re 
cite this statement as a rule but they should understand 
It. If they understand it, they can state it in their own 
words and use it intelligently. Also, this principle or 
ride IS not to be handed out to the pupils at the begin 
ning of their work in multiplication with fractions but 
IS to be discovered by them through simple examples 
which arise from meaningful situations. 

Practice Examples in Fractions, Set 12. provide prac¬ 
tice on the types of examples under consideration. In 
each of the erst 16 examples of this set, the fraction is 
a unit fraction. Other proper fractions occur in the re¬ 
maining 24 examples. Each of the fractions, U, U ^ 

y4> %.%> %.%. Ve, %, Vs, s/g, 5/8, and 7/g, occurJ 

twice in this set, once with a multiplier which is a mul- 
tiple of the denominator of the fraction and once with 
a multiidier which is not a multiple of the denominator 
of the fraction. A few sevenths, ninths, tenths, and 
twelfths are added. 

Practice Examples in Fractions. Set 12 
Multiplication of a Fraction by an Integer 

4X%- .Z><H= !?x% = 
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12X^ = 
8 X% = 


20 X % = 
25 X a/io = 
15 X % = 


11 

3xy6 = 

16 X %2 = 


16 X % = 

6 X %2 = 

20 X yio = 


In solving such an example as 12 X %> most adults 
probably would cancel, obtaining % as the product, 
rather than multiply and then reduce the product, 3 % 
to lowest terms. Children, too, should be taught to can¬ 
cel for canceling reduces the size of the numbers with 
which they must deal and thereby makes the computa¬ 
tions easier. But principles of good teaching demand 
that, so far as possible, but one new thing be introduced 
at a time. It seems best, then, to have the pupils become 
proficient in multiplying a fraction by an integer, re¬ 
ducing the product to lowest terms and to a mixed num¬ 
ber, and then to introduce canceling as a short cut. Of 
course, canceling is nothing more than reducing the 
product to lowest terms before multiplying instead of 
after multiplying. We shall have more to say about can¬ 
celing at a later point in the chapter. 

The examples of Set 12 do not include cases of mul¬ 
tiplying a mixed number by an integer. In examples of 
this type, the multiplicand can be changed to an im¬ 
proper fraction and the solution can be carried out in 
the equation form, or the form which the pupils have 
learned to use in multiplying integers may be employed. 
That is, if 3^ is to be multiplied by 5, the work 
may appear in either of these forms. Both forms 3% 

5 X 31^ = 5 X 7/2 = = 17^ 

may be used. At first, the equation form is easier 2% 
if the pupils have already had experience in 15 
multiplying a proper fraction by an integer. 17 :^ 
But. eventually, the second form should be the 
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form which is ordinarily used for it is brief, concisp , . 
convenient. ’ 


In learning to use the second form, the pupil will 
see that he first multiplies % by 5 and then that he muiH. 
plies 3 by 5. The two products are then added to finH 
the product of 3^ multiplied by 6. This is a 
little like adding partial products in multiplica¬ 
tion of integers. Some teachers prefer to have 
pupils multiply 3 by 6 before multiplying 
by 5. The work would appear as shown. Since 
the pupils are accustomed to beginning with 
the right-hand figures when the multiplicand 
has two or more digits, the first form shown seems to 
be better. However, the point does not seem to be one 
of much importance. 


5 

15 

17 ^ 


The examples of Set 12 can easily be changed so as 
to provide practice in multiplying a mixed number by 
an integer. One simply affixes an integer to the fraction 
in each multiplicand and changes the multiplier if he 
thinks best. The first five examples in the set. then, 
might appear as follows: 


5^2 iVs 4 % 3 % 8 % 

0 9 7 10 4 

Multiplication of an integer by a fraction. Arithmet- 
ica y, multiplying an integer by a fraction is almost 
^e same as multiplying a fraction by an integer. The 
fraction is a part of the multiplier in the one case and 
a part of the multiplicand in the other. But pupils and 
others will ordinarily use as multiplier the number 
which it is the more convenient to use as such, regard¬ 
less of the logic of the situation. 
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There is frequently some difference in our actual ex¬ 
periences, however, between multiplying a fraction by 
an integer and multiplying an integer by a fraction. 
Consider these two problems. 

1. Dick made 4 trips to the farm on his bicycle. He 
rode 6^ miles on each trip. How many miles did 
he ride? 

2. Mrs. Johnson bought 2% bushels of peaches at 
$2 per bushel. How much did they cost? 

The first is clearly a case of multiplying 6%, the 
number of miles, by 4 while the second is a case of 
multiplying 2, the number of dollars, by 2^. The work 
would normally appear as follows: 

6 % 

4 

2 

24 

26 6 

This brings us back to the question of abstract and con- 
CTete numbers, a topic which was discussed in Chapter 
g. (See pages 167-170.) We may repeat here that for 
children in the intermediate grades the distinction is 
not an important one. As a matter of convenience, we 
ordinarily use as multiplier the number having the 
fewer digits, rather than try to follow the rule about 
the product being like the multiplicand and the multi¬ 
plier being an abstract number. Suppose, for example, 
that one wishes to find the cost of a gross (144) of an 
article at $1.25 each. The solution might appear as the 
first of the following but the second is easier and prob- 
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ably would be used by the majority of persons. The 
pupil does not hesitate to place the | sign before the 


$1.25 

144 

144 


500 

36 

600 

144 

125 

$180 

$180.00 



product in the second .solution for he knows from his 
understanding of the conditions of the problem that 
his answer is dollars. 

The teacher will do well to give practice on both the 
types under discussion. After the pupils have had suffi¬ 
cient practice in multiplying a fraction by an integer 
to learn the procedure rather well, they may be given 
practice in multiplying an integer by a fraction. There¬ 
after, the two types may occur miscellaneously in the 
material provided for practice. 

The best approach to examples in which an integer 
is multiplied by a fraction seems to be through the use 
of problems requiring that an integer be multiplied 
by a proper fraction and in solving which the "of" form 
of statement would be used. The subject may be de¬ 
veloped as follows: 

Teacher: "If chocolate creams are selling for 60 cents 
a pound, what will ^ pound cost? How do we find out?" 

Pupil: "Find of 60." 

Teacher: "We can write it this way: % of 60 cents — 
30 cents. But finding % of 60 cents is the same as multiply¬ 
ing 60 cents by %. Then, % of 60= %X 60 = 30." 
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Other illustrations will follow. Some of the examples 
will yield products which are integers while some will 
yield products which are mixed numbers. The pupil 
will see that multiplying a whole number by a fraction 
is very similar to multiplying a fraction by a whole 
number. In each case, he discovers that he finds the 
product of the numerator of the fraction and the whole 
number and writes this product over the denominator 
of the fraction. 

Other proper fractions will then be used as multi¬ 
pliers. At first, these will be solved just as the examples 
containing unit fractions were solved. Thus, the pupil 
will write, 


8/4 of 16 = % X 16 = 4% = 12. 

But such an example may also be solved by using a bit 
of analysis. The pupil learns that to find % of 16 he can 
first find % of 16 and then multiply the result by 3. 
This will come along a little later, however. This pro¬ 
cedure leads directly into cancelation and should be 
learned as a short cut after the regular procedure has 
been learned. 

When pupils have learned to multiply integers by 
unit fractions and by other proper fractions, 
it is but a short step to the multiplication of 7 
integers by mixed numbers. The elements have 
all been learned and the pupils simply put them 4 % 
together. By this time, they should be able to 14 
multiply integers by common fractions “in their 18% 
heads” and to reduce the products to lowest 
terms and to mixed number form without any writing. 
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All that is written would be that which is shown here 
where 7 is multiplied by 2%. 

Set 13 of our practice examples in fractions contains 
40 examples requiring multiplication of an integer by 
a mixed number. In contrast with the examples of Set 
12, the multipliers of Set 13 appear as mixed numbers 
instead of as fractions alone and do not appear in the 
equation form of statement. Of course, the use of these 
examples will be preceded by the use of examples in 
which an integer is multiplied by a fraction alone. The 
teacher can easily modify the examples of Set 13 by 
eliminating the integer from the multiplier and can 
express them in the equation form. To conserve space, 
only the form appearing in Set 13 is included here. 

Practice Examples in Fractions. Set 13 
Multiplication of an Integer by a Mixed Number 


8 

12 

12 

4 

10 

2% 


2y5 

3% 


6 

7 

10 

16 

5 



sys 


2% 

7 

11 

14 

8 

14 

4 % 


2y9 

3yi2 

m 

8 

24 

9 

16 

14 

mo 

7% 

J% 


1% 

20 

6 

18 

12 

14 

4 % 

2% 

3% 

2% 

5% 

7 

15 

12 

16 

13 


1% 

4% 

2^4 

9% 
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32 

15 

5 

4 



3% 

2%2 

15 

8 

11 

20 

3% 

4%2 

3% 

5%o 


Multiplication of a fraction by a fraction. The rou¬ 
tine of multiplying a fraction by a fraction is easily 
learned. Pupils soon become proficient in multiplying 
numerators for a new numerator and denominators for 
a new denominator. Indeed, some teachers who are 
more interested in having pupils get right answers 
quickly than in having them understand the process 
of multiplication with fractions often have integers 
expressed in fraction form when the pupils are learning 
to multiply fractions by integers or integers by frac¬ 
tions. They make such an example as 4 X % appear 
^ X %• This is a crutch which probably hinders more 
than it helps in developing a real understanding of the 
process although it may help more than it hinders in 
getting right answers without regard for whether or not 
the pupils understand the process. Learning the routine 
of multiplying a fraction by a fraction may be quite a 
Hiffpr e nt matter from understanding the procedure, and 
we want our pupils to be intelligent about these pro¬ 
cedures. Skill in the fundamental operations of arith¬ 
metic is worth while but skill with understanding is 
education. 

It is easy for the teacher to write on the blackboard 
an example such as, % X H 

and girls, to multiply % by we just multiply the 
numerators for the numerator of our answer and we 
multiply the denominators for the denominator of our 
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answer,” and proceed to do so. But here, as in many 
other places in the work of the elementary school, tell¬ 
ing is not teaching. It is much better to begin with 
% of % = , to show concretely that % of 14 = 
and then to remind the pupils, if necessary, that ‘‘of’ 
means ‘‘X-’’ 

The following examples can be solved easily with the 
aid of diagrams such as those suggested in Chapter 4 . 


%of % = y4 
% of y 4 = ya 
% of % = % 
% of % = % 

of % = % 


% of % = ys 
% of ya = Ys 
% of s /4 = S/g 
% of % = % 

% of ^ 


y4 0 f ^ = yi2 
^ of % = % 
3/4 of ^ = y4 
% of ye = yi 2 

yaof y2 = yi2 


The solution of such an example as % of ^ can be 
represented concretely as in the accompanying diagram. 



The rectangle is divided into five vertical strips that 
are equal in width and area. Then, % of the area of the 
rectangle is represented by four of these strips. The 
rectangle is divided also into three horizontal strips 
that are equal in width and area. Then % of the area 
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of the rectangle is represented by two of these strips. 
It is seen that the rectangle is divided into Hfteen small 
rectangles, each of which is 146 of the original rectangle, 
and that % of Vs is represented by eight of these small 

rectangles. Thus, % of ^ is ^5. 

After pupils have had the experience of working out 
a number of such examples with drawings, at least some 
of them probably will have discovered that in every 
case they can multiply the numerators to get the nu¬ 
merator of the product and multiply the denominators 
to get the denominator of the product but that some¬ 
times the product must be reduced to lowest terms. 
Then, the general principle that the numerator of the 
answer is equal to the product of the numerators of the 
fractions which were to be multiplied and that the de¬ 
nominator of the answer is equal to the product of the 
denominators of the fractions which were to be multi¬ 
plied is extended to include all examples in the multi¬ 
plication of a fraction by a fraction whether the two 
fractions are connected by "of" or by "X-” 

Such examples also show the pupils that the product 
is the same no matter in which order the fractions are 
stated. Of course, this is a well known fact since it has 
already been demonstrated many times in the multi¬ 
plication of integers. 

Examples for practice in multiplying a fraction by a 
fraction are given in Set 14. The 60 examples of this 
set are confined entirely to halves, thirds, fourths, fifths, 
sixths, and eighths. Some of the combinations of frac¬ 
tions given in this set will be of rare occurrence in or¬ 
dinary affairs and some combinations which have not 
been included, such as % X Vs’ might have been given 
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a place. But it is believed that a sufficiently 

has been included to give pupils the practice 

and to enable them to cope with other ^ 

volving the multiplication l{ a fraction bv 

they should be met. ^ ^ « 

Practice Examples in Fractions. Set 14 


% X ^4 = 

% of 34 

y6X% = 

% of = 

% X Vi = 
% of % = 
%ofy2 = 
% X yg = 
^ of % — 
yeofy2 = 
% X % = 

%x% = 

%of5/e = 

%X% = 

% X % = 


-- 

Multiplication of a Fraction by a Fraction 

ygofy^^ 

% X % = 

%x yg 


y3 0fy4 = 
%of64== 
%xy3 = 

ys X y4 = 
ys X yg = 
X 3/6 = 

%x% = 

y4 0f%=: 

ys X ^ = 

%of % = 
% of 74 == 
ys of 7/a = 

y4x% 
ys X yg 


%xy2 = 

y4 of 34 = 
8/8 X % = 
%of84== 
%ofye = 
8/4 X 8/8 = 
%of% = 
% 0 fs 4 = 
6 /e X y 4 = 
% of 34 = 
ye of % = 
%ot% 


y 2 x% = 

J^X% = 
Hxy = 
y2 X 34= 

^ of 64 == 
y4 0 f% = 

%xy6 = 

y4 0f74 = 

% X yg == 
8/4 X % = 

%xy6 = 

% of y4 = 

y8X% = 
%x% = 

3/4 of 74 = 


maed numba by a fraction, it seen.! best to have »u- 

multipw* *“7 "Wah Urey have used in 

used and rL , * fraction. A problem can be 

used and the solution developed as follows: 

thaT^ i'iTu .”"5““^/ *«■ «t pnpnt and fon»I 
fan- snips ’ aU ^ '• ““ 

«Hp. b.rk:".sr “id’tl?.. 
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Pufil: "Find % of 8%.” 

Teacher: "We have not learned how to multiply a 
mixed number by a fraction. This example would be 
easy if we changed 8% to an improper fraction. How 
many halves in 8?” 

Pupil: "16.” 

Teacher: "And 1 half makes 17 halves. Then we can 
write, % of 2%. So, each strip of paper should 

be 2% inches wide." 

Changing mixed numbers to improper fractions. In 
solving examples in which one or more factors are mixed 
numbers, pupils should learn how to change a mixed 
number to an improper fraction. S im ply telling them 
to multiply the whole number by the denominator of 
the fraction, to add the numerator to this product, and 
to write the denominator beneath the sum seldom 
leaves them with an understanding of the process. All 
but the duller pupils can see the reason for this pro¬ 
cedure. The rule should come at the end of a series of 
meaningful experiences. If it is handed out ready-made 
at the beginning, it will be used by the pupils without 
understanding. 

The method is simple and straightforward. Let us 
begin with halves. The pupils have learned that there 
are 2 halves in 1 apple, 4 halves in 2 apples, 6 halves in 

3 apples, etc. Then they will readily see that in 2^ 
apples there are 5 halves (written %) since there are 

4 halves in 2 apples and 1 extra half, that in 1% apples 
there are 3 halves, that in 3% apples there are 7 halves, 
etc. Likewise, we can show concretely, if the pupils do 
not recall it, that there are 4 fourths in 1 whole thing, 
8 fourths in 2 whole things, etc., and that in 2% there 
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8 fourths and 3 fourths or 11 fourths, written IV 
After it is apparent that the pupils understand thh et 
planation, and can readily visualize the number of 
halves, thirds, and fourths in mixed numbers whose 
integers are small numbers, the short-cut procedure— 
multiply the whole number by the denominator add 
in the numerator, and write the denominator under 
the sum—may be developed. The pupils should then 
be given practice in changing such mixed numbers as 
the following to improper fractions. 


aye 


sys 

2 % 


lys 


3% 


3% 

67/8 



Set 15 contains examples for practice in multiplying 
a fraction by a mixed number and a mixed number by 
a fraction. When the pupil has converted the mixed 
number to an improper fraction, he will find that the 
procedure in solving the examples of this set is the 
same m that used with the examples of Set 14 except 
that his answers will often be improper fractions and 
will need to be clianged to mixed numbers. 


Practice Examples in Fractions. Set 15 
Fractions and Mixed Numbers 


%X3y2 = 
%X7%=- 

6%xy6- 

iy5X% = 
3%X%- 

%X6% = 

7%X%=- 

1%X%« 


%of 2%- 
% X 3% = 
4%xy2=- 
4%X% = 
%X2%- 
2%X% = 

%of4y5-. 

y2 0f8% = 


% of 1% = 
Vs of 2% = 
2yB X % = 

X ys » 
y2 0f4% = 
7y8 X % - 

% of 5% - 
% X 10% = 


% of 6% = 
y3 0fiy8=. 
7y2 X % = 
4y6 X ys - 
%ofS% = 
2y3 X % = 
2ye X % = 
%x9y2 = 



multiplication of a mixed number 287 
154 X%-= y8X4%= %of4%= ysXVH- 

434x%= ^%x%= y 3 0 f 6 %« 

Multiplication of a mixed number by a mixed num¬ 
ber. The most difficult of all the examples in the multi* 
plication of fractions fall in this group. They are the 
most difficult because both the multiplier and the mul¬ 
tiplicand must be changed to improper fractions (un¬ 
less a more difficult process is used) and because larger 
numbers must be handled. 

Two solution forms for multiplying a mixed number 
by a mixed number are found in use in the schools. 
The form shown at the left below is more commonly 
found and is undoubtedly easier, especially for children. 
The form at the right is also found, although not so 
frequently. In this form, it will be noted, four separate 
multiplications are involved. The pupil must multiply 
% and 6 by % and also % and 5 by 3 and then 
he must add the four partial products. Pupils 

m X 5 y 3 = 13/4 X 1 % = ^ = 17 % 

frequently make errors in following this pro¬ 
cedure because of the complexity of the proc¬ 
ess. They find it much easier to reduce both 
mixed numbers to improper fractions and to 
proceed as in multiplying a fraction by a frac¬ 
tion. The more difficult form should not be used in the 
intermediate grades. 

The teacher may develop the subject through the 
medium of a problem as follows: 

Teacher: "Mrs. Robinson bought 4% yards of material 
for a dress and paid |3.50 per yard. How much did it 
cost? How shall we find out?" 


5% 

3% 

iy4 

1 

15 

17 % 



288 MULTIPLICATION AND DIVISION 

Pupil: "Multiply $3.50 by 4%.’* 

Teacher: "We can do this in two ways. Since $3 50 ■ 
the same as $3^, we can multiply 3% by 4%, First, let 
us change these mixed numbers to improper fractions 
Change 3% and 4% to improper fractions." 

Pupil: "314 — % smd 4 % 

Teacher: "Then we can write, 

4% X 3% - % X % - 1584 

So, the material cost $15%, or $15.75. Now we 
can also multiply $3.50 by 4% and prove our 
answer. Then, $15% or $15.75, is correct.” 

Examples for practice in multiplying a mixed num¬ 
ber by a mixed number are given in Set 16. There are 
35 examples in this set. Practice is limited to the frac¬ 
tions of more probable occurrence. 

Practice Examples IN Fractions. Set 16 

Multiplication of a Mixed Number by a Mixed Number 


6% 

4% 

3% 

5% 

eya 


7% 

M 

iSk 

Si 

3% 

4% 

7% 

8% 

7% 

5% 

1% 




6% 

9% 

10% 

12% 

5% 

4% 

a 

1% 


3%. 

16% 

4% 

7% 

5% 

eye 

6% 

Bi 


. 3% 


5% 

4% 

6% 

4y4 

7% 

2^ 

7% 

3% 


2% 


$3.50 
_ 4 % 
TtF" 

14.00 

$T5JS 
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8 % 


m 

9 % 

3 % 



1 % 

4% 

7 % 

9% 

63/4 

4^2 

7% 

6 % 


m 


3 % 

5 % 


Cancelation. It has been suggested that cancelation 
should be taught as a short-cut method after the usual 
procedure of multiplying a fraction or a mixed number 
by an integer has been learned. Our discussion of can¬ 
celation at this point should not be taken to indicate 
that all the foregoing types of examples in the multi¬ 
plication of fractions should be taught before the pupils 
are made acquainted with this shorter method. Both 
the teacher and the pupils should understand, however, 
that cancelation is not an essential but is a short method. 
It permits one to get as his product a fraction which 
does not have to be reduced to lower terms simply be¬ 
cause it has already been reduced to lowest terms. It 
means a smaller dividend and a smaller divisor to ma¬ 
nipulate in changing an improper fraction to a mixed 
number, if the product is not reduced to lowest terms 
before it is changed from an improper fraction to a 
mixed number. 

Suppose that the following example has just been 
solved on the blackboard. 

8 X % = 40/e = m = 6%. 

Call attention to the fact that 4^ has been reduced to 
2% by dividing both the numerator and the denomi¬ 
nator by 2. Then show that we could have gotten the 
same result by dividing the 8 and the 6 by 2 before 
multiplying, making the solution appear as follows: 
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|'X6/^=20/3 = 6%. 

8 

If pupils see that % is multiplied by 8 by multiplying 
the numerator, 5, by 8, they will see that 8 becomes a 
part of the numerator and that when they cancel, they 
reduce to lower terms before they multiply instead of 
after. 

When a fraction is multiplied by a fraction, as in the 
example, 

ysx% = e/i2 = y2. 

they should see that when they cancel, they are also 
reducing to lowest terms but that they are reducing 
before they multiply. Thus, 

1 5 

They reduced %2 to lowest terms by dividing both 6 
and 12 by 6. They could also have done this by dividing 
both 6 and 12 by 2 and then dividing both 3 and 6 by 
3. When they canceled, they divided the numerator of 
the first fraction and the denominator of the second 
fraction by 2 and then they divided the denominator of 
the first and the numerator of the second by 3. They 
can do this before multiplying because the two numer¬ 
ators go together and the two denominators go together 
when they multiply. Thus, cancelation is a short-cut. 
Reducing to lowest terms is done before instead of after 
multiplying. Of course, the I’s should be written in. 
If the I’s are not written, the pupils may get 0 instead 
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of 1 when they multiply such fractions as % and 
They may also get 2 instead of % when they multiply 

such fractions as % and , ,, u 

After cancelation has been taught, pupils should be 
urged to use the new method as a means of saving time 
and effort. However, a pupil should not be penalized 
heavily if he fails to make use o£ cancelation on a test. 
The loss is his loss. Too often, no distinction is made 
by the teacher between a minor oversight, such as fail¬ 
ure to take advantage of an opportunity to cancel, and 
a major error in the procedure employed or in com¬ 
putation. 

THE DIVISION OF FRACTIONS 
A difficult topic. Most pupils find division with frac¬ 
tions, particularly division by a fraction, to be a difficult 
topic. It is difficult for three reasons. First, the procedure 
is new, so different from anything the pupil has already 
learned to do that he is baffled and disconcerted by it. 
Secondly, heretofore in division the quotient has dways 
been smaller than the dividend; now, the pupil dis¬ 
covers to his amazement that if the divisor is a proper 
fraction the quotient is larger than the dividend, some¬ 
times much larger. Finally, the explanations which some 
teachers offer (if they offer an explanation) as to why 
the divisor is inverted are unintelligible to most pupils 
and serve only to increase the difficulty; furthermcire, 
there may be no clear explanation of how to tell which 
fraction to invert. 

Good teaching will not eliminate these difficulties 
but it will greatly reduce them. Thorndike says, “If 
proper treatment is applied, the difficulty is reduced to 
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perhaps one-quarter or even one-tenth of what it was 
by the older methods; but even so it demands considera 
tion.’"' With good teaching, this new procedure will 
seem reasonable and natural, there will be an intelligi- 
ble explanation of why the divisor is inverted, and tL 
pupil will not be amazed to find quotients larger than 
dividends. 

Pupils' errors in division. The number of errors 
which Brueckner found in division of fractions was 
greater than the number which he found in multiplica¬ 
tion but not so great as the number which he found in 
addition or in subtraction. His multiplication and di¬ 
vision tests were not given in Grade VA but pupQs in 
Grades VIB and VIA made 4,875 errors in division.* 
Of these, 406 were cases of omitting examples, cases 
which can hardly be classified as errors. 

Brueckner found that 31.1 per cent of the 4.876 errors 
were instances of performing the wrong operation. 13.8 
per cent were errors in computation, 12.1 per cent were 
errors which indicated a lack of an unders tan ding of the 
process, 8.9 per cent were instances of failure to reduce 
results to lowest terms or of errors in reducing, 8.6 per 
cent represented difficulties in changing mixed numbers 
to improper fractions, 7.2 per cent were instances of 
failure to change improper fractions to mixed numbers, 
2.3 per cent were errors in copying figures, 1.5 per cent 
represented difficulties with cancelation, and in 6.0 per 
cent of the cases the error could not be detected." 

• Thorndike, Edward Lee. The Netu Methods in Arithmetic, aieago: 
Kand McNally and Company, 1921, p. 176. 

• Brueckner, Leo J., op. cit., p. 196. 

pp. 21S-214. 
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Those pupils who used the wrong process used multi¬ 
plication; that is, they failed to invert the divisor. A 
little remedial teaching should eliminate or greatly re¬ 
duce the frequency of this error. Errors in computation 
again indicate a need for better teaching of the funda¬ 
mental operations with integers and for maintenance 
exercises in these operations. Most of the other errors 
represent conditions which it should not be very diffi¬ 
cult to correct. However, those 590 errors which indi¬ 
cated a lack of an understanding of the process of 
division with fractions represent a serious condition. 
Obviously, pupils who invert the dividend instead of 
the divisor, or invert both the dividend and the divisor, 
or add numerators or denominators do not understand 
the process of division with fractions at all. Brueckner’s 
study revealed all of these errors. For them, the subject 
should be re-taught with emphasis upon meaning at 
each step. 

Types of examples in division. The same types of 
examples which we enumerated in multiplication may 
be recognized in division. Again, we may conveniently 
group these types into three major classes, remembering 
that in each class the word "fractions” will include both 
proper fractions and mixed numbers. 

1. Fractions divided by integers. 

2. Integers divided by fractions. 

3. Fractions divided by fractions. 

Under (1) we shall have (a) proper fractions divided 
by integers and (b) mixed numbers divided by integers. 
Under (2) we shall have (a) integers divided by proper 
fractions and (b) integers divided by mixed numbers. 
Under (3) we shall have (a) proper fractions divided 
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by proper fractions, (b) proper fractions divided W 
mixed numbers, (c) mixed numbers divided by nm ^ 
fractions, and (d) mixed numbers divided by LS 
numbers. These eight types correspond to the eivht 
types which were stated for multiplication earlier in 
chapter. In addition to these, we also have fractions 
arising from the division of integers by integers. 

Division of a fraction by an integer. The teacher mav 
use a problem and develop the subject in some such 
manner as the following. 

Teacher: "When Arthur. Louise, and Jack came home 
from school, they were very hungry. ‘There is half of an 
apple pie m the refrigerator.' said their mother. So Arthur 
cut Ae half-pie into three equal pieces. What part of a 
pie did each get. How shall we find out?** 

Pupil: "Divide % by 3." 

chiTrge”?' 

Pupil: "One-third.” 

Teacher: “Then we can divide % by 3 by finding % of 

of We hfve al- 

reaj^ learned that of means 'X-' So. % ^-3 = u y % 

— Or, we can write, %-^3-=i4vV iz 

It does not make any difference whether we % X 2 

“lore examples. What 

Pupil; of % - 

Have the pupils solve several similar examples in this 
fashion. The following and others may be uLd; 


^-6 = 


y4-3 = 

¥ 4^2 = 


^-^2 = 
%-^5 = 
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If the point is illustrated concretely or semi-concretely 
several times and if the teacher goes slowly, most of the 
pupils will be able to see that dividing by 3 is the same 
as multiplying by that dividing by 2 is the same as 
multiplying by etc. Diagrams wUl help pupils to 
understand this. A semi-circle may be divided into 2, 3, 
or 4 equal parts and the pupils may see that each of the 
parts is 1 / 4 , Ye, or Vs of the entire circle. This kind of 
illustration will help with the pie problem. Rectangular 
diagrams may be used for this purpose also. 

A few very common fractions with numerators larger 
than 1 may be used next. Pupils will see that ^ 3 

means ^ of %, that means Yi of 2 

means % of etc. Each of these is easily represented 
by a circular or rectangular diagram. At first, the solu¬ 
tion may be written out in this manner, 

s/^^S = %oi 3/4 = ^ X'h = V4. 

but gradually pupils should become accustomed to the 
other form, 

3/4^3 =4 

since it represents the easiest and quickest way to solve 
the example. 

It has been suggested that when pupils learn division 
with integers, they should learn division as paTtition 
as well as division as measuTement.^ That is, they should 
think of 24 -h 4 as of 24, etc. Normally, this use of 

11 Morton, Robert Lee. Teaching Arithmetic in the Elementary 
School, Volume I, Primary Grades. New York: Silver Burdett Com¬ 
pany, 1987, pp. 282-285. 
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the fraction form with the division facts comes about 
two years before division with fractions. This means 
that the pupils should be thoroughly accustomed to this 
idea of division by the time they first undertake to 
divide a fraction by an integer and that they should not 
find the latter difficult to understand. 

When a division example has been changed into a 
multiplication example, there should be no further 
difficulty with the solution if the pupil has learned 
how to multiply fractions. Also, dividing a mixed num¬ 
ber by an integer should be no harder than dividing a 
proper fraction by an integer. A pupil will simply 
change the mixed number to an improper fraction as' 
has been his pra.ctice in solving multiplication examples. 
He will cancel if he can or reduce his answer to lowest 
terms and if his answer is an improper fraction, he will 
change it to a mixed number. 

Set 17 illustrates the kinds of examples which may be 
given for practice. There are 40 examples in this set. 
Twenty of the 40 examples are cases of dividing a 
proper fraction by an integer, and 20 have mixed num¬ 
bers as dividends. Practice is distributed over the frac¬ 
tions of more frequent occurrence with a few of the less 
cominon fractions included. The teacher may prepare 
additional examples similar to these. 


Practice Examples in Fractions. Set 17 


Division of a Fraction by an Integer 


y8-5 = 


y6-6 = 
%-7 = 


%-3 = 


%-4 = 
yi2-4= 

y6-2 = 
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%-i-6 _ 

3 / 4-2 = 
4y2-3 = 
67/8-4 = 
23/10-^5 = 
2%-h3 = 
85/0-7 = 


6/e-4 = 
^ — 3 = 

6y4-2 = 
3y^-2 = 
61 / 83 = 
4%-^6 = 
12 % h -5 = 


%-2 = 
= 

33/8-3 = 

4y3-^5 = 
73 / 4-4 = 

4%2-5 = 
6%-4 = 


7/8-4 = 

%o^2 = 

2yB-5 = 
5ya-H3 = 
ge/a —10 = 
2y5-2 = 

5%2-4 = 


Division of an integer by a fraction. The develop¬ 
ment of the division of an integer by a fraction should 
indicate the similarity of this kind of division to the 
division of an integer by an integer. It has been sug¬ 
gested that the pupil should think of such an expres¬ 
sion as 4 ) 12 as asking the question, "How many 4’s 
in 12?”“ if this form of expression has not been stressed 
in early work in division, it should be stressed now. 
This is the measurement idea of division. Then, when 
pupils have become thoroughly accustomed to think¬ 
ing of 4) 12, 2) 8, etc., (or 12 -4-4 = 8 - 4 - 2 = ), as 

asking "How many 4’s in 12?, How many 2’8 in 8?” 
etc., they may read such an example as 3 = as 

asking, "How many halves in 3?” 

To illustrate further this point of view as to the 
meaning of division, such a problem as the following 
may be used. 

In making up Christmas stockings for poor children, 
the Salvation Army is putting 2 oranges in each stock¬ 
ing. How many stockings can be supplied with 6 dozen 
(72) oranges? 

As the problem is solved, it should be emphasized that 
we find how many stockings can be supplied by finding 


^ Morton, R. L., op, eit., p, 217. 
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how many 2,’s there are in 72. Then, a problem involv- 
ing the division of an integer by a fraction, such as the 
following, may be used. 

If each person is served one-half of an orange for 
breakfast, how many persons can a restaurant serve with 
two dozen (24) oranges? 

And as this problem is solved, it should be emphasized 
that we find how many persons can be served by finding 
how many halves there are in 24. This, again, is the 
measurement idea of division. 

Probably the greatest single aid toward the develop¬ 
ment of an understanding of the meaning of dividing 
an integer by a fraction is this interpretation of the 
meaning of a division example. Too often, pupils who 
see such an example as 3 % see nothing but two 

numbers and an indication that one is to be divided 
by the other. But if 3-r-% is read as, “How many 
fourths in 3?” it takes on meaning and the answer, 12, 
ceases to be a mystery. 

Diagrams should be used freely to illustrate the di¬ 
vision of an integer by a fraction. Pies can be drawn 
and cut into halves, thirds, fourths, fifths, sixths, and 
eighths. Rectangles of varying lengths can be carefully 
drawn and divided into half-inch pieces, one-fourth inch 
pieces, etc. This semi-concrete work, combined with ithe 
use of meaningful problems, will help the pupil to un¬ 
derstand what actually is done when an integer is di¬ 
vided by a fraction. If the numerator of the fraction is 
1, he will soon see that he multiplies the dividend (the 
integer) by the denominator of the divisor to find the 
number of parts of the given size in the number of given 
wholes. 
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After a number of examples in which integers are 
divided by unit fractions are solved, examples requir¬ 
ing the division of integers by other proper fractions 
may be studied. The first of these should be examples 
yielding integral quotients for this kind is more easily 
made meaningful by diagrams. We may begin with the 
example, 2 -r- % = . Draw on the blackboard two cir¬ 

cles of equal size and mark off two-thirds of each. To 
answer the question, "How many %’s in 2,” the pupil 
observes that there is a % in the first circle, a % in the 
second circle, and that another % can be made by com¬ 
bining the % left in the first circle with the % left in 
the second circle. Thus, he discovers that 2 -r- % = 3. 
Other similar examples may be illusttated and solved 
in the same way. 

FiGtJRE 7. The Division of 2 by %. 




The division of an integer by a fraction can also be 
made meaningful by changing the integer to a fraction 
having a denominator equal to that of the divisor. Thus, 
to divide 2 by %, the pupil changes 2 to thirds and 
writes 2-7-% = %-f-%=6 thirds- 5 -2 thirds = S. 
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Now, it may be pointed out that there is a shnr^ 
to get the same answer, that an integer may be div’lTl 
by a fraction by multiplying the integer by Ae fraction 
inverted. The pupil learns that to invert - 
vmu 1 . a, %. to invert y, mean, m Jim i™ « 
or 4, etc. This short method is then applied to the ^ 
amples which have been solved by diagrams or h 
changing them to common denominator fmm and con! 

ence in the short method arises from the observation 
that in every case the short method produces a resuli 
equal to that which has already been secured. 

Vx or 4, the pupil will readily see that to invert 4 or 
% means to write it as Then we may carry the short 
method which has just been learned back lo thfe^^ 
amples in which fractions were divided by integers. 
Back there, the pupils learned that % h-S = % y u 
ow, they see that they were inverting the divisor 

SrthatT'dThus, the generaliza¬ 
tion that to divide by a whole number or by a fraction 

onecan invertthe divisor and multiply, is strengthened! 

difficnli^^frT reasons for the 

ifficulty of division with fractions is the fact that pupUs 

thL”i? quotient can be larger 

dasL \ "“i teacher-training 

Seld with I6-%, often write 4 

Sinil^ t !! quotient. Thorndike senses the 
of a yourself in the place 

^ smaller 

smaUe?I'lr has had 'make much 

as the one uniform associate of ‘divide.’ He now 
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is told so to operate that 16-^% gives a result far 
greater than 16j that gives a result much 

greater than 1%. There is a natural and, in a sense, a 
commendable reluctance to attach confidence to a pro¬ 
cedure that produces a result so contrary to what he 
has always found previously to be the essence of division. 
This lack of confidence is very unfavorable to learn¬ 
ing."" 

The development which has been suggested in the 
preceding pages should enable the child to understand 
why the quotient may be larger than the dividend. 
Rather than write 4 as the quotient of 16 divided by 
% because the answer, 4, seems to accord with his 
earlier experiences in division or learn by rote and fol¬ 
low blindly the rule, "Invert and multiply,” the pupil 
should understand that 64 is a reasonable answer for 
this example because the example asks him to find out 
how many fourths there are in 16. 

The fact that when the divisor is less than 1, the quo¬ 
tient is larger than the dividend should be discovered 
by the pupils from their experiences with division. 
After the fact is discovered, it should be emphasized 
occasionally and should be associated with two other 
observations: (1) when the divisor is 1, the quotient is 
equal to the dividend; and (2) when the divisor is more 
than 1, the quotient is smaller than the dividend. 

Suggestions for practice examples in the division of an 
integer by a proper fraction or by a mixed number are 
given in Set 18. In the first 20 of the 40 examples of this 
set, the divisor is a proper fraction; in the remaining 20, 
it is a mixed number. Most of the fractions are fractions 


^’Thorndike, Edward Lee, op. eit., pp. 152-153. 
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of common occurrence but again sufficient varietv i, 
been introduced to let the pupil see the aen- ? ^ 
tion of the method empIoyLLd to^L hta“to 
with eny proper fmctioo or mixed nuorher wS* hT 
hiely to encounter in exampta of thi, lind 1 to !t“ 
oxmnplet of Set 17, the pupils wiU convert 
numbers to improper fractions, of course. ^ 

Practice Examples in Fractions. Set 18 
Bivision of an Integer by a Fraction 

2-.-^= 4^^^ 




6-f.7/a 


9-i-% 
5^8/4 = 


3- y6== 

4 - 5 - 6/12 = 


6- 5-6/8^ 

5-5-3/1o = 

7- 5-% = 


4-5-3:^= 1h-4% = 

9-5-13^= 10-5-2/0 = 

6 -^ 2 %= 9 ^ 5 «„ = 

3-5-1%= 5-5-2%== 

6-5-8%= 6-5-lg2 = 


4 - 5 - 2 %= 6 - 5 - 17 % 

7- 5-3%= 6-5-6% 

6-^ 36/8= 2H-4y8 

8- 5-3%2= 1-5-4% 

6-5-4%= 5-5-2% 

Division of a fraction by a fraction. An effort has been 
made to outline a plan for teaching pupils to divide 
fraaions by integers and integers b'y'irrchors wh 1 

Tm of > “toil* 

of *rtnou to the cate 

numbem far qnodX“Sf°”“ 

^arter,r-f ^ fourths (or 

in seeing Lr^-ly Z^i7 difficulty 

74 • -yz % even when diagrams are 




DIVISION OF A FRACTION 


303 


used to represent the division for pupils, when asked 
how many halves'there are in one-fourth are likely to 
reply to the efiect that there are not any halves in one- 
fourth. Some may see that there is one-half of one-half 
in one-fourth but there is likely to be a confusion with 
multiplication and a lack of clear comprehension. It 
will be still more difficult for them to see that 
= % or that = although the 

brightest may even see this when it is represented 
diagrammatically. 

The duller pupils probably will not understand very 
well any explanation of why the divisor is inverted. It 
may be that the best which the teacher can do for such 
pupils is illustrate the proper procedure and allow them 
to learn it by imitation. However, it is a fair question as 
to whether pupils who can not understand an arithmetic 
process should undertake to acquire skill in the process 
at all. This may be a part of arithmetic which dull 
pupils should not undertake. 

The inability to get dull pupils to understand an ex¬ 
planation of the procedure employed in division with 
fractions has led many teachers to give up all efforts at 
rationalization and simply to dictate to all of the pupils 
the steps which they should follow. It should be re¬ 
membered, however, that skill with understanding is 
much more educative than skill alone and that those 
pupils who can follow the explanations given in the 
preceding pages will know the processes with fractions 
better than if they follow blindly adult-made rules for 
these processes. Furthermore, pupils of average ability, 
as well as those of superior abdity, grasp these explana¬ 
tions well enough to make the procedure reasonable. 
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Consequently, there is less likelihood of silly 
and ridiculous blunders. ^ 

Since the pupils have already learned to divide a 
fraction by an integer or an integer by a fraction bv 
inverting the divisor and multiplying, they are not tak 
mg very much for granted if they generalize to the 
extern that the same procedure applies to the division 
of a fraction by a fraction. If this generalization is seen 
to be sound for a few simple examples, such as % -j. 14 

~ ^ "T = 2 , it can very prop¬ 

erly be assumed to apply to any example in which a 
fraction is to be divided by a fraction. Of course this 
will apply equally well to the division of a proper frac- 
fron by a mixed number, a mixed number by a prooer 
fraction, and a mixed number by a mixed number 
since the mixed numbers wiU all be changed to im¬ 
proper fractions. 


However, it is well to use diagrams occasionally to 
represent divisions which lend themselves readily to 
such representation. Let us suppose that the pupils are 
solving this problem: 

Mother baked a pie and cut one-fourth out for dad’s 
^nch. Then, she cut the rest of the pie into eighths. 
That IS, one piece was one-eighth of the whole pie. How 
many pieces were left? 

^ on the blackboard, like the diagram at the 

left m Fipre 8 , helps pupils to visualize the appearance 
of the pie after one-fourth had been removed. They 
will see that three-fourths remain. Then lines are drawn 
to show the three fourths and more lines are drawn to 
s ow the remainder of the pie cut into eighths. The 
hgure now appears as at the right in Figure 8 . The an- 
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swer to the problem is seen to be 6. Now the example is 
solved by inverting the divisor and multiplying, 

1 

When either an integer or a fraction has been divided 
by a fraction, the pupil may assure himself as to the 
accuracy of his work by employing multiplication as a 
check. He has learned to use this check when dividing 
with integers. The following examples will illustrate 
the use of this check. 


Example 

65 


Check 

65 
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2^-v-iy4 = ^X^=2 2xiy4 = 2% 

= 25/8 X 1% = 

% = 3% 


Typical examples for practice are shown in Sets 19 
and 20. Each of these sets contains 60 examples. la 
Set 19. we have the division of a proper Lction 


Practice Examples in Fractions. Set 19 
Division of a Fraction by a Fraction 


y2-y8 = 

%~^%= %-^% = 

8/4-%= 3/^_j.3/8 = 

5/0-5-%= y2-f-% = 

%-5-%= 

%-=-%= 8/4-4_3/5 = 

%-%= %-4-S/4 = 

ya H- % = % -^_ yg ^ 

y2H-ya= %H-% = 
%-5-2%= 8/8^3% = 

y4-f-26/8= %^43/8^ 

y2-^S%= %--iy8 = 

%-5-6y8= y4-=-3y5 = 

Vi-^5y^= %-r-4% = 
78-5-3%= 3/4-1-2% = 

by a proper fraction and of 


%-5-yc = 

y4:-^Vs=S 

%-5-y3 = 


%-5-y6 = 

^-5-74 = 

H = 

%-^ 8 / 8 ^ 

5 / 8 - 5 - 5/8 = 

3/4 -^-% = 

%-;-% = 

74-% = 

5/8-5-73 = 

^-^78 = 

%-^y 2 = 

74-74 = 

8 / 4 -^ 5/8 = 

74-H3^ = 

y4-i% = 

% - 1% = 

%-iy 8 = 

5/0-5-272 = 

y4-6y3 = 

73-3% = 

73-5-776 = 

7S-5-46/8 = 

72^36/8 = 

73-53^ = 

%~6% = 

%-5-776 = 


proper fraction by a mixed 
num^ber—36 examples of the former and 24 examples 
of the latter. In Set 20, we have provided for the di- 
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vision o£ a mixed number by a proper fraction and for 
the division of a mixed number by a mixed number— 
32 examples of the former and 28 examples of the latter. 


Practice Examples in Fractions. Set 20 




2ye 


6% 

5^3 


Division 

of a Fraction by a Fraction 

-ya = 

sya- 

• % = ■ 

-y8 = 

4y4- 

■ % = 

-3/6 = 

27/8- 

- % = 13/4 -i- 

-y8 = 

1%2- 

-%= 6y4-4- 


5%- 

6%-:- 

-% = 

sya- 

-i4= 3%-7- 


6y4- 

-%= 5%-s- 


3y4- 

- % =s 3y8 -i- 

H-y6 = 

8%- 

- % = 8y4 -j- 

-^y6 = 

10%- 


'^y8 = 

73 / 4 - 

- % = 


63/4- 

-%2= 1%-^ 


3%- 

4y2 = 45/8 -f- 

-% = 

6y4- 

_4y2= 4y8-^- 


23/4- 

-4y2= 1%-^- 

-% = 

7%- 

sye = 2 % 

-y6 = 

4%- 

3 % = 9y4 

-y6 = 

12%- 

3^ = 

-3/5 = 

4y3- 

_2y3= 9y4-^ 

!-y8 = 

7%- 

2y4 = 7^ 


3y4 

5% 

2 % 

3% 

9% 

13/4 

1% 

eys 

4y8 

2y6 


1 % 

2 % 

iy4 

3% 

3y4 

•2y2 

67/8 

• 1 % 


The entire 120 examples provide for a rather wide 
variety of combinations of fractions. Used in con¬ 
junction with Sets 17 and 18 they should give the pupil 
an amount and variety of practice sufficient to enable 
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him to solve any examples in division with fractions 
which he may encounter. 

Division of an integer by an integer. The division of 
integers has been discussed in Chapter 3. It is recognized 
that a remainder sometimes should be left as a remain¬ 
der and that sometimes it should be expressed as a 
fractional part of the quotient making the quotient a 
mixed number. The manner in which remainders are 
disposed of should be determined by the nature of the 
problems from which the division examples are derived. 

When studying fractions, pupils should see that one 
meaning of a fraction is that of an indicated division. 
Thus, % means 3 -t- 5, % means 5-^-B, etc. There 
should be practice in interpreting fractions in this man- 
ner. This practice should include fractions which re¬ 
quire reducing to lowest terms and changing to mixed 
numbers. 

It should be noted that if a remainder in division has 
been expressed as a fractional part of the quotient, the 
pupil, in a way, changes a mixed number to an im¬ 
proper fraction when he checks the example. Thus, if 
he has divided 19 by 5 and has obtained the quotient, 
3%, he multiplies 3 by 5 and adds 4 to the product when 
he checks the example. All that he needs to do now is to 
write 5 under the 19 to accomplish in full the trans¬ 
formation of a mixed number into an improper frac¬ 
tion. Then, when he sees that he can indicate the 
division of 19 by 5 by writing the fraction, l%, the cir¬ 
cuit is complete. 

To attain adequate skill in the f undamen tal opera¬ 
tions with fractions requires practice—more practice 
than some pupils get. In the 20 sets of practice examples 
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given in Chapters 4, 6, and 6, there are, in all, 837 ex¬ 
amples. These 837 examples may be more than are 
needed by some pupils, they may constitute an optimum 
amount for others, and they may be quite insufficient 
for those who learn fractions with great difficulty. The 
responsibility for determining the amount of practice 
which the individual pupils need must rest upon the 
teacher for it will vary greatly from pupil to pupil in a 
dass. Grouping the pupils according to their ability and 
their skill will make it much easier to adapt instruction 
to the requirements of the individual members of the 
group. 

Ordinarily, if a skill is worth acquiring, it is worth 
acquiring for permanent retention. But pupils some¬ 
times forget the operations with fractions after having 
learned them. It is not unusual to find pupils in one 
grade unable to solve examples in fractions as well as 
do the pupils in the preceding grade in the same school. 
The fault sometimes lies in the fact that we have failed 
to provide properly for continued practice; we have 
failed to maintain these abilities at a desirable level 
after having helped the pupils to acquire them. Pupils 
should not only receive a sufficient amount of practice, 
then, but this practice should be properly distributed. 
Practice should continue through the years of the junior 
high school. Good teaching requires a carefully planned 
maintenance program. 

QUESTIONS AND REVIEW EXERCISES 

1. How do you account for the fact that pupils fre¬ 
quently make better scores on tests in multiplication with 
fractions than on tests in the other operations? Can one 
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say that they understand multiplication better than th 
understand addition or subtraction? 

2 . Just what is . the difEerence between the printed signs 
for plus and times7 Why should children confuse uSe 
signs? 

3. Would you have multiplication with fractions taught 

before addition or subtraction? Why? ® 

4. How do you account for the fact that pupils whose 
papers Brueckner examined made fewer errors in multi- 
plication than in addition, subtraction, or division? 

5. What were the commonest errors which Brueckner 
found in multiplication with fractions? Which of these 
groups of errors is the most serious? 

6 . Is it to be expected that if the papers of another 200 
pupils were examined for the errors which Brueckner 
found, they would be found to occur again with about 
the same frequency? Why? 

I. Can a satisfactory analysis of pupils' errors be made 
from test papers? Why? 

8 . State the eight groups of. examples suggested for 
multiplication. How are these eight groups classified again 
into three larger groups? 

9. Why is multiplication with fractions begun with the 
multiplication of a fraction by an integer? Do you believe 
that it would have been as good a plan to begin with the 
multiplication of an integer by a fraction? 

10 . How would you help pupils to understand that when 
a fraction is to be multiplied by an integer, only the 
numerator of the fraction is to be multiplied by the 
integer? 

II. What is the danger in teaching cancelation at the 
very beginning of the pupil's work in multiplication with 
fractions? 

12. In naultiplying a mixed number by an integer, should 
the equation form or the column form be taught first? 
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Which is the better form for final permanent use? 

13. In solving an example requiring the multiplication 
of an integer by a mixed number, does it matter if the 
pupil multiplies the mixed number by the integer? Why? 

14. What advantage is there in making considerable use 
of the “of” form of statement in early work in the multi- 
plicadon of an integer by a fraction? 

15. Ordinarily, can you say that telling is teaching? Is 
telling ever teaching? 

16. Describe an introductory lesson which you would 
tfgrh in the multiplication of a fraction by a fraction. 

17. Were you taught to change mixed numbers to im¬ 
proper fractions by simply following a rule which you 
learned by rote? How would you teach this topic? 

18. Would you ever require pupils to multiply mixed 
numbers by mixed numbers by using the column form 
of statement rather than the equation form? 

19. Mathematically, what takes place in cancelation? If 
one cancels all he can, does he ever have to reduce his 
products to lower terms? If % is multiplied by % why 
should I’s be written when the 2’s are canceled? 

29. What reasons are given for the difficulty of division 
with fractions? 

21 . How can good teaching make a topic easier if it can 
not make it easy? 

22 . What was the outstanding error found by Brueck- 
ner in division with fractions? How do you account for 
the prevalence of this error? 

23. Describe an introductory lesson which you would 
use in teaching pupils to divide a fracdon by an integer. 

24. Some teachers begin teaching the division of a frac¬ 
tion by an integer by wridng the examples like this, 
% -4- % = • Then they instruct the pupils to change 
the division sign to a muldplication sign and to invert 
the divisor. Criticize this procedure. 
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25. How can work in the division of fractions by in- 
tegers be tied up with the division facts which were le^ed 
probably two years earlier? 

26. What is meant by division as partition? By division 
as measurement? Are both of these ideas of division in¬ 
volved in division with fractions? 

27. How would you help a pupil to understand that 
the quotient of 8 is 16 and not 4? What makes this 
type of examples so difBcult for pupils? 

28. Can a foot rule be used to illustrate the multiplica¬ 
tion of such fractions as ^ and or % and %? Cm a 
foot rule be used to illustrate division with fractions? 

29. How can a pupil be helped to understand that if 
the divisor is less than 1 the quotient is larger than the 
dividend although most of his division examples have 
yielded quotients which were smaller than the dividends? 

30. To what extent would you use diagrams and other 
concrete or semi-concrete aids to help pupils see why they 
should invert the divisor and multiply when dividing, a 
fraction by a fraction? 

31. If pupils are too dull to understand the process of 
division with fractions, should they be excused from the 
study of this subject? 

32. What is meant by the statement that a fraction is 
indicated division? IVhen should the remainder in a 

division example be expressed as a fractional part of the 
quotient? 

33. How may diedung a division example lead to the 
changing of a mixed number to an improper fraction? 

34. Do you believe that if a skill is worth acquiring, it 
is worth acquiring for permanent retention? Is this always 
true? 

35. How should practice be distributed in a correctly 
planned maintenance program? 
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CHAPTER TEST 

Read each statement and decide whether it is true or 
false. A key for this test will be found on pages 533-534. 

1. A pupil who understands nothing of the operations 
with fractions usually will make a higher score on a test 
in multiplication than on a test in any one of the other 
three operations. 

2. Division is the hardest of the operations with frac¬ 
tions. 

3. The author recommends that multiplication of frac¬ 
tions should be taught before addition or subtraction. 

4. Brueckner found fewer errors in multiplication than 
in either addition or subtraction. 

5. An error in computation is more serious than an error 
indicating a failure to understand the process. 

6. The per cent of errors of a given type in one school 
is likely to be almost the same as the per cent of errors 
of the same type in another school. 

7. In the example, 4 X % = , an integer is to be 

multiplied by a fraction. 

8. An ideal analysis of errors can be made from pupils' 
test papers. 

9. Cancelation should be introduced early in the pupil’s 
work in multiplication with fractions. 

10. When a pupil is taught to multiply % by 3, he 
should be taught to write the 3 as %. 

H. In multiplying 4% by 3, it was recommended that 
the pupil first multiply ^ by 3. 

12. Arithmetically, multiplying an integer by a fraction 
is almost the same as multiplying a fraction by an integer, 

13. In the first examples requiring that an integer be 
multiplied by a fraction, the fraction should be a proper 
fraction. 
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14. The routine of multiplying a fraction by a fraction 
is easily learned. 

15. Ordinarily, telling is not teaching. 

16. It is possible to show by a rectangular diagram that 
% of % is %. 

17. In multiplying a fraction by a mixed number, the 

pupils should change the mixed number to an improper 
fraction. ^ 

18. In teaching pupils to change a mixed number to 
an improper fraction, the teacher should first state the 
rule: “Multiply the integer by the denominator of the 
fraction, add the numerator to this product, and write 
the denominator under the sum.” 

19. It is impossible to multiply a mixed number by a 
mixed number without changing both mixed numbers to 
improper fractions. 

20. If one cancels all he can, the product never has to 
be reduced to lower terms. 

21. If one cancels all he can, the product never has to 
be changed to a mixed number. 

22. In cancelation, one reduces to lower terms before 
multiplying instead of after multiplying. 

23. In a division example, the quotient is always smallpy 
than the dividend. 

24. Good teaching will make division easy. 

25. The commonest error which Brueckner found in di¬ 
vision with fractions was performing the wrong operation. 

26. All of the types of examples recognized in multipli¬ 
cation of fractions were recognized also in division. 

27. Division as measurement requires the finding of a 
part of a number. 

28. In teaching the division of an integer by a fraction, 
emphasis should be placed upon the measurement idea 
of division. 
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29. One can always divide by a fraction by multiplying 
by the reciprocal of the fraction. 

30. The rule, "Invert and multiply," should be given 
early in the pupil's work in division with fractions. 

31 . In lear nin g division with fractions, pupils should 
piatp generalizations as to the procedure involved. 

32. Diagrams may be used to show that I^ divided by 
equals 3. 

33. In division with integers, the remainder should al¬ 
ways be expressed as a fractional part of the quotient. 

34. Ordinarily, if a skill is worth acquiring, it is worth 
acquiring for permanent retention. 

35. It should not be necessary to provide practice on 
fractions in the junior high school. 
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CHAPTER 7 
DECIMAL FRACTIONS 

The approach to decimal fractions. It seems best to 
approach the study of decimal fractions through the 
medium of related common fractions. Decimal fractions 
are simply common fractions whose denominators are 
10, 100, 1000, or some integral power of 10 greater 
than 0. 

In order that tliis approach may be used efiFectively, 
pupils must have a well developed understanding of the 
meaning of common fractions before decimal fractions 
are introduced. It is not uncommon to find pupils with 
a pitifully meager grasp of common fractions trying to 
understand the meaning of decimals. To learn by rote 
in one phase of arithmetic often means that pupils must 
learn by rote in later related phases or not learn at all. 
The effects of rote learning are disastrously cumulative. 
The effects of rational learning are also cumulative but 
they lead to broader and richer understandings and to 
wider horizons. 

If decimal fractions are introduced as a special case 
of common fractions, the subject may be developed in 
the following manner. 

Teacher: "Read this fraction, %o-" 

Pupil: "Three tenths.” 

Teacher: "We have another way of writing fractions 
whose denominator is 10. We simply leave off the denomi¬ 
nator and place a period, called a point, in front of the 
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%o = -3 

And, 

Ho “ -4 
%o-.7 
%o “ -Si etc. 

We read 3 just as we read %o. Each is read, “three-tenths " 
Now, read this fraction, 

Pupil: “Twenty-five hundredths." 

Teacher: “If the denominator of a fraction is 100, we 
can drop the denominator and place a point before the 
numerator. Then, 

, , 25ioo “ .25 

And, 

“%oo"-=-62 

*%oo " .43 

'w 

U the denominator is 10 or 100, then, we can drop the 
denoinmator and place a point in the numerator. Frac- 

lons e . , .2, .25, .87, etc., are called decimal fractions, 
or simply decimals. 

r teacher emphasize the fact 

that if the fraction is tenths there is just one figure at 

decimal point but that if it is hun¬ 
dredths there are always two figures at the right of the 
ecimal point. Then fractions like YxQti wiU be in- 
reduced and the necessity of a zero after the decimal 
point as a means of distinguishing b/^qq from in 
ecimal form will be emphasized. Fractions of three or 
more decimal places will then be taught. 

It IS desirable that the first work with decimal frac- 
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tions as such be “touched off” by some observation or 
experience in which decimal fractions are found. Mile¬ 
ages in railway time tables are usually given to one or 
two places of decimals. Distances on highway signs are 
sometimes recorded to one decimal place. Automobile 
odometers usually record mileage to one decimal place. 
Boys hear conversation about 15 thousandths of an inch 
of clearance in adjusting valve stems, about fitting an 
old car with new pistons which are seven thousandths 
of an inch oversize, etc. 

Another approach to decimal fractions. Decimals may 
also be taught as an extension of our system of notation 
to tenths, hundredths, thousandths, etc. The success of 
this approach depends upon how well the pupils under¬ 
stand the number system. They should have learned by 
this time that the number system is a decimal system 
although they may not have learned the word “deci¬ 
mal.” That is, they should know and understand that 
such a number as 3333 means 3000 + 300 30 -f 3 

and that the 3 in hundreds’ place, for example, has a 
value ten times as great as the value of the 3 at the right 
and one-tenth as great as the value of the 3 at the left. 
But it was stated in Chapter 2 that many pupils do not 
readily grasp the significance of figures at the right of 
the decimal point simply because they do not under¬ 
stand the significance of figures at the left of the decimal 
point. Pupils can hardly be expected to understand 
decimal fractions if they do not understand decimal 
whole numbers. 

In teaching decimal fractions as an extension of our 
system of notation to tenths, hundredths, thousandths, 
etc., the lesson may be developed as follows: 
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Teacher: "Read this number, 324." 

Pupil: "Three hundred twenty-four." 

Teacher: "What do we call the place which the 4 
occupies? ’ 

Pupil: "Units’ place." 

Teacher: "And the place the 2 occupies?" 

Pupil: "Tens’ place." 

Teacher: "And the 3?" 

Pupil: "Hundreds’ place.” 

Teacher: "Now we can place a period, called a point 
after the 4 and write more figures at the right of the point* 
Let us write, 324.65. The first figure at the right of the 4 
stands for tenths and the second figure at the right of the 
4 stands for hundredths. Then we have 6 tenths and 5 
hundredths, or 65 hundredths. So we read the number 
324.65, like this: three hundred twenty-four and sixh-five 
hundredths. The sixty-five hundredths is a fraction and 
when written like this, is called a decimal fraction We 
ran also write it like this, 3246%„„. So, 324.65 - 324e5/o„. 
How do we read this number if it has a dollar sign in 
front of it, like this, 5324.65?" 

Pupil: "Three hundred twenty-four dollars and sixtv- 
five cents.” ' 

324.65 irii-an . 

When we put the dollar sign on. the 65 means cents. But 
there are how many cents in a dollar?" 

Pupil: "One hundred." 

Teacher: "Then 65 cents is what part of a dollar?" 

Pupil: "Sixty-five hundredths." 

The teacher will then emphasize the fact that when 
there are two figures at the right of the point, called 
toe decimal point, the fraction is always hundredths. 
And, by carrying toe analogy to money further, the 
teacher will show that the 6 means 6 dimes and that the 
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5 means 5 cents. But since there are 10 dimes in a dollar 
and 100 cents in a dollar, the first figure at the right o£ 
the decimal point always means tenths and the second, 
hundredths. To show how a number like 42.07 is 
written, this amount will be written as money with the 
f amiliar dollar sign and the necessity for a 0 after the 
decimal point in such cases will be stressed. 

Figure 9. Place Significance in Decimal Mixed Numbers 



After practice in reading and writing decimal mixed 
numbers and decimal fractions of one and two decimal 
places has been provided, the work will be extended to 
include thousandths, ten thousandths, etc. The analogy 
of the number words used for the figures at the right 
of the point to those used at the left may be emphasized 
in the manner shown by Figure 9. In teaching children 
to read decimals by this method, we make the units’ 
place, rather than the decimal point, the point of refer¬ 
ence. The analogy of tens to tenths, of hundreds to hun¬ 
dredths, etc., as we go to the left and to the right of 
units’ place one step, two steps, etc., is thus made clear. 
This is emphasized in Figure 9 by drawing vertical lines 
at the left and right of the 3 in units’ place. 
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Which is the better approach? There seems to be nn 
experimental evidence as to which of these two an 
proaches to the study of decimal fractions is the bettp? 
It seems clear to the author that both approaches should 
be used and that one should supplement the other in 
developing an understanding of decimal fractions 
cause the arithmetic course is usually organized so'that 
decimal fractions are studied soon after common frac- 
tions, It seems best to begin by noting the relationship 
of decimal fractions to common fractions and to follow 

S'dKM,."”' ““dy 

The study of decimal fractions and decimal mixed 
numbers should broaden the pupil’s understanding of 
the number system in general. He should see that in 
any such number the value of any figure is ten times 
as great as it would be if it were moved one place to 
the right and one-tenth as great as it would be if it were 

Zrji true even 

though Ae figure is moved past the decimal point. 

Practice in reading and writing decimals. Decimals 
running to more than three or four places occur very 
rarely m the experiences of most persons. We may quite 
properly teach pupils to numerate decimals, that is, to 

in , tenths, hundredths, thousandths, ten thou- 
sandths hundred thousandths, millionths,” etc., but. 
a er a , the trained adult does not go through this 
formality in reading the decimals which he ordinarily 
encounters. On the other hand, he learns, and learns 
well, that one decimal place means tenths, that two deci¬ 
mal places mean hundredths, that three decimal places 
mean thousandths, etc. He may know equally well that 



READING AND WRITING DECIMALS 323 

four decimal places mean ten thousandths or he may 
namp over the different orders to determine what a deci¬ 
mal fraction of four places is called. From the very be¬ 
ginning of the pupil’s practice in reading and writing 
decimal fractions, he should have his attention called to 
the fact that one decimal place means tenths, that two 
decimal places mean hundredths, and that three decimal 
places mean thousandths. These facts should be thor¬ 
oughly memorized. 

When writing decimal fractions from dictation, then, 
the pupil should learn to think first of the number of 
decimal places in the fraction stated, then of the num¬ 
ber of digits needed to express the number which repre¬ 
sents that fraction, and, finally, whether zeros are 
necessary. In writing the fraction, twenty-three thou¬ 
sandths, for example, he will think: “thousandths, three 
figures; twenty-three, two figures; need one zero”; and 
write promptly .023, writing the zero first rather than 
last, Practice will make habitual such a reaction if the 
practice is sufficiently abundant and is limited to deci¬ 
mal fractions of common occurrence. If he is required 
to write, twenty-three thousand four hundred six ten- 
millionths, he may have to write 23406 first and then 
name over the orders to determine that two zeros follow 
the decimal point. But we are not justified in requiring 
pupils to write such fractions as this from dictation. In 
practical experience, we sometimes read such decimals 
but we do not write them from dictation. In reading 
them we usually say, furthermore, “point, zero, zero, 
two, three, four, zero, six” (or, "point, O, O, two, three, 
four, O, six”) and not, "twenty-three thousand four 
hundred six ten millionths” for the decimal, .0023406. 
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Indeed, writing decimal fractions from dictation « 
seldom done except in schoolrooms. Decimal fractions 
are read and studied and they are obtained as the result 
of division, etc., but they are not often written from 
dictation. Some practice in writing decimals from dicta¬ 
tion is to be recommended for the aid which the ex¬ 
perience furnishes in developing a better understanding 
of decimals but this practice should be limited to frac¬ 
tions of common occurrence and should not be con¬ 
tinued beyond the point where it ceases to help in the 
development of such an understanding. 

Some teachers have pupils read such a decimal as .437 
as "point, four, three, seven” from the very first and 
when they read decimals for the pupils to write, they 
read them in the same manner. This plan denies the 
pupils part of their opportunity to learn the meaning 
of decimals. Eventually, decimals may be so read, as, in¬ 
deed, they usually are in the laboratory, the shop, itc., 
but for awhile the pupils should also learn to think, and 
to say, "four hundred thirty-seven thousandths," for 
.437, and "seventy-five hundredths” for .75. 

In reading decimal mixed numbers, the necessity of 
saying "and” where the point is and nowhere else 
should be pointed out. Pupils who have been properly 
taught^ in reading integers have learned not to use the 
word "and," It is well to point out that people used to 
say, "four and twenty,”* but that today we not only 

*As in the nuiaeiy rime, 

■Sing a song of six pence, 

A pocketful of rye. 

Pour and twenty blackbirds 
Were baked into a pie. Etc. 
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turn the words around but also we drop and. Likewise, 
we say, "one hundred six,” not "one hundred and six.” 
To help pupils see the importance of using and in the 
proper place, it is well to dictate a few numbers like 
the following. 

Six hundred twenty-four thousandths. 

Six hundred and twenty-four thousandths. 

Note that the first is written, .624, but that the second 
is written, 600.024. The author has heard teachers scold 
pupils who wrote 700.029 instead of .729 when the num¬ 
ber dictated was, "seven hundred and twenty-nine thou¬ 
sandths.” 

The pupil’s early work in reading and writing deci¬ 
mals should be varied and rich in its contacts with the 
world of practical affairs. However well the subject may 
be taught, we must expect the pupil’s understanding of 
decimal fractions, like his understanding of common 
fractions and other topics, to grow gradually and slowly. 
Numerous and varied experiences with decimals will 
help the pupils greatly in learning what they mean. 
Railway time tables, sign boards, and automobile odom¬ 
eters have been mentioned. Baseball statistics include 
so called per cents which have been calculated to three 
decimal places. Crop reports, temperature and rainfall 
records, speed records made in automobile races, etc., 
furnish further opportunities for motivating the study 
of decimal fractions. The effective teacher will bring 
such material into the classroom where first-hand ac¬ 
quaintance on the part of the pupils may be assured. 

Of course, money is an ever valuable means of show¬ 
ing the meaning of decimals. Years before they study 
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decimal fractions, pupils are taught to read amounts of 
money. In Uiii. they have learned to tay, ■■and," 
the decimal point is. Thus, they read $24.32 as ‘‘twentv- 
four dollars and thirty-two cents." ^ 

■The ftineflon of aeroa in deelninl fraettoM. lativ io 
then expenences with decimal fraction., pupil, fev, 
to learn to the effect of a zero may not be L .aj 
ea It 1 , with integer,. They learn to it may be neT 
sary to write one or more zeros after the decimal point 
and before the other figures of the fraction. This is 
contrary to the practice to which they have become 
accustomed in writing integers. On the other hand 
they have learned that annexing a zero to an integer 
makes the number ten times as large as it was. Thus 40 
IS ten times 4; 400 is ten times 40; etc. Now, they learn 
that annexing a zero to a decimal fraction does not 
change the value of the fraction, arithmetically. Experi- 
ence with fractions representing money easily shows 
them that this is true. They see that four dimes repre¬ 
sents the same amount of money as forty cents and. 
hence, that .4 of a dollar is equal to .40 of a dollar. They 
can also discover this by writing such a decimal fraction 
as .70 as a common fraction, and reducing it to 

tenths, getting 7^o* As they work with decimal fractions, 
pupils should come to see that inserting a zero after the 
ecimal point in a decimal fraction makes the value of 
the fraction one-tenth of what it was, that inserting two 
zeros divides the fraction by 100, etc. 

Of course, pupils will learn later that annexing zeros 
to a decimal fraction indicates that a measurement or a 
quantity is accurate to a greater number of decimal 
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places t>ian if the zeros are not used. Thus, if a report is 
made that a car averages 15.5 miles on a gallon of gaso¬ 
line, it means that the average number of miles per 
gallon has been found to the nearest tenth. To two deci¬ 
mal places, the average number of miles per gallon may 
be anything from 15.45 to 15.54. If the report gives 
15.50 as the average number of miles per gallon, how¬ 
ever, it means that the average has been found to the 
nearest hundredth. To three decimal places, the average 
may be anything from 15.495 to 15.504. Teaching the 
significance of zeros in such a situation as this may well- 
be left to the junior high school years. 

Changing common fractions to decimal fractions. 
The operations with fractions are often much easier if 
decimal fractions rather than com¬ 
mon fractions are used. Suppose, 
for example, that one has the mixed 
numbers shown to add. Since the 
least common denominator is 120, 
the example is rather difficult in 
common fraction form. But if each 
fraction is changed to a decimal, the 
work is decidedly easier. We are using three decimal 
places in order that we may have a sum correct to two 
places. Changing 176%20 to a mixed decimal, we have 
17.492, to the nearest thousandth, which, in this case, 
happens to be what we obtained by using decimals. To 
two places, we can be assured that the sum, 17.49, is 
conect. 

When they have learned decimal fractions, the pupils 
should be encouraged to use them. Many persons, both 


4% 4.667 

SYz 3.500 

1%, 1.750 

Ws 2.200 

53/e 5.375 

1750/120 17.492 
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pupils and adults, do not use decimals as much as 
should. Computations which yield ungainlv m ^ 
ftaction, „e .00 cfcn allo„J,o s“aTi7fl“ 
prox^tdy equivalent decimal form of exo7eLit 
™uld not only be eaeier ,0 manipulate but ate S 
be more mramngful. The author reeaUs a .trikinel„ 
sMce of thu m monthly report, of enrollment'and 
attmdance submitted by teachers. The report blauh 
called for the aggregate day, of attendance and the aver 
age dady attendance, the latter being obtained by divid 
mg 4e former by the number of days which the uiool 
™ m s^mn m the month. Due to holidays, die nmn' 
er o ays the school is in session i, sometime, 19 
Sevrnl teacher, made out the report so diat d,e ifa, 
under consideration appeared as follows: 

AVERAGE DAILY ATTENDANCE 
Girls Total 

Such fractions are almost meaningless; they are mon¬ 
strous. Ordinarily, they should not be tolerated in teach¬ 
ers reports or elsewhere. When converted into decimals, 
they are much more meaningful. They can be compared 
more easily with other fractions which originally had 

different denominators. This item would then appear 
as follows: " 

average daily attendance 

®oys Girls 

21.7 18.5 


Total 

40.2 
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Of course, 40^0 is an exact statement while 40.2 is an 
approximation. But if a greater degree of precision is 
required, the computations may be carried to two or 
more decimal places. And, of course, if but one decimal 
place is used, the result should be expressed to the near¬ 
est tenth; if two places are used, the result should be 
expressed to the nearest hundredth; etc. 

In Chapter 4, it was indicated that fractions whose 
denominators are 9, 11, 13, 17, etc., very rarely occur 
and that when they do occur they should be changed 
to decimals. Certainly, no well taught pupil will attempt 
to add 9ths, llths, and 13ths as common fractions (the 
least common denominator is 1287) but, if such frac¬ 
tions must be added, will convert them to decimals. The 
illustrations which have been given are extreme, to be 
sure, but the argument applies, although with less force, 
to many fractions of rather frequent occurrence. It is 
dear, then, that pupils must be skilled in changing 
common fractions to decimal fractions. 

Teaching children to change common fractions to 
decimal fractions. Changing a common fraction to a 
decimal fraction is a very simple and straightforward 
procedure. It consists simply of dividing the numerator 
(with zeros annexed) by the denominator and placing 
a decimal point before the proper figure of the quotient. 
But an explanation of the process should make children 
understand it better and should reduce the probability 
of mistakes. 

The easiest approach seems to be through the use 
of halves and fifths. The equivalance of and %o, of 
% and of % and of % and and of 
% and %o is easily seen. The equivalance of most of 
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these has already been seen by changing fractions to 
least common denominator form and by redncing th™ 
to lowest terms. Also, pupils can be asked to think rf 
Ae number of cents in ^ of a dime, % of a dime etc 
Since there are five cents in ^ of a dime, = 6 / ^ g,' 
since there are two cents in % of a dime, 14 — y ° _ V 
etc The same fractions can as easily be changed to hun’ 
dredths. .Since it is known that ^ of a dollar is 50 cents 
% = ®%oo = .50. Also Ys = 20 /j^qq ^ .20, etc. 

After this experience with halves and fifths, it is best 
to work for awhile on other unit fractions. Let us chanee 
several unit fractions having denominators less than ten 
to tenths. To change to tenths, we think, "In 1 there 

_ .5. To change % to tenths, we think, "In 1 there 
S' >0 in W Aeio kre % of 194 c „r ,|,a, 

■{ffe — . 4 . Now, to change % to tenths, we think in the 
same manner, "In 1 there are i%o, so in % there are 

of lo/io or 31/3 tenths; then % = A similar 

line of reasoning is followed for % and other unit frac¬ 
tions. 


Next, change a few unit fractions to hundredths. 
Thus, "In 1 there are so in % there are V. of 

io%oo or 2 %oo; then % = .25. Also, "In 1 there are 
so in % there are Yq of loo/^oo or 16% hun¬ 
dredths; then Ye — .16%. We have written "3% tenths" 

and "16% hundredths” instead of ^ and to avoid 

*1 , . 10 100 

the confusing form of complex fractions. Of course, each 
of these decimals wdiich represent uneven divisions can 
e expressed to the nearest tenth or to the nearest hun¬ 
dredth and without fractional remainders. 
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Thus it is seen that any unit fraction can be changed 
to a decimal by annexing zeros to the numerator and 
then dividing by the denominator. But since % = .2, 
% must be two times .2, or .4; since % = .25, 3^ must 
be three times .25, or .76; etc. Then, to change any com¬ 
mon fraction to a decimal we simply annex zeros to the 
numerator and then divide by the denominator. 

The brighter pupils probably will succeed in follow¬ 
ing the line of reasoning which has just been sketched; 
the average may succeed; the duller will not. Here, as 
elsewhere in explaining new processes in arithmetic, we 
should adapt the nature and extent of the explanation 
to the varying capacities of the pupils. As much explana¬ 
tion as can be appreciated and understood should be 
given. If we do no more than call attention to the fact 
that Yz is the same as %o, or .5, and that we can get the 
same result by annexing a zero to the numerator and 
then dividing by the denominator we have done some¬ 
thing toward rationalizing the process and have made 
it more meaningful to the pupils to just that extent. 
However complete the explanation, the class will soon 
arrive at the summary rule. To change a common frac¬ 
tion to a decimal, divide the numerator by the denomi¬ 
nator, annexing as many zeros as necessary. This will 
be followed by the discovery that the number of decimal 
places will be the same as the number of zeros annexed 
to the numerator. 

If the denominator is larger than 10 and the numera¬ 
tor is a very small number, the example is much harder 
for some pupils due to the fact that numerator can not 
be divided by the denominator until two or more zeros 
have been annexed. In changing the fraction, % 2 > to a 
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decimal, for example, pupils sometimes get .833 instead 
of .083. There should be considerable practice on ew 
amples of this type. To construct examples of this type' 
the teacher should remember that the numerator must 
be 1 if the denominator is in the ’teens, the numerator 
must be 1 or 2 if the denominator is in the twenties it 
must be 1, 2, or 3 if the denominator is in the thirties 
etc. The pupil should see that in converting proper 
fractions to decimals, something must be written in the 
quotient every time a zero is annexed to the numerator. 
If nothing else can be mitten in the quotient, a zero is 
written there. 

Sometimes, the pupil can easily check his work by 
writing the decimal which he obtains as a common frac¬ 
tion, reducing to lowest terms, and comparing the result 
with the fraction with which he started. Thus, if he has 
changed ^4 60 to a decimal and has obtained .04, he will 
mite, .04 = Yxqq = ^ 5 . Thus, his error is revealed. 
Fractions which yield uneven divisions can also be 
checked in this manner but the check is more difficult 

to apply. Thus, Vig = .08%. Then, .08% = 

100 

- 100 = X = %2. 

4 

The decimal equivalents of some common fractions 
should be memorized. The constant use of these mpa ris 
that the -pupils gpradually memorize them but, eventu¬ 
ally, there should be a minimum list which every pupil 
will know. There is difference of opinion as to how 
many are worth the time and trouble required for 
pupils to memorize them but it seems that we may in- 
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elude the following in a minimum list. These occur 
frequently enough to justify us in having their decimal 
equivalents learned as a means of facilitating computa¬ 
tions in many of the topics which are studied in arith¬ 
metic. 


% = .5 % = .2 %=.8SS 

% = .75 % = -6 % = -375 

u = .333 ^ = .8 B/g = .625 

% = .667 % = -167 Vs = .875 


Pupils’ errors in decimals. Brueckner gave tests in 
decimals to more than 300 pupils in Grades VI, VII, and 
VIII in four schools in Minneapolis. His tests were in 
two parts. Part 1 represented an attempt to measure the 
ability of pupils to read, write, and convert decimals, 
and their understanding of the value of decimals. Part 
2 consisted of diagnostic tests in each of the four funda¬ 
mental operations.* 

It was discovered that these pupils lacked much of 
having an adequate understanding of the numerical 
values of decimals. This was shown by their inability 
to arrange a series of decimal mixed numbers in order 
of their size. Their next most serious weakness, as 
shown by this part of the test, was in their ability to 
spell the words required in writing decimals in words. 

In all four of the fundamental operations, the out¬ 
standing errors were errors in computation and errors 
in placing the decimal point. The decimal point often 
was misplaced but in many cases it was omitted. There 


* Brueckner, Leo J. Diagnostic and Remedial Teaching in Arithmetic. 
Philadelphia: The John C. Winston Company, 1930, pp. ^19-233. 



334 DECIMAL FRACTIONS 

were other errors which had to do with the use of zero 
changing common fractions to decimals, etc. 

The total number of errors was 680 in addition, 465 
in subtraction, 1,814 in multiplication, and 3,751 Jq 
division. It is apparent from this study that these pupils 
need a better basic understanding of the meaning of 
decimals, that they need greater degrees of skill in the 
fundamental operations with integers, and that they 
need better teaching of the operations with decimal 
especially in multiplication and division. 

Addition and subtraction of decimal fractions. Pupils 
who are competent in the addition and subtraction of 
integers should not find it difficult to add and subtract 
decimals. If they keep the decimal points in a straight 
column and are careful to write tenths under tenths, 
hundredths under hundredths, etc., as well as to write 
units under units, tens under tens, etc., and if they can 
add and subtract, they should soon be able to add and 
subtract decimal fractions and decimal mixed numbers 
as well as integers. 

However, Brueckner found that pupils had difficulty 
in placing tlie decimal point in the 
sum, especially in examples such as (a) (b) (c) 

those shown herewith.® These are ex- .3 .28 .05 

amples 2,, 4, and 6 in his test in the -5 -43 .09 

addition of decimals. The specific na- j:® -95 .08 

ture of the difficulty here is not stated 
but the author has observed that sothe pupils will write 
.16, instead of 1.6, as the sum in (a). Since the addends 
are all fractions, they tend to make the sum a fraction 
even when it is a mixed number. In (b) 

"Brueckner, Leo J.. op. at., pp. 221 and 231. 


a common an- 
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swer for such pupils is .166, instead of 1.66, and in 
(c), .022, instead of .22. 

In subtraction, the pupils are sometimes disturbed if 
the number of decimal places in the subtra¬ 
hend is greater than the number of decimal 62.4 
places in the minuend. In such an example 
as that shown, for instance, the pupil must be¬ 
gin by subtracting from an imagined zero. Since the 
zeros are not there and the pupils are confused, teachers 
often have them fill in the blank spaces with zeros as 
shown. This visual aid seems quite helpful in 
early lessons but it should not be necessary for 62.400 
pupils to use it always. As pupils mature and 
gain in proficiency in arithmetic they should, 
to a greater and greater extent, become independent of 
such visual aids as this. 

In early lessons in adding and subtracting decimals, 
it is well to show again the analogy to common frac¬ 
tions. Thus, ^0 + %o = Vl 0 > or .1 + .3 = .4; and 
%o — %0 = or -8 — = .3. Likewise, ^Yxoo + 

^/doo = ®%00' or *23 .41 = .64; and8%oo — ®%oo 

= ®Tioo> or .95 — .38 = .57. As a special case of this 
last form, we may note that i%oo — ^%00 = VlOQ’ 
or .16 — .12 = .04, and show that it is necessary to write 
the zero before the 4, a practice which is not followed 
in subtraction with integers. 

In connection with such work with common fractions, 
we may anticipate and thereby avoid some of the diffi¬ 
culties which Brueckner discovered. For example, 
%o + %o + yio = 1%0 = 1%0- or .3 -j- .7 + .7 = 1.7 
(rather than .17). Again, 6%oo + ^^4.00 + ®%oo = 
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-53 + .21 + .37 = 1.11 (rather 

than .111). 

In their early work witir decimal fractions, pupils 
often find it difficult to tell which of two fractions is the 
larger. Thus, they may conclude that .3 is smaller than 
.16. Of course, this indicates a lack of understanding of 
place value in decimal fractions and the need for better 
and more thorough instruction on the fundamental 
meaning of decimals. But even with good ins truction 
there should be opportunities for practice in comparing 
two or more decimal fractions as to size. Exercises such 
as the following may be used. 

Arrange these sets of decimal fractions in the order of 
their size, putting the largest of each set first, the next 
largest second, and so on to the smallest which should 
be placed last. 


.32 

.125 

.063 

.5 

.009 

.8 

.047 

.71 

.05 

.214 

.116 

.214 

.002 

.43 

.5 

.1 

.001 

.01 

1.0 

l.Ol 

Comparisons may 

also be made 

in subtraction 


decimals by stating the examples in the following form. 

Find the difference between 4.2 and 2.9; between .7 
and .24; between .044 and .22; between 1.31 and 1.8; 
etc. The pupil must decide which of the two fractions 
of a pair to use as minuend. 

MULTIPLICATION WITH DECIMALS 
Multiplication of a decimal by an integer. I will be 
noted that we are grouping examples in multiplication 
with decimals into three main dasses and that these 
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classes correspond dosely to the three major dasses rec¬ 
ognized in multiplication with common fractions. It 
will be seen that the same thing is true for division with 
decimals. 

Problems which require that a decimal he multiplied 
by an integer are easily found. The teacher may use a 
problem and develop the subject as follows: 

Teacher: “One day, while riding in the front seat with 
his father, Jack noticed that they drove .7 of a mile in a 
minute. At this rate, how far would they go in 5 minutes? 
How shall we find out?” 

Pupil: “Multiply .7 by 5.” 

Teacher: "We can write the example as we usually 
write multiplication examples. If we multiply 7 by 
5, we get 35. But the 7 means tenths; so we get 35 
what?" 

Pupil: "Thirty-five tenths." 

Teacher: “But 35 tenths is the same as 3.5. Let us 
solve the example in another way. We can write .7 as a 
common fraction. Then, 5 X %o = ®%o = = 3.5." 

As other examples of this kind are solved, the pupils 
see that if tenths are multiplied, the product is tenths 
but that if there are more than 10 tenths in the product, 
the product is a decimal mixed number. The examples 
will become gradually more elaborate. The multipli¬ 
cands will be two- and three-place decimals. They will 
also be decimal mixed numbers. The multiplier may be 
a number of one or more digits. After a time pupils 
discover that the number of decimal places in a product 
is always the same as the number of decimal places in 
the multiplicand when the multiplier is an integer. 

Practice Examples in Decimal Fractions, Set 1, illus- 


.7 

_5 

3.5 
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trate the various types of examples which may be used 
for practice after each of these types has been presented 
■ It will be seen that these examples include a rather wide 
variety of types. No type occurs twice in the set. Each 
of the 45 primary multiplication combinations occurs 
one or more times in the set. None occurs more than 
three times. 

We have a special case of multiplication of a decimal 
fraction by an integer when we multiply by an integral 
power of 10—10, 100, 1000, etc. Two or three illustra¬ 
tive examples will soon lead the pupils to see that when 
we multiply by 10, we simply move the decimal point 
one place to die right; when we multiply by 100, we 
move the point two places to the right; etc. In general, 
when we multiply by a power of 10, we move the deci¬ 
mal point as many places to the right as there are zeros 
in the multiplier. The teacher should provide sufficient 
practice on examples of tlris type to enable the pupils 
to multiply decimals by powers of 10 easily and quickly. 

Practice Examples in Decimal Fractions. Set 1 
Multiplication of a Fraction by an Integer 


.24 

1.6 

.5 

14.6 

15.28 

243.6 

3 

4 

9 

7 

5 

9 

647.28 

6.247 


35.768 

6.45 

981.753 

8 

2 


3 

6 

9 

.746 

.26 


73.21 

4.972 

.148 

5 

24 


30 

47 

80 

628.9 

5.01 


15.4 

87.603 

7.8 

19 

70 


31 

69 

37 
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Multiplication of an integer by a decimal. In their 
early work in multiplication with integers, pupils are 
taught to use as multiplier the number which it is the 
more convenient to use as multiplier, regardless of any 
distinctions between abstract and concrete numbers 
(Chapter 3). In other words, they have learned that the 
multiplier and the multiplicand can be interchanged 
without affecting the value of the product. Indeed, they 
have been taught to interchange them as one of the 
checks em ployed in multiplication, if the two numbers 
do not differ greatly in the number of digits they con¬ 
tain. 

Multiplication of an integer by a decimal, then, 
should be treated along with multiplication of a decimal 
by an integer as simply another phase of the same gen¬ 
eral type of work. It is well to let the pupils understand 
at once that there are no new difficulties involved. The 
number of decimal places in the product will be the 
same as the number in the multiplier just as the num¬ 
ber in the product has been the same as the number in 
the multiplicand. If necessary, the procedure can be 
rationalized by reverting to common fractions as in the 
case of multiplication of a decimal by an integer. Thus 
.4 X 7 = yio X 7 = 28 /i(, = 2%o = 2.8. Examples for 
practice similar to those in Set 1 are easily prepared. 
The only difference will be that the decimal expression 
will occur in the multiplier instead of in the multipli¬ 
cand. 

In multiplying an integer by a decimal, it is well to 
review a principle which was emphasized in Chapter 6 
in the discussion of multiplication with common frac- 
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tions, viz., that multiplying a number by a fraction is 
equivalent to finding a part of that number. Thus, 

.2X12 = .2 of 12 = 2.4 
.7 X 8 = .7 of 8 = 5.6 
.4 of 20 = .4 X 20 = 8.0 
.15 of 25 = .15 X 25 = 3.75, etc. 

Multiplication of a decimal by a decimal. So far, the 
pupil has learned to solve examples in which either the 
multiplicand or the multiplier contained decimal frac¬ 
tions and he has learned that the number of decimal 
places in the product is the same as the number in the 
multiplicand or the number in the multiplier. But he 
has not learned how to solve examples in which both 
the multiplicand and the multiplier contain decimal 
fractions. 

The best approach to this third group of examples 
in multiplication with decimals seems to be through 
the medium of common fractions. The illustrative ex¬ 
amples which follow can be used in developing the 
subject before a class. In each case, a decimal example 
is stated and then solved as an example in common 
fractions. Finally, the decimal solution is performed. 


(fl) -3 .3 

.21 

(6) -3 .3 

A = ®/io X 8/io = %oo = -09 

.09 

(«?) -23 .23 

_j7 = %oX 23/100 = 16%000 = .161 .7 


.161 
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(d) .19 .19‘ 

.3 = 3/ioX 19/100 = 57/iooo =-067 .3, 

~W7 

(e) .03 .03. 

_;£=%o X %oo = Hooo = -909 ..3. 

.009 

(/) .37 .37' 

. .67 = 67/100 X 37/100 = = .2479 -67 

259 

222 

.2479 

is) .37 .37 

J3 = 23/100 X 37;loo= 9“yioooo = -0851 .23; 

111 

74 

.0851 

(h) .13 .13- 

.07 = 1^00 X i%oo = 9Vioooo = .0091 .07 

.0091 

(0 .03 .03 

.03 = %Qo X %oo = %oooo = .0009 .03 

.0009- 

0) 4.1 4.1 

9/10 X 4^0 = 999/100 = 36%oo = 3.69 .9 

3.69 

W 4.3 4.3 

23/10 x4s/io=98%oo=98eAoo=9.89 2.3 

129 

86 

9.89 

It will be seen that in both (a) and (6) tenths are 
multiplied by tenths but that in (6) it is necessary to 
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insert a zero in the product. In (c), (d). and (e) hun 
dredths are multiplied by tenths. In (c) there are no 
zeros in the product, in (d) there is one zero in the 
product, and in (e) there are two zeros in the product 

Examples (/), (g), (A), and (i) are alike in that in 
each hundredths are multiplied by hundredths. In (f) 
there are no zeros in the product but all possible num¬ 
bers of zeros are found in the products of (g), (h), and 
(i). In ( 7 ) a mixed number is multiplied by a fraction 
and in (k) a mixed number is multiplied by a mivpd 
J^^^ber. In eacli of these illustrative examples, the num¬ 
bers have been chosen so that reducing to lowest terms 
(or canceling) will not be possible. Of course, it is 
necessary that the denominator of the product shall al¬ 
ways be a power of 10 . 

Many more variations can be introduced in examples 
of this kind. We have not included thousandths in 
either the multiplicands or the multipliers. We have 
given but two examples involving decimal mixed num¬ 
bers and in neither of these is there more than one deci¬ 
mal place in the multiplicand or in the multiplier. 
However, enough illustrative examples have been given 
to show the pupil that w/ien a decimal is multiplied by 
a decimal the number of decimal places in the product 
is equal to the number in the multiplicand plus the 
number in the multiplier. 

Space will not be taken to present sets of practice 
examples in the multiplication of a decimal by a deci¬ 
mal. In preparing such material the teacher should in¬ 
dude the eleven types of examples which have been 
illustrated and should provide also for the multiplication 
of thousandths by tenths, thousandths by hundredths. 
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thousandths by thousandths, etc. Each of the first nine 
types should appear in mixed numbers as well as frac¬ 
tions alone. 


DIVISION WITH DECIMALS 

In Chapter 6, it was observed that division is the 
hardest of the four fundamental operations with com¬ 
mon fractions. Likewise, it is the hardest of the opera¬ 
tions with decimal fractions. Of course, the difficulty 
lies in locating the decimal point in the quotient. If 
this matter can be explained so that the pupils under¬ 
stand it and if a sufficient amount of the proper kind 
of practice is provided, pupils should be able to divide 
with decimal fractions as well as with integers. 

It is essential that the work be graded so that, so far 
as possible, but one difficulty is encountered at a time. 
A proper sequence of examples will do much toward 
making the subject easier for pupils to understand and 
learn. We shall use the same three major types of ex¬ 
amples that have been used in multiplication and divi¬ 
sion with common fractions and in multiplication with 
decimals. 

Division of a decimal by an integer. The process of 
division of a decimal by an integer may be rationalized 
by a method very similar to that used in rationalizing 
the process of multiplication of a decimal by an integer. 
If the pupil is to divide .8 by 4» for example, he should 
see that this is like dividing 8 by 4 except that the 8 
represents tenths instead of ones or units. Hence, divid¬ 
ing .8 by 4 is like dividing 8 apples by 4. The quotient, 
2, means 2 tenths just as the quotient is 2 apples if 8 
apples are divided by 4. Hence, .8 h- 4 = .2. 
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Common fractions may be used also to rationalize 
this process and to enable the pupil to decide where Z 
decimal point should be placed in the quotient Of 
course, we should begin with examples which do not 
have remainders. The more important steps are sum- 
marized in the following illustrations. 


(а) 35:r= Mo 8 =k» X Mo = .8 

(б) 7):9r= 0^00 -+■ 7 =^00 X iMoo = .18 7^^ 

(e) 7)~W= i%oo 7 = >^00 X Moo = -07 7)-5- 

(d) 7)r8Sr=a8%oog.+.7_jie^^Pij 

(«) Sj .117 = liMooo 3 =J«T5 ooo X = .039 35^ 

1 

(f) 3) .021 = %oo3 =.a^4ooo X Mooo = .007 3)^ 

(g) 9jTr= 8M0 H- 9 X Y= %0 = .7 gjer 

(h) 9) 1.89 = 18Mj„ ^ 9 = y = .21 gyO§ 

1 

Through examples such as these the pupils are led 
to discover that when the divisor is a whole number 
there are always just as many decimal places in the quo¬ 
tient as in the dividend and that it is sometimes neces- 
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sary to write zeros just after the decimal point in the 
quotient. 

In Chapter 3, it was suggested that in division with 
integers the pupil be taught to place each quotient figure 
directly above the last figure of the partial dividend 
being used. This is done in earlier years to help the 
pupil keep track of the dividend figures which have 
been used and to help him remember that sometimes he 
must place a zero in the quotient. Another reason for 
this orderly and systematic method of writing quotient 
figures will now be apparent. In dividing a decimal 
fraction or a decimal mixed number by an integer the 
point is placed in the quotient directly above the point 
in the dividend. Emphasis upon this matter will help 
the pupil to remember that he must place zeros in the 
quotient when they are needed there. 

In providing for further practice in division of deci¬ 
mals by integers, dividends which yield remainders 
should be chosen. Some of these will come out even, if 
the division is carried far enough, but others belong to 
the circulating type. It is well, in dealing with such 
examples to instruct pupils to carry the quotient to one, 
two, or three decimal places and to express the quotient 
to the nearest tenth, or hundredth, or thousandth. 

Pupils with more than ordinary native ability and 
liking for mathematics may enjoy working with circu¬ 
lating decimals as a recreation. A few children will be 
delighted with the cycles of digits which unroll before 
their eyes. The sevenths offer an interesting illustration. 
There are six digits in the cycle. Each of the sevenths 
which is a proper fraction is carried to 12 decimal places 
below, or through two cycles. Note that for each of 
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these fractions the sequence of digits is the same but 

that the sequence begins with a different digit in each 
case. 

All pupils should see that if we change to a decimal 
we get a never-ending series of 3’s; that % yields a per 
petual series of 6’s; that Ye gives us 1 as the first quo- 
tient figure and then an infinite number of 6’s- that 
% yields an 8 and limitless 3*s; etc. Changing ninths 
and elevenths to decimals will be an interesting diver¬ 
sion for pupils who enjoy this sort of thing. 

% = .142857 1 42857 
% = .2 85714285714 
% = .4 28571428571 
^^ = .57 1 42857 1 428 
6 /^ = .7 1428 67 1428 5 
% = .8 67 142857 142 

Examples for practice in the division of a decimal by 
an integer are given in Set 2. This set provides practice 
on a wide variety of examples. Divisors of one, two, 
and three digits are included. Dividends contain from 
one to five decimal places. Various forms of zero diffi¬ 
culties are included. 

Practice Examples in Decimal Fractions. Set 2 
Division of a Decimal by an Integer 

3^ 2 ^9 75~2r 9)“:65 3jl 

4yT8S 8) .162 6) .0614 4) 24.6 7 jjj 5 

dfeM ' 6j 12.13 25'271.1 8X54.28 5^1719 

48X138.04 97)1716.2 12X5lTr 8lX2l7M 
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59)'.289K 73) 41.427 27) 1.2922 66) 192.83 

3251105:6 46) 214.22 53)47l37 77) 5.3961 

85p73M 67) .40349 28) 25.374 95) .63037 

186) 1103.931 462)11:9542 554) 4038.26 738) 73261.6 

Division of an integer by a decimal. The teacher may 
begin with a very simple example, such as .3) 9, and have 
this example solved by the method of common fractions 
to determine what the quotient is. Thus, 

3 

.3r§ = 9 -f- 3^0 =^x 1^1'= 30. So, .3) 9 . 

A few more examples of the same kind—examples 
with one-digit divisors and no remainders—may be 
solved on the blackboard. These may be followed by 
examples having two-digit divisors and no remainders. 
The following examples are illustrative. 

3 30 


(0) J59'=9-i-%o=<@^X 1^=30 

.3^9" 

4 

40 

(b) .7)H= 28-»-%o=^X 1^=40 

1 

.7)28 

29 

290 

■(e) .sysf = 87-4-%o = ST'X W= 290 

1 

.3)87 

65 

550 

(d) .9ri55'=495-^%o=i^Xiy=550 

.9) 495 

2 

200 

(«) .13)26 = 26-^-i?4oo=^XtO^=200 

.13726"' 
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3 

(/) .? i 763 *= 63 -i- =0x 10 ^= 300 


(g) 


11 


. 11 ) 121 = 121 ■+. 1^00 =^S^x 1100 


-?iii6r 


1100 

•iiyrn- 


The solution of such examples should lead the nunii, 
to .ee that whan a whole number ia divided b, toff 
one aero mn.t be annexed to the qbotient; that wh^a 
whole number n divided by hundredth., two terti 
mmt he annexed to the quotient; etc. In other words 
»hen a whole number is divided by a decimal, as many 
term mus, be annexed to the quotient as there ail 
decimal places in the divisor. 

In Chapter 6 , it was emphasized that division by a 

stressing the measure¬ 
ment Idea of division. Thus, 4 -j- % = has more mean- 
mg when it is read, “How many halves in 4 ?” This same 
Idea helps in making meaningful the division of an 
integCT by a decimal fraction. Thus. .iW suggests the 
question. ‘ How many tenths in 6 ?" Obviouslyf the an¬ 
swer to this question can not be 6 . Since there are 10 
tenths in 1 , there must be 60 tenths in 6 . Hence, 

.1)6 . Likewise, .2)8 suggests the question, "How 
many .2 s in 8 ?" Of course, there are four 2’s in 8 . But 
there are five . 2 ’s in 1 ; therefore, there are forty . 2 ’s in 

8. Hence, .2)T“. 

Another principle which was learned in dividing by 
a common fraction should be reviewed here also, viz., 
when the divisor is less than one the quotient is larger 
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than the dividend. The pupil should examine the il¬ 
lustrative examples which have been given with this in 
He will observe that in each case the divisor is 
less one and that the quotient is larger than the 
dividend. 

Additional illustrative examples in which there may 
be zeros immediately following the decimal point in 
the divisor should be given. The following is typical. 

5 500 

.03)1^= IS sAoo X 109 ^ = 500 .03) 15 

Then, decimal mixed numbers should be used as di¬ 
visors. 

3 30 

1.3r35'= 39 -i- 1%0 = 39 l94o = 33'x 30 1.3) 39 

1 

The pupil sees that what he has learned holds true, 
that when a whole number is divided by a decimal as 
many zeros must be annexed to the quotient as there 
are decimal places in the divisor. 

Further confidence in the accuracy of the newly 
learned procedure may be induced by employing mul¬ 
tiplication as a check. The pupil knows that he 
should obtain the dividend by multiplying the di¬ 
visor by the quotient. He also knows how to point 
off the product when a decimal has been multiplied 
by an integer. Thus, if 375 has been divided by 12.5 
and the quotient, 30, has been obtained, it is readily 
seen that 30 X 12.5 = 375. But the product of 3 and 
12.5 is only 37.5. 

But after all, the best check is the check of common 
sense. In the same example, for instance, the pupil 
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should be taught to think after dividing. "How ™ 
12's in 375? There are more than 3 , Jthree^ 
36. There couldn't be 300, for 300 X 12 = 3600 
answer must be 30.'* Then it is obsewed 
that 30 X 12 = 360, which is almost 375 . 

Likewise, in the accompanying example 
the pupil should think, "37 can’t be right 
because 4 X 37 = 148. The answer must 
be 370.’’ Pupils do not use this check, the 
check of common sense, as much as they —- 

should. They may forget rules for locating the decimal 
point, ^though if the matter is explained so that they 
ran understand It there seems to be less chance of their 
forgetting but if they are taught to inspect their work 
and to ask themselves. "Is the answer a sensible an 
wer? many of the ludicrous blunders which they 
‘i^vision with decimals should be avoided. 

The pupils should proceed next to examples yieldinir 
remainders. At first, these remainders may be those 
which cause the examples to come out even if one or 
more zeros are annexed to the dividend. Then those 
producing non-terminating decimals may be included, 
man y, pupils should be instructed to express the 

^ hundredth or the nearest thou- 

sandth. The following examples are typical. 


(а) .2) 7 =- 7 -r- %o — 7 X — T 

( б ) .2iJT— 9 ^ _ 9 ^ xo^ 

(c) . 45 T— 5 5 , 


35 

% — 35 . 2 ) 7:0 

45 

— 45 .2) 9.0 

12.5 

— 12.5 .451:0() 
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3.75 

(d) .8)T= 3 - 3 X 1% - = 3.75 .8) 3.000 

23.33 

(e) .SJT- 7 -J- %o = 7 X - Wa = 23.33 .3) 7.000 

8.57 

(/) .776 =-6^7Xo = 6 X "%-«%-8.57 .77O00 

From his experience with such examples the pupil 
discovers that he can place a decimal point after the 
last digit of the dividend and annex as many zeros as 
there are decimal places in the divisor without having 
decimal places in the quotient, but that for every addi¬ 
tional zero that he annexes to tlie dividend he will have 
a decimal place in the quotient. Thus, in examples (a) 
and {b) we annex one zero to the dividend and have no 
decimal places in the quotient. But in example (c) we 
annex two zeros to the dividend and, therefore, have 
one decimal place in the quotient. Likewise, in example 
(d) we annex three zeros to the dividend and have two 
decimal places in the quotient. In examples (e) and 
(f) we can annex as many zeros to the dividend as we 
please but the quotient will never come out even. We 
have annexed three zeros to the dividend in each of 
these examples and have two decimal places in the quo¬ 
tient. The pupil should further verify the correctness 
of these solutions by multiplying the quotient by the 
divisor and adding in the remainder, if any, to secure 
the dividend. 

Examples in which there are two or three digits in 
either divisor or dividend or both will be used for 
further practice. In some cases the divisor should be a 
decimal mixed number. 
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There should be much practice in dividine into 
by decimals, particularly with dividends which vield^r 
mainders, for this latter type paves the way to the divt 
Sion of a decimal by a decimal. It is not necessary u?: 
space for sets of practice examples for the teaser can 
easily prepare them. Each of the types which has been 
illustrated or described in this section should occur 
several times. 

Division of a decimal by a decimal. The most difficult 
examples m division with decimals occur when there 
are decimal fractions in both the divisor and the dii^! 
dend. Of course, the difficulty lies in deciding where 
to place the decimal point in the quotient, since pupih 
already know how to divide and they have had ex- 
perience m annexing zeros to the dividend. It is easy 
to hand the pupils ready-made rules, such as, "The 
number of decimal places in the dividend minus the 

^f 

nltrp • i- ^ number of decimal 

™ dividend, annex zeros 
until the number of places in the dividend equals the 
number in the divisor." PupHs learn such rules readily 
nough and the immediate results are likely to be grati¬ 
fying. But the results of such instruction are not likely 
to be permanent. Pupils have an annoying way of for¬ 
getting lules, especially rules which have been learned 
y rote. And if they forget a rule whose origin is obscure 
to them, they are helpless. They will probably guess and 
they may guess wrong. 

If instruction in decimals is to be based upon the 

locating decimal points will 
covere by the pupils through experiences which 
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they understand. Again, it should be emphasized that 
although skill in arithmetic is worthwhile it is. less to 
be desired than skill with understanding for the latter 
has the advantage of being far more educative. 

Again, the best approach seems to be through the me¬ 
dium of common fractions. A few illustrative examples 


will be helpful. 


(a) . 2 yT=^o-^-%,=^X;iV =8 

2 

jiyr 

2 1 

(6) .25:0? = iioo %o =Ss<f %o = -8 

10 1 

.2 

(e) .2^5? = %ooo %o =^oe(rX>^= %oo = -02 

100 1 

p lo 

(<i) .02) .1I04 = ^000 %oo X 9io = •2 

10 1 

.2 

.02^504 

(<r) .02ro5' = Hoo %oo X 2 

2 

.02) .04 


1 1 


The teacher will review the fact that in multiplication 
with decimals the number of decimal places in the prod¬ 
uct is equal to the number in the multiplicand plus the 
number in the multiplier. Then, since division is 
checked by multiplication and the dividend is equal 
to the divisor times the quotient, the number of deci¬ 
mal places in the dividend must be equal to the number 
in the divisor plus the number in the quotient. So, the 
number of decimal places in the quotient must be the 
number in the dividend less the number in the divisor. 
The teacher will develop these points while making fre- 
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quent reference to the illustrative examples which 
been worked out on the blackboard. ^ ^ ^ ' 

The first examples which are given to nuniU t 
pracric Aould have no remaind^. "o 

tte a^mon of ^ to the dividend*. After papS 
have become proficient in solving such relatively sirnnk 
and easy examples, the difficulty of the practice LSl 
should be gradually increased. Special attention should 
be given to those examples in which the number of 

fn ^^ “umber 

in the dividend. Pupils have had an introduction to 
^mples of this type when they learned to divide in¬ 
tegers by decimal fractions. When examples yielding 
remainders have been introduced, pupils should be in^ 
^tucted as to how far the division is to be carrieS. 
Thereafter, most of the examples should yield remain- 

uCToa 

Practice Examples in Decimals, Set 3, illustrate the 

InH examples may take. The divisors 

and dividends have one. two. and three decimal places 
and occur boA as pure decimals and as decimal mixed 
numbers. A few cases of division of a decimal by an 
!n of division of an integer by a decimal are 

included in this set. The examples of this set are il- 
lustrative only. Additional examples of each type should 
be prepared and used. 

Each of the types of examples which have been de¬ 
scribed and illustrated should be represented in mis¬ 
cellaneous sets of examples. Miscellaneous examples 
constitute the real test of a pupil's ability to solve ex¬ 
amples in division with decimal fractions. Here he must 
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be able to recognize the various types as he meets them 
and to decide in each case where the decimal point 
should be placed in the quotient. 

When pupils hesitate or make errors in placing the 
decimal point the fundamental principle. Divisor X 
Quotient = Dividend^ should be recalled and from this 
the rule for locating the decimal point should be de¬ 
rived. This rule may take either of two forms— The 
number of decimal places in the divisor plus the num¬ 
ber in the quotient equals the number in the dividend, 
or The number of decimal places in the dividend minus 
the number in the divisor equals the number in the 
quotient. In either case, they must see that if the number 
of decimal places in the divisor exceeds the number in 
the dividend, zeros must be annexed to the dividend to 

Practice Exampijs in Decimais. Set 3 


Division of a Decimal by a Decimal 


.syr 

.4)Ti2 

.8) .344 

.077337 

.ospgF 

.oey^" 

.oogysl 

.272T 

.4yTT3 

.osyze 

.8) 65.3 

.osyToF 

.12) 1.44 

.15) .225 

.25) 62.5 

.44) 2.948 

.042) .3187 

.02771® 

.143) .6279’ 

.568) 20.437 

2.3755' 

7.4)345.6 

16.5) 32.74 

2.14) 38.91 

9.04) 48.56 

21.8)6.753' 

2 .oi 7 Tr 

3.19) 264.6 
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make good the discrepancy. Pupils should understand 
and use the rule given; they should not be asked to 
cite It verbatim. ^ 

Devices for locating the decimal point. Various dp 
vices for locating the decimal point in the quotient are 
used. There are two whicli, with minor variations are 
most common. They are: ' 

• decimal point 

in the dividend as many places as there are decimal 

places in ^e divisor. Now put the decimal point in the 

quotient directly above this position. Annex zeros if 
necessary. 

2. Multiply the divisor by 10. 100. 1000. or whatever 
IS required to change it to a whole number. Multiply 
the dividend by the same number and divide. 

The dispute as to which is the better device usually 
waxes strongest among those who supply pupils with 
a ready-made rule for pointing off the quotLt and 
who supply no explanation of the origin of the rule. No 
device should be used untU pupils have learned why the 
point IS placed where it is and until they have prac- 
ised enough to be able to locate the point with assur¬ 
ance without the aid of a device. The former device 
has ^ advantage in that the numbers used as divisor 
and dividend are not changed from their original form 
and m that it is, after all, but a variation of the prin¬ 
ciple that the number of decimal places in the divisor 
plus the number in the quotient must equal the num- 
- ^ ividend. The latter has a slight advantage 

n at It ipakes all examples uniform to the extent that 
the divisor IS always an integer. If the pupils understand 
nd use the principle that Divisor x Quotient = Divi- 
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dend, if they check their solutions by multiplication, 
and if they inspect each quotient to see that it is a 
sensible one, they are likely to obtain correct results. 
And if the results are correct and the procedure is un¬ 
derstood, it matters little what trick or device is used to 
enable one to tell where the point goes. 

Tests in multiplication and division with decimals. 
Long examples in multiplication or division with deci¬ 
mals when used as tests fail in their purpose because 


they involve much multiplication or di¬ 
vision and few decimals. The example jy g 

shown, for instance, may require min- 4 . 21 ) 75.632 
utes for the operation of division but 421 

only seconds for locating the decimal 3353 ' 

point in the quotient. Manifestly, if we 2947 

wish to test the pupil’s ability to solve 4062 

examples in division with decimals we S789 

obscure the issue by requiring from him 273 

an exorbitant amount of long division. 


For this reason, it seems best to follow Monroe’s sug¬ 
gestion for testing pupils’ ability in multiplication and 
division with decimals. He supplies the products and 
quotients on a printed test paper and simply requires 
pupils to insert the decimal points in the proper places.* 
A caution is in order in connection with the use of 
the Monroe tests or similar tests, however. The time 
allowance is always very brief on account of the simple 
nature of the task required. The first time a pupil takes 
such a test, he will probably consume a considerable 
proportion of his brief time allowance getting oriented, 


* Monroe, Walter Scott. Afearuring the Results of Teaching, Boston: 
Houghton Mifflin Company, 1918, pp. 115-116. 
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getting started on the items of the test The 
akM tht tt.t, however, he knows betto witr '™'‘" 
prompdy, and usually urates aH“L to T' 
The gam is clearly more apparent than real Thp 
has found that the first application of 
likely to yield a very inadequate measure of^e duo i“ 
ability in multiplication or division with rl ^*1* 
especially if only a small amount of time 
^eerns to be better to increase consTdSv thl 
of time allowed on such tests for speed in 
decimal points is not very important.^ 

1 and review exercises 

1. Why are deamal fractions called ''decimal” frarn j 

If our number system were a duodp,?™^ fractions? 
would the number 4.1 “ d"odeo.nud sysunu wh* 

2. Some persons recommend that verv little ntterse- u 
given to common fractions except 2 

Do yeu behove tor'^b who^S htTve^ 

-o„, ^ d^m^mr^Mcutr-' “ 

to^tl,r^tL^'’rf d «»nwt.er to make to to. eppmni 

.ppnS:'h“s^r 

s' integers decimal numbers? 

of notoS.llL'toi't.oh'^d''' ”” “f"" 

doduwl P>-« uSuLISr toTeeSl*^!^^ 
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hundredths, and that three decimal places mean thou- 
sanths? Why? 

7. Which is more important, the ability to read decimals 
or the ability to write them from dictation? Why? 

8. Where should the word "and” be used in reading 
numbers? Are there any exceptions? 

9. Is it better for a pupil to read .305 as “point, three, 
zero, five" or “point, three, O, five?” Why? 

10. Do pupils in the primary grades ordinarily have any 
experience in reading decimal mixed numbers? 

11. What new things does a pupil have to learn about 
the function of zeros when he learns decimal fractions? 

12. Is there any difference between the meaning of .67 
and .670? If so, what is the difference? 

13. Under what circumstances would you recommend 
that common fractions be converted to decimal fractions 
and under what circumstances would you have them left, 
in common fraction form? 

14. How would you teach pupils to change common 
fractions to decimal fractions? 

15. Do you believe that the average individual uses 
decimal fractions as much as he should? How may a 
teacher encourage a greater use of decimals? 

16. What common fractions would you include in a list 
for which pupils are to memorize decimal equivalents? 
How soon after they begin the study of decimals would 
you have the pupils memorize these equivalents? 

17. According to Brueckner, what are the commonest 
errors which pupils make in decimal fractions? 

18. What is there new or difficult for the pupils in learn¬ 
ing to add decimals? Why do you think pupils sometimes 
obtain .13 as the sum of A, .4, and .5? 

19. Where does the greatest difficulty lie in learning sub" 
traction of decimals? 
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20. What advantage may pupils gain from . . 

mangmg sene* <,( decimal ” 

• rationalise the (act that if a T- 

IS mulnphed by an integfer there are as LI 
place, m Use preduct a. in the mnldpliLT 

22. How would you rationalize the (act that i(• 

I. nmltiphed by a decimal there are as L„, i • 

m the product as in the mnlUplier? Do yJu st”w„'''“ 
to rationalize this? ^ 

23. Summarize the advantae’es in Jam..: 
the similarity between multiphcation of d”^- 
and mu^plication of 

24. Why does it seem best to begin the studv nf .i- ■ • 

-SttS.“5 

rS^r3s“bns'.e‘,i^ 

decimals? ^ ^ deamals are divided by 

pctotr^tr ‘he decim.1 

deXsT ^ raake o( dtese 

inUIpuLC ■«>■ 

h there in the use o( thi,‘S oiL.^™*' ^ 
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For each of these items select the best answer. A scoring 
key will be found on page 534. 

1. A decimal fraction is one whose denominator is (1) 
10 (2) a power of 10 (3) a multiple of 10. 

2. The word “and" should be used to separate the whole 
number from the fraction when reading (1) common frac¬ 
tions (2) decimal fractions (3) both common and decimal 
fractions. 

3. Moving the decimal point one place to the right (1) 
multiplies the number by 10 (2) divides the number by 
10 (3) increases the number by 10. 

4. The number .4603 is read (1) four thousand six 

hundred three ten thousandths (2) four thousand six 

hundred three tens thousandths (3) four thousand six 

hundred and three ten thousandths. 

' S. In studying decimal fractions, the pupils should use 

(1) the approach through common fractions only (2) the 
approach dirough our decimal system of notation only 
(3) both the approach through common fractions and 
the approach through the system of notation. 

6. The ability to write decimal fractions from dictation 
compared with the ability to read them is (1) more im¬ 
portant (2) less important (3) equally important. 

7. If is changed to a three-place decimal, the correct 
answer is (1) .667 (2) .666 (3) .067. 

8. Brueckner found the largest number of errors in 
decimals in (1) addition (2) multiplication (3) division. 

9. Brueckner found the fewest errors in (1) subtraction 

(2) multiplication (3) division. 

10. If a pupil obtains .15 as the sum of .6, .7, and .2, the 
teacher should (1) correct his mistake (2) have him 
check his answer by using common fractions (3) tell him 
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that the number of dedmal places in the sun, 
greater than the greatest nuLer i„ the addend 

11. The rule for pointing off the product in n„’u' ,• 
tion with decimals ( 1 ) should be memorized 

before they solve any examples ( 2 ) should be^ 
by pupils tliemselves (3) should be stated by 
after illustrative examples have been solved 

12. To show the product of tenths by tenths, the fint 

illustrative example may well be ( 1 ) ^4 9 /■., J'! 

13. If the multiplication of thousandthj by thTu aidi 

IS to be illustrated with common fraction/ 
of aiu.tt.tiy« «ample. Aould be (1) l m 'jT ^ 

K ^ With' IS t 

(1) division of a decimal by an intecer / 9 \ ■ 

w «^^oro”'atraTei 

ts. When there ie a remainder in dividon and teZ; 

hund^th (,) n»fL^' 

ari bm^ZZ 9'““'“ 

Of co/mT ? ^ repeating the work by the method 

.. ieTZ?„^r"' ® ‘“'“■‘"K lie anrier to me if 
(») employing mnltiplieadon <n , 

ta£'^?* »<>«;hent and decide whether it is true o, 
false. The scoring key will be found on page 534. 

a deci/S/raS°" expressed exactly as 

a c!n^''oJ?'fracti”^ expressed exactly as 

studv Vh! 

fractions. fracUons be through related common 
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20. Reading numbers representing amounts of money 
supplies most pupils with their first experiences in read¬ 
ing decimal mixed numbers. 

21. Arithmetically, .4 = .40. 

22. If a carefully made measurement is reported to be 
0.016 in., the true measurement may be as much as 0.0164 
in. 

23. The typical individual uses decimal fractions more 
than he should. 

24. The recommended list of common fractions whose 
decimal equivalents are to be memorized included the 
fraction, % 2 - 

25. Pupils eventually should memorize the fact that three 
decimal places mean thousandths. 

26. If a decimal is multiplied by the «th power of 10, 
the decimal point is moved n places to the right. 

27. The number of major classes of examples recognized 
in division with decimals is greater than the number of 
classes recognized in multiplication. 

28. If a decimal is divided by an integer and the quo¬ 
tient figures are correctly placed, the decimal point in the 
quotient will be directly above the decimal point in the 
dividend. 

29. Circulating decimals will come out even if the di¬ 
vision is carried far enough. 

30. All pupils should study extensively the subject of 
circulating decimals. 

31. In teaching the division of an integer by a decimal, 
the partition idea of division should be emphasized. 

32. Devices for locating the decimal point should be 
introduced early in the pupil’s experience in division with 
decimals, 
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CHAPTER 8 


THE ELEMENTS OF PERCENTAGE 

A story is told to the effect that one of th. . 
legislatures was debating a bill which proli^d S 

c^Tof th issued unless 80 

Mr. Speaker. I protest. This bill will cut out my counJ 
ennrely for there ain't that many people in the Jo3 
A line coach at one of the large state universities was 
discussing the troubles of a coach in building ZZ 
football team. 'Last spring." he said, "we had^23 men 
out for spring practice. This fall only eight of them 

rorca^fbSMn ‘ “ " 

you can t build a football team that way." 

^ These incidents suggest that persons in high places 
may have a very inadequate understanding^ of per- 
centage. There are those who conclude that percentage 

it persons do not under- 

^ well taught, percentage is not diffi- 

t "latter of 

pe centage is neither new nor difficult for those who 

know and understand common and decimal fractions. 

been known as fractions, 
usually as decimal fractions, are dressed up in new 
clothes, as it were. Per cent means hundredths. Thus. 

.14= 14 hundredths = 14 per cent 
.62 = 62 hundredths = 62 per cent 
.06 = 6 hundredths = 6 per cent 
366 
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In spite of the fact that percentage is not new and 
should not be difficult, it is often observed that pupils 
do have difficulty with the subject. There seem to be 
two chief reasons for this. 

First, pupils undertake to study percentage without 
an adequate understanding of the underlying fraction 
ideas. Pupils who do not understand common fractions 
well move on to the study of decimal fractions. They 
learn a little of decimals, largely by rote, and then try 
percentage. Naturally, percentage is meaningless to 
them. We have here a striking illustration of the dis¬ 
astrous effects of a method of instruction which is 
based upon the drill theory. If teaching has proceeded 
according to the standards of the meaning theory, per¬ 
centage should be relatively easy. 

Secondly, percentage is sometimes taught in such a way 
as to increase instead of diminish the difficulty of the 
subject for the pupils. Teachers make their initial ex¬ 
planations as if the idea involved were entirely new to 
the pupils. Instead of stressing the fact that percentage 
is merely a new word for an idea with which the pupils 
are already familiar, they present both the word and 
the idea as if they were new. Furthermore, early efforts 
at formal definitions becloud the issue especially when 
an effort is made to define per cent in terms of its Latin 
origin. Textbooks also contribute to the difficulty. One 
textbook begins the explanation of the subject as fol¬ 
lows: 

Per cent means "by the hundred.” The expression is 
an abbreviation of the Latin per centum. 

This explanation is not only hard for children to under¬ 
stand but also it is actually misleading. Per cent does 
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not mean “by the hundred” whatever th. r. . 
ing of the Latin words from which the exnr? 
derived. Furthermore, children in the 
seventh grade neither know nor care 
origm of our English words. Such etvm'’ 1 
cursions may be both interestino- ex- 

4e teacher (it the teacher h« ied 
hare no place in the training of the onnS^a k '' 

^detatanding “ 

mad 'ha “aaning of "p^TeS-i 

made clear to the nunih ai- ^ 

•tidy of the subject. To make MX 

•o inform pupil! that btSts m^Md ' 

Thus. „hen rs^e'dSt" Mdf 

cent of his stock of shoes during hisX L E" 

lot at a prt^fit ofkt. ’c *tMe T “““ “ 
cen'wXrMLS^“--V'pet 

show the dos^rdat-^ Percentage are planned so as to 

the transition from fracdons^r'°”'' 
quickly. On the other hand if 

as a new subject with litrt' ^ is presented 

uject with little, or no effort to show the 



the four fundamental processes 369 

intimate relationship existing between it and decimal 
fractions (and, less directly, between it and common 
fractions) pupils may be expected to master it slowly 
and with difficulty, i£ they master it at all. Realizing that 
percentage is an extremely important subject and that 
it is one which finds many applications in social and 
business affairs, many teachers make their first lessons 
in this subject both formal and formidable. It is much 
better to plan the first lessons so as to encourage the 
pupils to believe that they are merely learning a. new 
way to express that which they already know. 

The four fundamental processes. There are four 
fundamental processes in percentage with which pupils 
should become well acquainted. These processes are 
used when percentage is applied to problem situations. 
The processes are: 

1. Changing decimal fractions to per cents 

2. Changing per cents to decimal fractions 

3. Changing common fractions to per cents 

4. Changing per cents to common fractions 

Changing decimal fractions to per cents. First, pupils 
should have* practice in changing decimal fractions to 
per cents. This should not be difficult if per cent has 
been defined as merely another word for hundredths. 
Pupils should be taught first to express decimal fractions 
as hundredths and then as per cents. The symbol, %, 
should be introduced at this time. The first exercises 
should be easy cases of two-place decimals. After writing 
on the blackboard two or three illustrative examples 
in the form shown on page 370, the teacher may assign 
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other examples for the pupils to write out in 
manner. the same 

.16 = 15 hundredths = 15 per cent = 15 ^ 
n« ^ hutidredths = 75 per cent == S 

■06= 6 hundredths = 6 per cent = 6% 

One-place decimals may be used next. The 
examples are illustrative. 

8 - sn ^ = 50 per cent == 

.1 = .10 =^10 hundredths = 10 per cent = 

Next, the more troublesome case of thm.. 1 

he place of two decimal places Then the teJL 

-y .how .h,t il th. decimal L 

by movinl th hundredths 

by moving the point two places to the right. Thus, 

= 42.5 per cent = 42 . 5 % 

.375 = 37 5 = 62.6% 

.042— 4 9 —37.5 per cent = 37.6% 

018— 1 « ~ 4.2 per cent = 4.2% 

004 Z = 1.8 per cent = 1 . 8 % 

• 04 _ .4 hundredths = .4 per cent = .4% 

J'S on’f^.^'Lfr' a. .4% 

A. pupils practise in *e miong o£ these per cent 
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equivalents, they will learn gradually to abbreviate the 
form o£ expression which we have been using, elimi¬ 
nating first one step and then two steps. Thus, they will 
write, .425 = 42.5 hundredths = 42.5% and finally, 
.425 = 42.5%. Then, miscellaneous decimal fractions 
will be written directly as per cents, as follows: 

.45 = 45% .50 = 50% .125=12.5% 

.6 =60% .05= 5% .083 = 8.3% 

.03= 3% .37 = 37% .005= .5% 

Four-place decimals may be used also but these are of 
less practical value and should be considered later. 

Changing per cents to decimal fractions. When pupds 
have become proficient in changing decimal fractions 
to per cents they should not find it diflicult to learn 
to reverse the process and change per cents to decimal 
fractions. The following examples will illustrate some 
of the various types which should be included in sets 
of practice exercises. 

25% = .25 

16% = .16 ■ 

5% = ..05 : 

82% = .82 

Pupils will remember that per cent means hundredths 
and will see, then, that if the per cent sign is removed, 
two decimal places must be pointed oflE. If the per cent 
expression already has a decimal point, the removal of 
the per cent sign means that this point must be moved 
two places to the left. 

Per cents expressed in the form of common fraction 


37.5% = .375 
28.3% = .283 
4.5% = .045 
5.3% = .053 
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mixed numbers may be introduced at fln’o • 
per cenu are changed to decimal, die 


s;4% = .051/^ _ 055 

yiy^Jo = . 37 ^ — ,375 

4 ^ 4 % = . 04 % = .0425 
3 %% = . 03 % =- .0375 


In the event that a fraction yields a rirml,*- 
~i^ti„g dechnal. pJpuf^’Sr Z 
practice of expressing the decimal to the nearest T, 
Thl ' discarding the fractional remainder! 


33 %% =. 33 % = .3333 
16 %% = . 16 % _ .1667 
66 %% = . 66 % = .6667 


Changing common fractions to per cents. In chant 

m Z'T wu wmltS 

In the nreL r 

length the chapter we have discussed at some 

Sns bu^ decimal 

theirresul^r “dicated that pupils will express 

Sedths The thousandths, etc., as well as L- 

ation is th f' ® 0”ly novel phase of the present situ- 

exnresspH ^ common fractions are to be 

hundredths! cent means 

thf"bl2kh^"T‘'''! should be placed upon 

typicS The following are 
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:I4 = .50 = 50% 
= .25 = 25% 
8/^ = .75 = 75% 
y. = .20 = 20% 
% = .40 = 40% 

yio = .10=10% 


Va = .331/3 = 33 y 3 % 
% = .16% = 16%% 
% = -83% = 83y3% 
% = . 66 % = 66 %% 
yg = .I2y2 = I2y2% 

%2 = -08y8= 8y3% 


There are certain points which should be emphasized 
in changing common fractions to per cents. In the first 
place, it is sometimes necessary to write a 0 as the last 
decimal figure. Thus, % = .50 = 50%. Heretofore, 
pupils have been accustomed to writing % = .5 but 
not % = .50. But per cent means hundredths, so we 
must always have two decimal places. 

In the second place, in changing common fractions to 
hundredths we frequently have a fractional remainder 
left after two decimal places have been written. Thus, 
y^ = .12% = 12%%. The pupils have been accustomed 
to writing % = .126 but not % = .12%. Again, a pupil 
must remember that he should always have two decimal 
places. Of course, he can write % = .125 = 12.5% but 
12%% is a more common form of expression than 
12.5%. However, a pupil should be made acquainted 
with both of these forms for both are used. 

In the preceding chapter, we recommended that 
pupils memorize the decimal equivalents of certain 
common fractions of frequent occurrence. This list 
should be reviewed now and the per cent equivalent of 
each of the common fractions should be well fixed in 
memory. When expressed as per cents or as cents these 
fractions are frequently called aliquot parts. The mini¬ 
mum list to be memorized follows. We give for each 
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fraction not only the per cent equivalent but also 
number of cents in that fractional part of a dollar ^ 


% = 50% 

% = 33%% 
%= 66 %% 
^4=26% 

% = '75% 

% = 20% 

% = 40% 

% = 60% 

% = 80% 
y6 = 16%% 

6/e = 83%% 
% = 12 %% 
% = 37%% 
% = 62%% 
% = 87%% 
%o = 10% 
%o = 30% 

%o = 70% 

%o = 


% of a dollar = 50 cents 

% of a dollar = 33% cents 

% of a dollar = 66% cents 
% of a dollar = 25 cents 
% of a dollar = 75 cents 
% of a dollar = 20 cents 
% of a dollar = 40 cents 
% of a dollar = 60 cents 
% of a dollar = 80 cents 
% of a dollar = 16% cents 
% of a dollar = 83% cents 
% of a dollar = 12% cents 
% of a dollar = 37% cents 
% of a dollar = 62% cents 
% of a dollar = 87% cents 
%o of 3 dollar = 10 cents 
%.o of a dollar = 30 cents 
%o of a dollar = 70 cents 
%0 of a dollar = 90 cents 
While these aliquot parts of one hundred per cent 
or of a dollar are receiving practice it is well to review 
certain fractions which have been omitted from this list 
reduced to lowest terms, each becomes 
one of the fractions which has been included. These 
tractions, with their equivalents, are: 


% = % 
% = % 
% = % 
% = % 


% = y4 

y8 = y2 
% = % 
%0 = % 


^0 = % 
yio = % 
%0 = % 
%0~% 
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A valuable form of oral practice consists of having the 
pupils count to 100 per cent (or to 1) by using these 
fractional parts, such as sixths or eighths. Thus, if a 
pupil counts to 100 per cent by sixths, he will say, 16% 
per cent, 33% per cent, 50 per cent, 66% per cent, 83% 
per cent, 100 per cent. Using eighths, he will say, 12% 
per cent, 25 per cent, 37% per cent, 50 per cent, 62% 
per cent, 75 per cent, 87% per cent, 100 per cent. This 
exercise is difficult at first but when practised it helps 
pupils to remember the more difficult of these aliquot 
parts. They should begin with fourths, fifths, and tenths 
since these are very much easier. 

Changing per cents to common fractions. The fourth 
and last of the fundamental processes of percentage with 
which pupils should be made acquainted in order that 
they may know and understand percentage better is 
changing per cents to common fractions. Since this is 
simply the reverse of the procedure discussed in the 
preceding section, it should not be difficult for pupils to 
learn and understand. They first write the decimal 
equivalent of the percentage form, then change this 
decimal fraction to a common fraction and, finally, 
reduce the common fraction to lowest terms. A few 
blackboard illustrations will make clear what is to be 
done. 


50% = .50 = 50/^00 = % 
25% = .25 = = % 

40% = .40 = 40^00 = % 
4% = .04 = %oo = %6 
1% = .01= %oo 
15% = .15 = i%oo = %o 
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64% = .64 = ^ 

31% = .31 = 

Pupils should be provided with several examnU i: 
practice. Examples like these not only help puni] ? 
understand percentage but also they provfde ^ tl ° 
able review o£ previous work in LLJng deJi 
fractions to common fractions and in redu^f coll 
fractions to lowest terms. ^ “tmon 

All of the fractions used in the li«i- . 

should be toeluded in d.e M 

121^% = .1214 = .125 = 1SK.„„ = 14 

3714% = .37^ ^ . 3,5 ^ = %,'etc. 

The for™. 3314%, 66%%, I6%%, and 8314% do not 

-H T; ' “ ‘reatment and are 

conaidembly more difficult. 0£ course, we can write, 

3814% = .3314 = = 1004 _ 14 

slmulH^*^ complex fraction forms are more unusual and 
ould come later. Since the pupil should know the frac- 

by this time, he 

should write simply, 

33^% = ,331/g = % 

66%% = .66% = % 

16%% = .16% = % 

“‘”'%=.83% = 6/e 
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The more unusual forms, such as 55%%, 85%%, etc., 

_forms which belong to the non-terminating decimal 

type and which have not been included in the list of 
aliquot parts—should not be given for conversion to 
common fractions until the pupils have had consider¬ 
able practice with complex fractions, if they are given 
at all. (These per cents are equal to % and %, respec¬ 
tively.) 

After several days spent in practice on these four 
fundamental processes, pupils should have sufficient 
understanding of the meaning of percentage to enable 
t liPTn to take up the various cases and to solve the 
simpler problems involving the use of percentage. 

Per cents greater than one hundred. Pupils fre¬ 
quently have difficulty with per cents greater than 100. 
Ordinarily, most of their practice is with per cents less 
than 100, frequently less than 50, and, as a consequence, 
they have no ready means of interpreting per cents 
greater than 100 when they are encountered. They are 
frequently told that 100 per cent of anything is all of it; 
naturally, then, more than 100% is not meaningful.^ 
Per cents over 100 may be used with each of the four 
fundamental processes which have been discussed in the 
preceding pages. The following examples will suggest 
the kinds which may be used for illustrations and for 
practice. 

1.75 = 175 hundredths = 175 per cent = 175% 

2.5 = 250 hundredths = 250 per cent = 250% 

4 = 400 hundredths = 400 per cent = 400% 

1 = 100 hundredths = 100 per cent = 100% 


^ Cf. Thorndike, Edward Lee. The New Methods in Arithmetic. 
Chicago; Rand McNally and Company. 1921. p. 1&5. 
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115^0 = 115 hundredths = 1.15 
150% = 150 hundredths = 1.50 — 1 e 
200 fo = 200 hundredths = 2.00 — 2 
500% = 500 hundredths =; 5.00 = 5 


^ hundredths =125% 

r ~ hundredths = 160 % 

^ hundredths = 260 % 

% — 1,376 = 137.5 hundredths = 137 . 5 % 

125% = 125 hundredths = 1.25 — 11/ 
hundredths = 2.5 = 2V 
~ hundredths = 1.33U =:^iu 
137%% — 187% hundredths = 1.875 = 1 % 

T.'”™ i» W 

tlie^#.v • pupils understand well wha 

^^pr«,.om mean; then they may be expmned nm 

To add farther to the papUs’ undeistanding of pe 
Her problem, in which 

For example, cemi. 
which more than double theii 

CTeases^ 1 ^“ 1 “nt in- 

in a ^ building lot 

times armLh'^^'^ community is worth today three 

much as Ms V ^ “ 

more than , brother, he weighs 100 per cent 

can bXngVr*“ 

th^'ty’^Tof*"” ”* Porcentage. There are 

yp of percentage problems. Usually, these are 
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called, Case I, Case II, and Case III. The three types 
may be illustrated by examples. 

1. What is 6% of J200? (Case I) 

2. |12 is what per cent of $200? (Case II) 

3. $12 is 6% of what amount? (Case III) 

It will be seen that three items are involved in these 
examples. They are: (1) the base, here $200; (2) the 
rate, here 6%; and (3) the percentage, here $12. In 
each case, two of these three are given and the third is 
to be found. When the percentage is to be found. Case I 
is used; when the rate is to be found. Case II is used; 
and when the base is to be found. Case III is used. 

The first of these three types occurs very frequently 
in the common applications of percentage as will be 
seen in later pages. The second type is found rather 
often in business aSairs but not so frequently as the 
first type. The third type is of relatively rare occurrence 
but is sometimes met in certain special forms of prob¬ 
lems in the uses of percentage in business, especially in 
problems which have to do with the calculation of 
profits on the basis of the selling price. All three types 
should be included in the course of study since each 
supplements the others in developing the pupil’s un¬ 
derstanding of percentage. The third type should be 
given relatively less emphasis than the second and the 
second less than the first. 

Teaching the first type. In solving problems of the 
first type, one simply multiplies by a fraction, decimal or 
common. A problem may be stated and the solution de¬ 
veloped as follows: 
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Teacher: "A man, whose salary is «sifinn 
that he will try to save 25% of if w ^ 

plan to save? 25% of his sala^ is whafZfTS 
Pupil; "One-fourth." ^ of his salary?" 

Teacher: "Then, how much does he nln 
Pupil: "$900." ® to save?" 

■8ve .15 of U, Kjanr. How will you P'™ “ 

plans to save?" ^ “® amount he 

Pupil: "Find .15 of $3600." 

Teacher; "How do you find 15 of ssifinoj- 
"Multiply $3600 by .15" ^ 

25% “ 

10 2“r 'f'?'* *“ 

easiest ^/Zr^ XionTr^''^ “ 

Tn r.r» • P^^^tce are easily prepared. 

we? rs® r°“““ Case I. i' « 

PercantagowSwmT 

The fonowme nroH ““11810617 lam. 

be used. suggest the kinds which may 
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1. Robert sold 24 tickets to the school play at 35 cents 
f jirli. He was allowed to keep 10% of the money for selling 
the tickets. How much did he keep? 

2. Clara’s grandfather gave her $10 for Christmas. She 
put the money in a savings bank. The bank paid her 3% 
interest at the end of the year. How much interest did the 
bank pay Clara? 

3. John’s father buys and sells second-hand automobiles. 
One morning he bought a car for $250. The next day he 
sold the car and said, "I made a profit of 30% on that 
car." How much did he make? 

4. Each property owner in our city pays 2% of the 
value of his .property as taxes. How much tax does Mr. 
Richards pay on a house worth $6500? 

The first problem deals with commission, the second 
with interest, the third with profit and loss, and the 
fourth with taxes. Pupils enjoy these little excursions 
into the arithmetic of business if the problems are 
simply worded and if they deal with familiar situations. 
It may be necessary to explain some of the terms used, 
such as interest, profit, and taxes. 

Teaching the second type. If a man buys a house for 
$6000 and sells it for $6500, he knows readily enough 
that his profit is $500 but he is likely to want to know 
the per cent gained on his investment also. In other 
words, he wants to know what per cent $500 is of $6000. 
This type of problem occurs rather frequently in the 
affairs of some persons and requires for its solution the 
second case of percentage. We may develop this type of 
percentage solution in class by using a problem which 
is simpler and more meaningful to the pupils. 



382 THE ELEMENTS OF PERCENTAGE 
Teacher: ‘'There hyp sn -i . 
and 12 girt,. vVhM per cent e4”w° SSJ '"I' 

girls? Remember that per cent mL pan tent are 
mnst find how many hundredth, ofTe 
Let us first see what -bart nt thp •, ^ P ^oys. 

iun 18 boy. and go pCus altreZI^ ? 

pupils are boys?" ^ gather, what part of the 

Pupil: "Eighteen-thirtieths." 

"Reduce p. wha, fi. ^ 

Pupil: "Three-fifths.” 

aa^^Tliat'»°y: « it 4. 

Pupil: "Sixty per cent." 

are^*?!!^2re’2n« ^t f “ eta 

s<l^frc.T: 

4o;'rg?;hlraSTSr°Lrofb“ 

probably correct." ^ 

4oVrrf*3? of 30 and 

each gW* in 

if more than ^ f^’^dding, or in each grade in the room 

will afford eSnt niaJ— 

usual commnn fr ^ actice in changing various un- 

Suppose that to hundredths and to per cents. 

for 0?!“'^;”““^ '<2ns, one 

grades one to six, inclusive, and that the 
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enrollments are those given in Table 6. The pupils may 
find the per cent of boys and girls in each room and in 
the entire building and set down the per cents in the 
proper spaces in the table. For the teacher’s conven¬ 
ience, the per cents have been calculated and are re¬ 
corded in the table. 

Table 6. Enrollments of Bovs and Girls in an 
Elementary School, with Per Cents 


Grade 

Enrollment 

Per Cent 

Boys 

Girls 

Total 

Boys 

Girls 

Total 

WEM 



45 

56 

44 

100 


KB 

mm 

32 

44 

56 

100 


18 


35 

51 

49 

100 


20 

18 

38 

53 

47 

100 

mm 

17 

19 

36 

47 

53 

100 


14 

16 

30 

47 

53 

100 

Total 

108 

108 

216 

50 

50 

100 


In changing a common fraction to a per cent pupils 
should be taught to express the quotient to the nearest 
hundredth in each case just as they have been taught 
to express the quotient to the nearest tenth, hundredth, 
thousandth, etc., in changing a common fraction to a 
decimal. Failure to do this results frequently in per 
cents less than 100 in the total column. 

Later, per cents may sometimes be expressed in three 
figures with a decimal point after the second figure. 
Suppose that there are 33 pupils in a room and that 16 
of them are boys and 17 are girls. The results of the 
pupil’s.work. would appear as follows: 



























lems which belong to cL 

from a wide variety of ^^ 

to . ^ugge^Li 

away, ^y^STy^d^’^r ^''T’ ”“'’ 

Of the distance had they traveled?^ “‘ 

down from }45)0 to $?25° W^aT 

he save? * P" of the |4.00 did 

their gard/n. One^SaturfayV^lph f d^?^ h“ “ 

hoed all 12 rows Ralnh h 5 ? ^ 

What per cent" f fheC°l S' 

did Charles hoe? Ralph hoe? What per cent 

Smith’s baby! On^^StuSa^^^'^ 
of gloves. C. pt“2,7of a a psi, 

5- Last year thrPa».« did she spend? 

their furnace. This year th^ “ 

P« cep. ™s .Ms y J, eoS'i'Cy^r/' ^ *“• 

com |6.6o! He hM rav^ «°6Twi “ '*‘‘‘‘ 

has he saved? P®*" ““t of the $6.50 

and John weighs 65 pound. 

» wha. pJt;.S^XT“ “aHy/weigh. 
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8. Frank sells papers every evening. Last evening he got 
50 papers and sold 43 of them before supper. What per 
cent of the papers did he sell before supper? 

9. The Beaver Ridge High School football team won 
five games last season and lost four. Find to the nearest 
tenth of one per cent the per cent of games won. 

10. Mr. Jordan has two cars. He gets 13 miles from a 
gallon of gasoline with the big car and 17 miles from a 
gallon with the little car. What per cent of 17 is 13? What 
per cent of 13 is 17? 

It will be seen that problems 7 and 10 in this list re¬ 
quire pupils to find per cents which are greater than 
100. This kind of percentage problem is frequently 
neglected in textbooks. It affords an interesting varia¬ 
tion in the work and prepares the pupils for per cents 
over 100 as they occur in practical affairs. Such problems 
may be solved in either of two ways as may be shown 
by solving the latter part of the seventh problem. The 
pupil may find what per cent Harry’s weight is of John’s 
by dividing 82 by 65 and carrying the quotient to two 
decimal places as shown at the left below. Since the quo¬ 
tient is 1.26, Harry’s weight is 126 fo of John’s. He may 
also solve the problem by finding the excess of Harry’s 
weight over John’s, finding what per cent this excess is 
of John’s weight, and adding the per cent of excess to 
100 as shown at the right below. The excess is 82 pounds 
less 65 pounds, or 17 pounds. It is seen that 17 pounds is 
.26 or 26% of John’s weight. So Harry weighs 26% 
more than John, or, his weight is 126% of John’s 
weight. The former solution is ordinarily the better but 
both should be used for the interpretation represented 
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find a real and vital need for the third case of percent¬ 
age, some teachers and writers have suggested that this 
type of percentage problems be eliminated entirely. It 
should be eliminated if we can find no needs more vital 
than those suggested by the three problems which have 
been given to illustrate the kind which textbooks some¬ 
times contain. However, better problems can be found. 

Problems whose solution involves the use of Case III 
of percentage occur frequently in the affairs of mer¬ 
chants who figure profits on the selling price. Thus, a 
merchant pays $3.00 each for men’s hats. At what price 
must he sell them so as to make a profit of 40% of the 
selling price? Since the profit is to be 40% of the selling 
price, the cost, $3.00, is 60% of the selling price (mak¬ 
ing no allowance for overhead). In other words, the 
problem, $3.00 is 60% of what amount?, is a Case III 
problem. 

Goods which are marked so as to permit a designated 
discount and still leave a given per cent of profit also 
produce Case III problems. For example, it costs a pub¬ 
lishing company $1.00 to publish a book upon which a 
profit of 50% of the cost is desired. What price should 
be placed upon the book if a discount of 25% of the 
marked price is to be allowed and leave a profit of 50% 
of the cost? Since the profit is to be 50% of the cost, 
the book must sell for $1.50. If a discount of 25% of 
the marked price is allowed, $1.50 will be 75% of tlie 
marked price. This is clearly an example of the third 
type of percentage problem. Such a problem is rather 
involved, however, and probably is too difficult for sixth 
grade pupils. It may be included in the course for the 
junior high school. 
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method of unitary analysis. Since 609 ' of th^ 
price in the problem abLt the hatfjjsm^^ 
write the solution as follows: ^ 

60% of the selling price = $ 3.00 

100 % of the selling price = 100 X $0.05 = $ 5.00 

common fraction, %. we 

% of the selling price = $ 3.00 

A of the selling price = 5 X $ 1.00 = $ 5.00 

the ffiven fraction equivalent of 

second ^pTbo^ “ 

H of the selling price = of tJ.OO = }0.60 
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This error is due to the failure of the pupils to under¬ 
stand fully the conditions of the problem and to their 
failure to see the relation of % to %, to see that % is 
14 of %. A diagram is often helpful. By its aid, pupils 
may see that three of the fifths represent $3.00, that one 
of them must represent $1.00, and that all five of them 
would represent $6.00. 

Figure 10. Illustration op the Relation of 60 Per Cent 
OF THE Selling Price to the Entire Selling Price. 



If the second method is used, the pupil is taught 
simply that he can find 100% of anything by dividing 
the amount given by the per cent given, changing the 
per cent to a decimal fraction. The solution 
for this problem would appear as shown. Of |5 

course, we can also change the per cent to a .60) $3 00 
common fraction and divide, making the 3 qq 
work appear as follows. 

1.00 

$3.00 - 4 - % = $,3<ecr X = 15.00. 

1 
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procedure. However, the difficulty of Case TTT .. 
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Pupils’ errors in percentage. An analysis of the errors 
m percentage made by 405 seventh grade pupils^ 
been reported by Brueckner.* In all. n,735 Lors and 
omissions were listed. Of these 7 4 Q 5 i 

~d Ac temaining 

in AT^Zyr": “ 

dedZi* fr* “^'O^ner’s test requires Ae pupU to change 
deci^ fracnons to per cenh. On Ai, pari. Acre »» 

Stance. errors. Most of these errors were in- 

u . ° ^ adding the per cent sign to the num- 

^__given and dropping the decimal point, if any, re- 

Phila™el^"“’i^“ Bemedfor Teaching in Arithmetic . 

John C. Wmston Company, 19S0. pp. ?4?.?57. 
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gardless of the number of decimal places which the 
number had. It was evident here that there was a 
marked lack of understanding of the relationship of 
percentage to decimal fractions. 

Part 2 of this test consists of exercises in changing 
per cents to decimal fractions. Here there were 1,034 
errors. Again, there was clear evidence to the effect that 
these pupils did not understand the relationship of per¬ 
centage to decimal fractions. They dropped the per cent 
sign without changing the position of the decimal point, 
they moved the point an incorrect number of places, 
they inserted zeros, and they made other like errors. 

'The third and fourth parts of the test require that 
common fractions be changed to per cents. There were 
on these two parts a total of 1,239 percentage errors. 
Conspicuous here was the fact that these pupils did not 
know well the common fraction equivalents of per cents 
and again that they did not know the relationship of 
decimal fractions to per cents. 

The fifth part of the test makes use of Case I. Here, 
there were only 340 percentage errors. Again .it was 
evident that the fundamental meaning of percentage 
was not understood. 

Part 6 uses Case II of percentage. This part accounted 
for 2,049 percentage errors. Indeed, not one of the nine 
items in this part of the test was correctly solved by as 
many as 40 per cent of the pupils. There were 1,341 in¬ 
stances of dividing the base by the percentage instead 
of dividing the percentage by the base to find what per 
cent one number is of another. At times, the base was 
multiplied by the percentage. There were a number of 
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instances of dividing correctly but fail,no. 
express the quotient as a per cent! ^ 

The last part of die test is made up of items in C, 
in of percentage. There were 1.061 nercen^o ^ 
on this part. The easiest item in this^part 
correctly by only 21.7 per cent of the pupils 0„w 3 

125 the item, 255 = 

145 % of-There were many kinds of ermr« k , 

most of them indicated that the pupils lacked m, k 
undeotanding „ha, U ^ be donfr^Itt 
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t all, as has already been indicated. ^ 

wo!dd"£" typical of the results which 

would be secured by other analyses can not be stated 

But the author’s observations have led him to beliew 

tWs sub- f- pupils experience with 

his subject IS due to the prevalence of the drill theory 
of instruction and consequent rote learning. A tho^ 

Thf P^^'^ntage teaching is needed. 

best single suggestion as to the direction which 
Ais reform should take is that instruction should 

an effort has been made to incorporate this theory in L 
suggestions which have been offered. 

teacher in describing to 
marked th ^ *k ^ teach Case II of percentage re- 

number ^^ u®"" persisted in dividing the larger 

Der cenr ^ smaller in undertaking to find what 

regardless of which 

“ was th^ ^ u ^ound that one reason for this 

these nnnn'^V^^- P^^^^ing grades the teachers of 

P P s a insisted vigorously that in dividing one 
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always should divide the larger of two numbers by the 
smaller. Apparently, there had been no explanation of 
why this should be done. The pupils had been given a 
mandate and they had obeyed blindly and quite with¬ 
out understanding. 

The applications of percentage. As pupils study the 
three cases of percentage, they should have many mean¬ 
ingful applications of these cases to that portion of the 
world of business affairs with which they are acquainted. 
These applications make the subject of percentage much 
more interesting to pupils and they add gready to their 
understanding of it. Applications should be woven into 
the treatment of each case as it is presented rather than 
postponed until after all of the basic processes have been 
studied in abstract form. 

In this chapter, we consider briefly four common 
applications of percentage. They are: (1) discount; 
(2) commission; (3) profit and loss; and (4) interest. 

As these applications of percentage are studied, pupils 
will not only find opportunities to use what they are 
learning about percentage but also they will acquire 
considerable information of social value. The social as¬ 
pects of the subject are emphasized in the following 
pages. 

Discount. The subject of discount is of interest to 
practically all adults and to many children. Newspapers 
frequently contain advertisements which carry such 
announcements as off,” "25^ off,” etc. Such ad¬ 
vertisements are an excellent source of material for 
teaching the meaning and more common uses of dis¬ 
count and for developing in the pupils a better under¬ 
standing of percentage. 
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Pupils will not only have practice in the arhJ, • 
of discount but also they will learn 
articl« are ,oId at raduci 

articles, especially articles in women’s annarei 
ttyle. other, are aold at a reduS bSfoor'' 
pense o£ storage and insurance and the danger tharu’’" 

c“S by moths or rust 

c^e shopTO arrd still others nrust he sold to ^ 

room for new stock. Also, merchants sell at a di.™ 

« a means of stimulating trade in a dull season, o““ 

L« h-ir campaign, or to raise money to 

low s.^ A "'s’*"- “ “bo al¬ 

low small discounts for cash rather than incur the ei- 

^ A "T* a”'* carrying accoimu 

Most discount problems are problems in the first case 
^pw^tage or its equivalent in common £rl“ 
The following are typical. 

dniint ^ bought 

iT;i: ;t ^ ^ 

haf cMtf*' advertised at % off. What will a J4.50 

msatt* wl f25%” reads an advertise 
mem. What will he the price of a shirt which was marked 


problems in percentage are 
provided by discounts. One may wish to know what per 
cent he saves in a marked^iown sale where the rate of 

discount is not given. This is illustrated by the follow¬ 
ing problems. 
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1. A boy’s suit is marked down from fl9.95 to $15.50. 
What per cent of the original price is saved? 

2. Berries were selling at 28 cents a quart but on Satur¬ 
day evening they were marked "19 cents." What per cent 
of the original price is saved? 

3. If five dollar shoes are marked down to $3.98, what 
per cent of the original price is saved? 

Commission. Commission is of less general interest 
than is discount. That is, fewer persons have experi¬ 
ences with commission than with discount. But at some 
time in their lives many adults and also many children 
have experience with commission in some form. Boys 
and girls are frequently unwelcome callers as they un¬ 
dertake to sell articles or to take subscriptions for a 
commission in a house-to-house canvass. 

The older textbooks contained commission problems 
which had been drawn entirely from the experiences of 
a few adults. They told about commission merchants 
who bought and sold grain, wool, lumber, etc., in large 
quantities. The deals frequently involved large sums of 
money—^large to children at any rate. The present 
tendency to draw problems from activities in which the 
children themselves engage or in which* their parents 
have had a part is much better. The following problems 
will suggest the kinds which may be used. 

1. Alice sold 28 tickets for the high school play at 25 
cents each. The principal said, "We will pay you a com¬ 
mission of 10%." How much did Alice earn? 

2. Jack sells the Saturday Evening Post. Last week he 
sold 33 copies at 5 cents each. He was allowed to keep 2 
cents from each sale for himself. How much did he make? 
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What per cent of the money did he keen fn u- 

3. Mary Elizabeth sells Christmas cards and 
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arithmetic course of study should make some 
other problems in profit and loss to illustrate an- 

ca^es nf ^ percentage, to give further practice in the 

bncin percentage, and to supply information about 
business practices. 
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In business practice, the difference between the cost 
of an article and its selling price is not called profit but 
margin. The profit is what is left of the margin after 
the expenses of selling are subtracted. Thus, if a mer- 
diant pays |20 for a suit of clothes and sells it for $32, 
the margin is $12. Since $12 is 37% ^ of $32, 37%^ 
is the per cent of margin. The per cent ot margin is 
based on the selling price. The difference between the 
selling price and the cost is also called the advance. 
Here, the advance in cost is $12. Since $12 is 60 fo of 
$20, 60% is the per cent of advance over the cost. The 
per cent of advance is based on the cost. 

Now, if the expenses of selling this suit of clothes 
(rent, advertising, insurance, taxes, wages, heat, light, 
etc.) amount to $6.25, there is left a profit of $5.75. 
Since $5.75 is approximately 18% of $32, 18% is the 
per cent of profit. The per cent of profit is based on the 
selling price. If there is a loss, the per cent of loss is 
also based on the selling price. Expenses of selling are 
often referred to as overhead. 

The distinction between margin or advance and profit 
is one which pupils should know and understand even¬ 
tually but in their first work in the subject it is better 
to simplify the problems by leaving out of consideration 
for a time the matter of expenses of selling. If a child 
buys an article and later sells it to a playmate for more 
than he paid for it, he may very properly call the differ¬ 
ence between the cost and the selling price profit for, 
presumably, he has no selling expenses. Then, he may 
find what per cent this profit is of both the selling price 
and the cost. Of course, he should understand that if a 
merchant says that his profit on a sale is 20 per cent, he 
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usually means that his profit is 20 

and that ha hat allowad for tailing 1* 

The problems which are solved mav r^nra. 

variaty of child and adult axnariencL S n '* 
are typical. ^ ‘ following 

1. William bought a second-hand bicycle for 14 nn n 

2. Alice paid $2.00 for a puppy. Three mnnhia i 
man ofead J 10.00 for him and Ah« 1010^°^.^’. 
said Alice, "I made $8.00." But her father said 
forgotten what it cost to feed him. We?; vou^ i'* 
estimated that it had cost $3.00 a month to feed h' 
»undng tcrap. that vtould hava gone into the Aw ^ 
Dtd Altta really gain or lota? How much? 

of th^otal CO,.? What par tan. of d.atlh^;„!*^““ 

• he next day, Alice remembered that she had fmy 
^tten to count the $1.00 which she had paid for a licete 

fndthafr'^’ *he hadT! 

her answer? ^ 

of the agreed to mow the lawns of several 

six of Ae he had to hire Ted to mow 

eins ft 20% of what Ted 

work? How^ ^ I, much did Jack make from Ted’s 
work? How much did Ted receive? 

packSe?^?d «T «eals at $4.00 a hundred 

cent of fhp ? ^ package. What per 

cent of the cost does she make? 

6- One afternoon last summer, Harry and Fred decided 
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to have a lemonade stand. They bought one dozen lemons 
for 60(J and 6 pounds of sugar at 7 cents a pound and paid 
25 cents for ice. They sold 9 glasses of lemonade at 5 cents 
a glass and then tried to sell the rest at the rate of two 
glasses for 5 cents but sold only 10 more glasses. Did they 
gain or lose? What per cent of the cost did they gain or 
lose? What per cent o£ the selling price? 

7. A grocer paid $1.25 a bushel for potatoes. At what 
price per bushel should he sell them to make an advance 
of 25% on the cost? 

8. Mr. Jackson bought a house for $5350. He paid 
$62.40 taxes, $15.75 for insurance and $122.50 for repairs. 
Then he sold the house, for $5750. What per cent of the 
total cost did he gain? What per cent of the selling price 
did he gain? Why is the second answer smaller than the 
first? 

9. A dealer paid $6.50 per pair for men’s shoes. For how 
much must he sell them to make a profit of 35% of the 
selling price? 

10. In the summer Dick works as a caddy at the city 
golf course. The caddies get 10 cents each for the golf 
balls they find. Dick bought 35 balls from the other cad¬ 
dies at 10 cents each, repainted them and sold them for 
25 cents each. If the paint cost him 50 cents, what per 
cent of the total cost did he make? 

Most of the profit and loss problems which the aver¬ 
age man has to solve involve finding the per cent gained 
or lost on some transaction; in other words, they are 
Case II problems. However, it sometimes happens that 
Case I problems and Case III problems must be solved 
also. In the above list, problems 4' and 7 represent the 
first type and problem 9 represents the third type. 

Interest. There are few adults who do not pay or col- 
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usual periods of time. In actual business afEairs, how¬ 
ever, interest is usually paid at the expiration of such 
periods of time as 30 days, 60 days, 90 days, 3 months, 
6 months, or 1 year. Very rarely, indeed, is interest com¬ 
puted for such a period as 1 year, 5 months, and 17 
days. Outside of an occasional instance when an account 
is collected through the courts and interest is allowed 
from the date the account was due to the date of set¬ 
tlement, interest is nearly always paid at the end of a 
previously designated period of time, such as 60 days, 6 
months, etc. 

In their first work in interest, pupils should learn 
about interest as a social institution and should see an 
application of Case I in percentage. Short methods 
should come later. Pupils should easily see that the in¬ 
terest on $250 for one year at 6 per cent is .06 of $250, 
or $15.00. For six months, the interest is one-half of this, 
or $7.50. For four months, it is one-third of this, or 
$5.00. For three months, it is one-fourth of $15.00, or 
$3.75. If the period of time is 3 months, the work may 
appear as shown. The pupil should easily see that he 
should divide $15.00, the interest for one year, by 4, 
since 3 months is one-fourth of a year. 

$250 

.06 

4) $15.00, interest for 1 year 
$3.75, interest for 3 months 
If the period of time is given in days and the number 
of days is not an easily handled fraction of a year, it 
seems best to use the form of solution which involves 
the multiplication of common fractions. If the interest 
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on $400 for 48 days at 6 per cent is required the . 
tion may appear as shown. However surh 

be postponed until there has been considerlT^ 
on easier examples. considerable practic* 
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|3% = $3.20 
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maTb' ■>* »kW. 

irjs'fcbjt 

interest shoufd h''' ■ 

nterrat should he receive on July 1 at 3%? 

company in our city pays 4 

to T„r /"‘“f ‘ from JanSaly 1 

posited ^ January 1. Ralph’s father de- 

janua^ 1. How much interest should he receive on July 1? 
, . €posits t e interest and $300 more on July 1, how 
4 receive on January I? 

at fi Mr. Botts bought a house, he borrowed $4000 

DrinHikar”*^ and agreed to pay the interest and $200 of the 
end nf* th ^ *1^ nionths. How much did he owe at the 
months? ^ months? At the end of the second six 


While 


pupils are learning to solve problems in in- 
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terest, of course they should learn the new terms used, 
such as interest, principal, etc. These terms are best 
learned through a description of a real or a hypothetical 
case. The explanation of the meaning of interest and 
principal may be made in the following manner. 

"When Mr. Brown started in business for himself he 
borrowed |2,500 from his friend, Mr. Briggs, for one 
year. Mr. Brown agreed to pay Mr. Briggs the $2,500 at 
the end of the year and he also 
agreed to pay him 6 per cent of the $2500, principal 

$2,500 for the use of it for a year. .06 

The extra money which Mr. Brown j 150 . 0 O, interest 
paid Mr. Briggs for the use of the 
$2,500 is called interest. The $2,500 is called the prin¬ 
cipal. To find how much interest Mr. Brown owed Mr. 
Briggs at the end of the year we find 6 per cent of 
$2,500, or, multiply $2,500 by .06, since per cent means 
hundredths. Then at the end of the year, Mr. Brown 
owed Mr. Briggs $2,500, the principal, plus $150, the 
interest, or $2,650 in all.” 

The early use of percentage. Ordinarily, the study of 
percentage follows the study of decimal fractions. It is 
right that it should but it is not necessary that the sub¬ 
ject of decimals be completed before the study of per¬ 
centage is begun. The first case of percentage is easier 
than division with decimals and it is of far greater prac¬ 
tical value. Then, the idea of percentage may well be 
introduced before division with decimals is completed. 

If illustrations of the uses of percentage are drawn 
from affairs which children experience and of which 
they know, percentage from the start may be both mean¬ 
ingful and interesting. Sometimes, a game or a group 
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enterprise affords a means of adding to 
subject and the pupils* understandini of it InT 
for example, the pupils collected from tbpi u 
»nd other plaything* for a recond-handt^* *7 

jecond-hand price* ^ 

AT”®a“‘ “ which we.?^' 

After the cost* and second-hand price* had^^ 

corded, the pupil* figured for each foe per 

he second-hand price was of the cost. 


^ Cost 

1. Boy's bicycle_{32.00 


2. Girl’s bicycle-36.00 

3. Ball glove . 1.50 

4. Ball bat.. 

. 2.00 

6. Game .. 

7. Scooter . 6.00 

8. Roller skates .... 2.50 

9. Ice skates. l.yg 

10. Doll’s dishes.gg 

11. Football . 1.95 

12. Ukelele. a ok 


Second-hand 

Price 

PerCi 

18.00 

25 

6.00 

14 

.50 

33 

.30 

60 

.25 

12 

.20 

27 

2.50 

42 

.75 

30 

.75 

43 

.25 

26 

.60 

31 

1.25 

38 


P^.°cesses of percentage are to be understood 
^hat they learn from the 
^ j taught as a part of a series of in- 

. f tueaningful experiences. The mere mem- 

r.rryK?^ definitions and the solving of 

f-liat ^ imitation of set models means 

he pupils will learn but little and will retain 
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permanently almost nothing. As a consequence, they 
will find themselves unable to solve the practical prob¬ 
lems of the every-day world in which percentage is in¬ 
volved. Pupils not only learn more easily that which 
they understand and enjoy but also they retain it and 
use it with a greater degree of success, 

QUESTIONS AND REVIEW EXERCISES 

1. Do you believe that percentage should be difficult for 
pupils in grades six and seven? How do you account for 
the many evidences of misunderstanding which are found 
when pupils are tested on percentage? 

2. Examine the sport pages of a newspaper for standings 
of baseball teams in the major leagues. Are the so-called per 
cents given to two or three decimal places? If per cent means 
hundredths, can it also mean thousandths? 

3. What benefit is there in studying the etymology of 
new words as these words are learned in school? Is it worth 
while to present the Latin origin of words to pupils who 
have not studied Latin? 

4. What are the four fundamental processes in percent¬ 
age? Which of these processes do you believe to be the most 
important? The least important? 

5. What use would you make of the rule: To change a 
dedmal fraction to per cent, move the decimal point two 
places to the right and affix the per cent sign? 

6. What would you say is a pupil’s difficulty if he says, 
^ = .25 = .25 9^? What would you do to correct this error? 

7. Are there any fractions in the list of aliquot parts whose 
dedmal equivalents you would not have pupils memorize? 
Are there any which you would add to this list? 

8. Can you count rapidly and smoothly by per cents to 
100 per cent using sixths and eighths? Is it reasonable to 
expect pupils to learn to do this? 
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9. In the practical uses of arithmetic, what are A, • 
cumstances under which pupils should change if 
to common fractions? 

10 State some situations which are likely to require th. 
use of per cents greater than 100. How do you acmum ^ 
die fact that per cents greater than 100 are often diffi T 
for pupils to understand? 

11. State the three cases of percentage. Which of 

least frequently used? u 

12. In a percentage example, which number represents 

the percentage? Illustrate. '^presents 

’undertaking to solve the example. What per cent 

4% as the answer. What is the probable nature of the diffi. 
culty which these pupils had? What would you do about it? 

^“onnt of a safety campaign for school children 
states that the result was a reduction in accidents of several 
hundred per cent. What does this mean? 

15. What is the objection to the use of problems of the 
nswer-known type to teach the third case of percentage? 

inJiT percentage of sufficient importance to 

J stify Its inclusion in the course of study? Does the teach¬ 
ing of this case serve any useful purpose in addition to that 

ot enabling pupils to cope with business situations in 
which It IS found? 

17. What IS the method of unitary analysis? What diffi- 

experience in teaching this 
method? How can these difficulties be overcome? 

^ What were the outstanding types of errors reported 
by Brueckner? What should the teacher do to overcome 
^’^ors? In general, would you say that this error study 
percentage had not been well taught? 
at cases of percentage are used in solving problems 
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in discount? Which case is used most frequently? Is the sub¬ 
ject of discount of interest to children? 

20. Are children interested in commission? What case in 
percentage is usually employed in solving commission 
problems? 

21. What is the profit in a business transaction? How 
does it differ from the margin? 

22. A dealer buys shoes for $3.40 per pair and sells them 
for $5.00. He estimate.*) the expenses of selling a pair of 
shoes to be 72 cents. What is his per cent of margin? His 
per cent of advance? His per cent of profit? 

23. What method of calculating interest would you teach 
first? When should such short methods as the "60-day, 6 
per cent” method be taught? When should pupils be taught 
to use interest tables? 

24. Do twelve-year-old children have enough experience 
with interest to justify including this subject in the course 
of study? 

25. How early should the elements of percentage be 
taught? How can the teacher avoid rote learning in this 
subject? Do you believe that percentage can be learned 
satisfactorily if a method based upon the theory of inci¬ 
dental learning is used? 

CHAPTER TEST 

For each of these statements, select the best answer. A 
scoring key will be found on page 554. 

1. Per cent means (1) per hundred (2) hundredths (3) 
by the hundred. 

2. When pupils begin the study of percentage, they 
should be impressed with the fact that (1) it is a new idea 
(2) it is a familiar idea expressed in familiar language (3) 
it is a familiar idea expressed in new language. 

3. The number of fundamental processes in percentage 
is (1) 3 (2) 4 (3) 5. 
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the elements of percentage 


d=d,,S'’tL;U™f “ 

6. The fraction, %a, is equal to (1) g per cent 1% os 

per cent (3) 8% per cent. ^ ^ » P« cent (2) 83 

7. The list of fractions whose per cent equivalents are tn 

be memorized does not include ( 1 ) % (z)\ m r. 

If . pupa., .core o„ . .« » 

per cent of increase is (1) 200 (2) 300 (3) 66% 

f the quantity to be found i, 

(1) the base (2) the rate (3) the percentage. 

the quantity to be found ii 
(1 the base (2) the rate (3) the percentage. 

n? the^lf percentage, the quantity to be found i, 

^ L tJte percentage. 

iz. The most frequently used case of percentage is (1) 
Case I (2) Case II (3) Case III. ^' 

frequently used case of percentage is (1) 
Case I (2) Case II (3) Case III. ^ ’ 

14 If a common fraction is changed to per cent, the 
Sr expressed to (1) the next lower hun- 

h™^ (3) the next higher 


• If It is known that a per cent of a number is b, the 

number, «, is equal to ( 1 ) b/a ( 2 ) a/b ( 3 ) ab. 

R According to the findings of the error study reported 
m this chapter, the most serious errors were (1) errors in 
mputation (2) errors in spelling (3) errors due to a 
iv*'T tinderstand the meaning of percentage. 

instruction in percentage should be based upon (1) 
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the meaning theory (2) the drill theory (3) the theory of 
incidental learning. 

18. The percentage of discount is largely percentage of 
(1) Case I (2) Case II (3) Case III. 

19. The second most frequently used case in the per¬ 
centage of discount is (1) Case I (2) Case II (3) Case III. 

20. The profit is (1) selling price minus cost (2) cost 
minus selling price (3) selling price minus expenses minus 
cost. 

21. The per cent of profit is based on the (1) cost (2) 
selling price (3) margin. 

22. Short methods of calculating interest should be taught 
(1) before the longer methods (2) along -with the longer 
methods (3) after the longer methods. 

23. In an interest problem the percentage is (1) the 
principal (2) the interest (3) the rate. 

24. The first work in percentage should come (1) before 
Hpritnals are finished (?) after decimals are finished (3) 
before decimals are studied. 
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Company, 193(1, pp. 621-640. Presents the results secured 
from an analysis of the papers of 215 seventh-grade pupils. 

3. Glazier, Harriet E. Arithmetic for Teachers, New 
York: McGraw-Hill Book Company, 1932, 291 pp. The 
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DENOMINATE NUMBERS 

Development of weights and measures. The two 
systems of weights and measures in most common use in 
the civilized world of today are the English system and 
the Metric system. The English system was brought to 
this country early in our history and, with modifications, 
is with us at the present time. The metric system, 
adopted first by the French government in 1799, has 
since been officially adopted by all of the important 
nations except Great Britain and the United States, 
although it is not uniformly used in the countries which 
have adopted it officially. 

The English system is a conglomeration of irregulari¬ 
ties. To transform one unit of measure to another, such 
numbers as 2, 3, 4, 5%, 8, 9, 12, 16, leVg. 24, 27, SOi/^, 
36, 60, 144, 160, 231, 320, 360, 640, 1728, 2150.42, 7000, 
and others, are used. The metric system, on the other 
hand, uses only the number 10 and its powers, es¬ 
pecially the second and third powers, 100 and 1000. It 
has a tremendous advantage in its simplicity and the 
ease with which it may be used but custom and con¬ 
servatism prevent its general adoption. Those in this 
country who admire our metric system for money and 
appreciate its convenience and who smile at the English 
system with its farthings, pence, shillings, and pounds, 
refuse to take seriously the suggestion that we might 
enjoy similar advantages in measures of weight, distance, 
area, and capacity if we would only adopt the metric 
system for such measures. 
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Although our system of weights and measiir« ■ 
sentially the English system, there are differenced bt 
tween some of the measures employed in this m 
and thcac in Gr«>t Britain Onr 

mstanca, is tha old English Winahastar gallon ana ^ 
.a^,23. cubic inches but dta gallouTtrcS 

Likewise, the American official bushel the 
WmAester bushel, contains 2150.42 cubic inches while 
the En^ish imperial bushel contains 2218.192 cubic 
inches. The imperial bushel is the volume of 80 pounds 
of water at 62 degrees Fahrenheit and is just eight 
the imperial gallon. It will be noted that no such rela¬ 
tion exists between the Winchester gallon and the Win- 
Chester bushel. The Winchester bushel has been a 
standard measure since Anglo-Saxon times. The standard 

ushel measure was preserved in the town hall at 
Winchester. 


Early efforts at measuring distance were expressed 
largely m terms of parts of the human body and in terms 
of hum^ performance. Thus, the length of the foot, the 
length from the elbow to the tips of the fingers (the 
cubit) the length of the arm (the yard), the total arm 
stretch (the fathom), the width of the hand, the span 
of ^e hand, and the length of tlie thumb joint, became 
units for measuring short distances. For greater 
^ istances, there was the pace, the bowshot, the day’s 
journey, and others. Some of these measures are still in. 
fairly common use and we also have the five minutes 
w , the half-hour’s ride, the mountaineer’s "two 



WEIGHTS AND MEASURES 413 

whoops and a holler," and others.^ And there is the 
handful of grain, the armful of packages, the pinch of 
salt, the of pepper, and other crudely descriptive 
measures of volume. 

Such measures served a useful purpose but, obviously, 
their defects lay in the fact that they varied from person 
to person and from place to place. If a short-armed 
merchant is selling cloth to a long-armed customer it 
T palfps a real difference as to whether the merchant’s 
arm or the customer’s arm is employed as the measure of 
length. For a long time society struggled with the task 
of standardizing the basic units of measure. Imperial 
edicts, legislation, conferences, and international agree¬ 
ments mark the progress which man has made in devel¬ 
oping and agreeing upon standard measures. Thus, the 
inch at one time was the total length of three barley¬ 
corns taken from the middle of the ear and well dried; 
the rod was suggested to be the total length of the left 
feet of 16 men chosen at random as they left church on 
Sunday morning and the foot was one-sixteenth of this 
rod, or the average of several feet; the lawful yard be¬ 
came the distance from the end of the nose of King 
Henry I to the end of his thumb; Edward III is said to 
have had the length of his arm recorded by a metal bar 
which was divided into three equal parts, each of which 
was divided into twelve equal parts; the grain became 
the weight of a grain of wheat; the penny or sterling 
became the weight of thirty-two grains and twenty 


1 Cf. Sanford. Vera. A Short History of Mathematics. Boston: Hough¬ 
ton Mifflin Company. 1930, p. 353. 
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pence became an ounce and twelve ounces a pound- 
eight pounds became a gallon and eight galioru ^ 
bushel; etc. 

The origin of many of our measures is indicated by 
their names. Some of these are summarized brieav in 
Table 7. ^ 


Table 7. Some Common Names of Measure and 
Their Probable Origins 


Measure 

Probable Origin 

Inch 

Undo, a twelfth part 

Foot 

Human foot 

Yard 

Arm length 

Pace 

A runner’s step (Roman); about five 
feet 

Mile 

Millia passuum, 1000 paces 

Grain 

A grain of wheat 

Ounce 

Uncia, a twelfth part (also one- 
sixteenth) 

GUI 

Gilloj a small drinking glass 

Pint 

Pintaj a mark (on a larger vessel) 

Quart 

QuartuSj one-fourth (of a gallon) 

Peck 

A quantity easily carried (pack) 

Bushel 

Bussula, a small box 

Minute 

Minutem, a small part 

Second 

Secundus, a second small part 

Hour 

Hora, time or period of time 

Month 

A moon (time for a revolution of 
the moon) 
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It may be noted that various number systems have left 
their traces in the tables of denominate measures. Primi¬ 
tive units were subdivided decimally in Egypt and also 
in China and Japan, they were divided duodecimally 
by the Romans and sexagesimally among the Babylon¬ 
ians and the Assyrians. Binary subdivisions (^, 44 , 
etc.) were found among the Hindus and later among 
the Germanic and Teutonic peoples. Today, we very 
commonly have decimal divisions of an inch in machine 
shop practices (tenths, hundredths, thousandths, etc.). 
We have traces of the duodecimal as indicated by the 
fact that there are 12 inches in a foot, 12 ounces in a 
troy pound, and 12 things in a dozen. We have the 
sexagesimal in seconds in a minute and minutes in an 
hour, or degree. And, of course, binary subdivisions are 
very commonly applied to inches, yards, miles, gallons, 
pints, hours, and other measures. 

When should denominate numbers be taught? At one 
time, denominate numbers were taught as a separate 
subject in arithmetic, that is, separate from other 
subjects, in a chapter by themselves. During the weeks 
devoted to this subject, the pupils memorized many 
tables, they added, subtracted, multiplied, and divided 
compound denominate expressions, and they engaged 
in long exercises in reduction. The present tendency is 
to break up this subject, teaching a little here and a 
little there as needed and as it fits into other subjects. 

Thus, the fact that there are two pints in a quart will 
be learned early and will be used in making problems 
for practising the twos in multiplication. Such questions 
as. How many pints in four quarts? Two quarts? Five 
quarts? Three quarts? etc., not only help to furnish 
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variety in providing practice on twos but they also heln 
greatly in fixing the fact that a quart contains two pints 
Likewise, we may use the fact that there are three feet in 
a yard in practising the threes; that tliere are four 
quarts m a gallon and four pecks in a bushel in practis- 
mg fours; that there are five cents in a nickel in practis¬ 
ing fives; that there are seven days in a week in 
practising sevens; etc. Such problems make both mul- 
tiplication and denominate numbers more interesting 
and help pupils to remember what they are learning. 

Later, when the necessary facts have been learned, 
the tables may be memorized as wholes as a review and 
as a means of tying together the separate items. 

Denominate numbers in the primary grades. The 
study of measures very properly begins in the first grade. 
In an informal manner first-grade pupils learn to tell 
the day of the week and the day of the month; the value 
of our common coins and how to distinguish them; the 
meaning of pint, quart, inch, foot, dozen, etc.; and to 
make comparisons between articles to tell which is 
longer or shorter, larger or smaller, heavier or lighter, 
etc. This type of activity is continued through the 
second and the third grades and additional items of 
information and furtlier skills with measures are ac¬ 
quired. 

For the primary grades, the following suggestions as 
to measures have been offered.® 

First grade: 

(a) Time: days of the week; some or all of the 

® Morton, Robert Lee. Teaching Arithmetic in the Elementary 
School, Volume 1, Primary Grades, New York: Silver Burdett Com¬ 
pany, 1987, Chapters 10 and Ig. 
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months; day o£ the month; yesterday, today, to¬ 
morrow; important dates, such as Thanksgiving, 
Christmas, Valentine Day, and birthdays. 

(b) Length: inch, foot, half-inches; inches in a foot. 

(c) Liquid: the glass or cup, the pint, and the quart; 
glassfuls or cupfuls in a pint; pints in a quart. 

(d) Coins; cent (penny), nickel, dime, quarter; 
cents in a nickel, cents in a dime, cents in a 
quarter; the signs, $, 

(e) Terms: dozen and half-dozen. 

(f) Fractions: one-half and one-fourth. 

(g) Comparisons: larger, smaller, bigger, littler, 
taller, shorter, longer, shorter, higher, lower, 
heavier, lighter, nearer, farther, more, less. 

Second grade: 

(a) Time: hour, half-hour, quarter-hour, minute, 
year; days in a week, months in a year, days in 
current months. 

(f») Length: yard, half-inch, quarter-inch. 

(c) Liquid: gallon, half-gallon; quarts in a gallon; 
quarts in a half-gallon. 

(d) Money: dollar, half-dollar; quarters in a dollar; 
quarters in a half-dollar. 

(e) Fractions: further practice with one-half and 
one-fourth as applied to the hour, the inch, the 
gallon, the dollar, and the pound. 

(f) Weight: the pound, half-pound, quarter-pound. 

Third grade: 

(a) Length: mile, half-mile, quarter-mile, block or 
square; feet in a yard, inches in a yard. 

(b) Weight: ounce. 
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(c) Money: dimes in a dollar, cents in a dollar. 

(d) Fractions: Use in comparing units of measure 
as a pint is one-half of a quart, a quart is out 
fourth of a gallon, a foot is one-third of a yard 
a cent is one-fifth of a nickel, a nickel is out 
fifth of a quarter, a day is one-seventh of a week, 
etc.; unit fractions for those division facts which 
are taught; three-fourths and two-thirds. 

(e) Abbreviations of measures taught. 

Denominate numbers in the intermediate grades. 
Naturally, the measures needed will depend upon the 
particular environment in which the pupils live. These 
will vary from one community to another and will be 
slightly different for those living in urban as contrasted 
with rural environments. Any selection which may be 
recommended will be to some extent an arbitrary one. 
Textbooks frequently contain more than pupils should 
be expected to leam whereas some important items may 
have been omitted from the books entirely. Textbooks 
never contain more than a fraction of all the measures 
which could be included. A minimum list probably will 
include the following relations for the intermediate 
grades. 

(a) Length: Inches in a foot, inches in a yard, feet 
in a yard, feet in a mile. For rural communities 
add: feet in a rod. and rods in a mile. 

(h) Area: Square inches in a square foot, square feet 
in a square yard. For rural communities add: 
square rods in an acre, acres in a square mile or 
section, acres in a quarter-section. 
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(c) Volume: Cubic inches in a cubic foot, cubic 
feet in a cubic yard. 

(d) Capacity: Pints in a quart, quarts in a gallon, 
cubic inches in a gallon, and, in some communi¬ 
ties, gills in a pint (liquid measure); pints in a 
quart, quarts in a peck, quarts in a bushel, pecks 
in a bushel (dry measure) . 

(e) Weight: Ounces in a pound, pounds in a ton 
(avoirdupois). 

(f) Time: Seconds in a minute, minutes in an hour, 
hours in a day, days in a week, days in the months, 
days in a year (including leap year) , weeks in a 
month, weeks in a year, months in a year. 

(g) Money: The United States coins in common 
use—cent, nickel, dime, quarter, half-dollar, 
dollar; the more common paper denominations— 
one, two, five, ten, and twenty dollar bills. 

(h) Temperature: The Fahrenheit scale; freezing, 
boiling, and other temperatures. 

(i) Abbreviations of measures taught. 

Other interesting facts will be included from time to 
time. For example, there are usually 24 quarts in a 
crate of berries; a dry quart is considerably larger than 
a liquid quart so we can not say that there are four 
quarts of berries in a gallon; the gallon used in Canada 
is almost exactly 20 per cent larger than our gallon, 
hence 10 of their gallons equal 12 of ours; dollar bills 
are much used in the eastern part of the United States 
but in part of the West silver dollars take their place; 
the old Spanish-American practice of cutting silver 
dollars to make change finally produced eighths of a 
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dollar each of which was called a bit, hence two bit, 
make a quarter or twenty-Hve cents; one-half of a bit 
one-sixteenth of a dollar, is said to have been called 
picayune ',a size 7 shoe is about one-third of an inch 
longer than a size 6 shoe; when timothy hay has become 
well settled, it requires about 450 cubic feet to make a 
ton; etc. The alert and resourceful teacher will find 
many such interesting and illuminating bits of informa¬ 
tion. 

When possible, such items of information should be 
taught concretely. The pupil will know better that there 
are two pints in a quart if he actually fills a pinttneasuie 
twice and empties it into a quart measure than if he 
merely memorizes the fact. He should compare the sizes 
of the liquid and the dry quarts by filling a measure of 
the former size and emptying it into one of the latter 
size. He may make a box eleven inches long, seven 
inches wide, and three inches deep and, using sand, dis¬ 
cover that it holds just a gallon; then, he may find the 
number of cubic inches in the box. Information secured 
in this manner is far more meaningful than is informa¬ 
tion secured from the textbook or from the teacher. 

Avoid unreal problems and exercises. Courses of study 
and textbooks formerly contained many unreal prob¬ 
lems in reduction and in the operations with denomi¬ 
nate numbers. The following were more or less typical. 

1. Reduce 1 week, 2, days, 5 hours, 31 minutes, and 23 
seconds to seconds. 


* This was not the only meaning of picayune. 
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2. Change 72, 461 inches to higher c'enominations. 

3. Reduce 4 gallons, 3 quarts, and 1 pint to gills. 

4. Subtract 1 mile, 271 rods, 4 yards, 2 feet, and 8 inches 
from 3 miles, 65 rods, 4 yards, S feet, and 5 inches. 

5. Multiply 2 tons, 5 hundredweight, 73 pounds and 
11 ounces by 7. 

Such exercises reflect the old-time disciplinary point of 
view in arithmetic teaching. Domg them develops a 
type of skill which functions to a slight extent, if at all, 
in solving problems of measuring in a real world. Some 
reduction and some work in the operations are needed 
but they can be taught in problems of greater interest 
and more general appeal than those which have been 
stated. A teacher who observed the out-of-school in¬ 
terests and activities of her pupils us(?d problems such as 
these. 

1. Geraldine bought a five-cent candy bar. On the 
wrapper she read, "Net weight, 1% oz." At this rate, how 
much would a pound cost? 

2. What is the cost of a pound 3f “Life-Savers" if a 
five-cent package contains % of an ounce? 

3. If it takes two glasses to make a pint, how many 
glasses of lemonade are there in three gallons? 

4. Henry bought a peck of chestnuts for $1.25, roasted 
them and sold them for 10 cents a bag. How much did 
he make if he got four bags out of a quart? 

5. The children of the Fairview School bought ribbon 
and cut it into pieces 4% inches long lo make badges to 
wear at the school carnival. How many yards did it t ak e- 
to make 180 pieces? 
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Practical problems involving the addition, sub¬ 
traction, multiplication, and division o£ denominate 
numbers are not frequently found. Addition and sub¬ 
traction occur somewhat more frequently than do mul¬ 
tiplication and division and should be presented to the 
extent of a few simple examples. A lesson on such 
problems as the following will help the pupil to see the 
nature of the processes and to understand them when 
tliey are met. 

1. Joe raised four turkeys and sold them just before 
Thanksgiving. They weighed 9 lb. 3 oz., 11 lb. 7 oz., 101b. 

8 oz., and 11 lb. 3 oz. How much did they all weigh? 

2. In a running broad jump, Jack jumped 14 ft. 9 in. 
and Bill jumped 12 ft. 11 in. How much farther did Jack 
jump than Bill? 

3. Mrs. Richards bought two pieces of gingham at a 
remnant sale. The first piece contained 2 yd. 14 in. and 
the second piece, 1 yd. 28 in. How much was there in both 
pieces? 

4. If it takes 2 hr, 55 min. for a train to run from Cleve¬ 
land to Columbus and 2 hr. 45 min. to run from Columbus 
to Cincinnati, how long does it take to run from Clevfr 
land to Cincinnati? 

When denominate numbers occur in problems, they 
are frequently expressed as fractions or mixed numbers. 
Then in adding, subtracting, multiplying, or dividing, 
pupils are performing operations with which they are 
already familiar. 

Teaching the operations with denominate numbers. 

The procedure of adding or subtracting denominate 
numbers is simple and straightforward. The principle 
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ft. 

3 

2 


in. 

7 

8 


difliculty lies in carrying or borrowing. In 
the example shown, for instance, pupils tend 
to write 6 ft. 6 in., instead of 6 ft. 3 in., as 
the sum and to make a similar error when¬ 
ever the sum of the first column is 10 or 
more. They carry 10 instead of carrying 12. " 

Of course, this is a perfectly natural mistake 
since, heretofore, the carry number from the first column 
has been 10. It is important that the proper procedure 
be emphasized when the illustrative examples are ex¬ 
plained. If pupils are closely supervised in their 
practice exercises, early errors may be detected and 
corrected. 

The teacher may solve on the blackboard and explain 
the first of the four problems which have 
been stated, as follows: "Write the numbers 
for pounds under lb. and the numbers for 
ounces under oz. Now, add the ounces first, 
getting 21 ounces. Remember that there 
are 16 ounces in a pound. Then, 21 ounces 
would be equal to 1 pound and 5 ounces. 

Write the 6 under oz. and carry 1 pound to 
the pounds column. Then, the four turkeys weighed 
42 pounds and 6 ounces.” 

In a similar manner, a subtraction example may be 
worked out. We may illustrate with the 
second problem. We write the numbers 
which represent the distance Bill jumped 
beneath the numbers which represent the 
distance Jack jumped. We can not subtract 
11 inches from 9 inches so we borrow a foot, 
or 12 inches. Since 9 inches plus 12 inches 


lb. 

9 

11 

10 

11 

42 


oz. 

3 

7 

8 
3 


ft. 

in. 

14 

9 

12 

11 

1 

10 
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make 21 inches, we subtract 11 from 21. Then, we sub- 
tract 12 from 13. So, Jack jumped 1 foot and 10 inches 
farther than Bill. 

Learn measures through use. If the pupils are to 
know and understand weights and measures, they must 
use them. They should have actual experiences with 
the measures studied. The mere memorizing of tables 
will be of little value. It is not uncommon to find 
pupils who can recite glibly the fact that there are 12 
indies in a foot, 3 feet in a yard, 5'^ yards in a rod, and 
320 rods in a mile, but who have only the vaguest 
notion of the actual length of a foot, a yard, a rod, or a 
mile, particularly the last two. To know that there are 
160 square rods in an acre may be worth while, but it 
is far more worth while to have had experiences with 
areas which are about an acre in extent and to be able 
to tell whether an observed plot of ground mntai'n^ 
about an acre or much more or much less. 

The ceiling of the author’s classroom is about 1? feet 
high. On several occasions, teachers and prospective 
teachers who were students in the author’s classes have 
been asked to estimate the height of this ceiling. Their 
estimates have ranged from 8 feet to 30 feet. The 
campus on which the building containing this class¬ 
room is located is about 10 acres in extent. Estimates of 
the area by students who know it well range from 2 
acres to 30 acres. Klapper tells of having sixth-grade 
pupils estimate the height of an ordinary ceiling and 
getting answers ranging from 10 feet to 60 feet with 
only about 10 per cent approximately correct. He se¬ 
cured answers ranging from 35 feet to 200 feet from 
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college juniors on the height of a four-story building 
with 20 per cent approximately correct* 

We must expect this sort of thing as long as the pupil’s 
experience with measures consists largely of memorizing 
tables and solving book problems. Textbook problems 
should follow many meaningful experiences with the 
units of measure concerned. Some of these experiences 
will be common to all the pupils but others will vary 
with the environment in which the pupils live. The 
classroom assignments should vary accordingly. Thus, 
the urban pupil may be interested in the fact that in 
his city 10 blocks make a mile while tire rural child 
may be interested in the &ct that a /landj used in 
measuring the heights of horses, equals 4 inches. 

The child’s experiences with measures will begin in 
the primary grades and last through all the years which 
he spends in the elementary and secondary schools. He 
will gradually extend his knowledge of measures and his 
skill in their use as need for them arises. Much that he 
learns will come about incidentally in connection with, 
or as a by-product of, other activities. It is neither 
necessary nor desirable that all of a table be learned in 
one lesson or in a series of consecutive lessons. Thus, the 
pupil in the first grade learns to tell tlie day of the 
week and the day of tlie month. Later, he learns that 
there are 7 days in a week, that this month contains 30 
days and he learns to tell time by the clock. Still later, 
he learns that there are 60 minutes in an hour, 24 hours 
in a day and usually a little over 4 weeks in a month. 
Much later he may discover that there are 60 seconds 


‘Klapper, Paul, The Teaching of Arithmetic. New York: D. Apple- 
toa-Century Company, 1984, p. 411. 



426 DENOMINATE NUMBERS 

in a minute and 100 years in a century. Probably, he 
will never meet the fact that there are 10 years in a 
decade while he is in the elementary school. 

Thus, work with denominate numbers moves out 
of the long occupied status in which instruction was 
based on the drill theory and into a new status in which 
the meaning theory of instruction predominates. 

QUESTIONS AND REVIEW EXERCISES 

1. What are the two major systems of weights and 
measures in use in tire present civilized world? 

2. How old is the metric system? In what country was 
this system developed? How extensively have various gov¬ 
ernments adopted it as the official system? Has it been 
officially adopted by the United States? Is its use pemoitted 
in the United States? 

3. What advantages are gained through the use of the 
metric system? How do you account for the reluctance o£ 
the people in this country to use it? 

4. Is our system of weights and measures essentially the 
same as that used in Great Britain? With what differences 
between the two systems are you acquainted? 

5. Why should early efforts at measurement make such 
extensive use of parts of the human body? What disad¬ 
vantages are there in such measurements? It is thought 
that we owe our decimal number system to parts of the 
body also. What is the reason for this point of view? 

■6. Do you know any merely descriptive measures of dis¬ 
tance, capacity, or time other than those given in this 
chapter? 

7. Where in our system of weights and measures do you 
see evidences of a duodecimal number system? Of a sexa¬ 
gesimal number system? Of binary subdivision? 

8. How early in the grades should pupils begin the study 
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of denominate numbers? What should be the nature of the 
earliest instruction? When should the study of this subject 
be completed? 

S. When should tables be memorized in serial order? 

10. Describe briefly the work in denominate numbers 
which has been recommended for the first three grades? 

11. What work in denominate numbers is recommended 
for the intermediate grades? 

12. What advantage is there in bringing into the class 
discussion miscellaneous bits of information about measures 
and measuring practices? 

13. What was the supposed advantage of the long exer¬ 
cises in reduction which were formerly found in arithmetic 
textbooks? Why have such exercises been eliminated? 

14. What was the disciplinary point of view in arithmetic 
teaching? 

L5. What is the major difficulty which pupils experience 
in iparni'n g to add compound denominate numbers? In 
learning to subtract such numbers? How can these diffi¬ 
culties be avoided? 

16. Should teachers be able to estimate fairly accurately 
distances in yards and rods, areas in acres, and weights in 
pounds? Why? How can skill in making such estimates be 
developed? 

17. Should pupils learn to make such estimates as those 
indicated in Exercise 16? What type of experience is neces¬ 
sary if pupils axe to develop such skills? 

18. Should the course of study in weights and measures 
be the same for all of the pupils in a given grade in a 
state? Why? 

19. To what extent can weights and measures be learned 
through the use of the theory of incidental instruction? 

20. To what extent should the teaching of measures be 
based on the meaning theory? How is this subject taught 
if instruction is based on the drill theory? 
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CHAPTER TEST 

Read each statement and decide whether it is true or fals 
A scoring key will be louiid on page 634. 

1. The metric system of weights and measures was 
adopted first by the French government. 

2. The metric system of measures is a decimal system, 

3. The English system of measures is a decimal system. 

4. The British imperial gallon is larger than the gallon 
used in the United States. 

5. The British imperial bushel is larger than the bushel 
used in the United States. 

6. The total arm spread was once called the cubit. 

7. The sexagesimal number system has a base of 6. 

8. The English system of measures is based largely on 
the duodecimal number system. 

9. The study of denominate numbers should be begun 
in the first grade. 

10. The study of denominate numbers should be com¬ 
pleted in the sixth grade. 

11. The words inch and ounce have a common origin. 

12. When pupils begin to study measures of length, they 
should memorize the table for such measures. 

13. The first item to be learned in measures of u'mp is 
the fact that there are 60 minutes in an hour. 

14. The course of study in measures should be the same 
for rural pupils as for urban pupils. 

I-®' Teachers should be able to estimate small areas in 
acres rather accurately. 

16. In recent years, there has been a decrease in the 
amount of work in reduction of denominate numbers 
which is included in textbooks. 

17. Multiplication of compound denominate numbers 
occurs more frequently in ordinary affairs than does sub¬ 
traction of compound denominate numbers. 
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18-30. For each item in the first column, select an item in 
the second column which matches it. 


18. Farthing 

(a) 

2150.42 cubic inches 

19. Winchester gallon 

(P) 

Base of 60 

20. Imperial gallon 

(c) 

161/2 

21. Winchester bushel 

(d) 

231 cubic inches 

22. Sexagesimal 

(e) 

32 quarts 

23. Duodecimal 

CO 

Base of 10 

24. Hand 

(S) 

5280 

25. Feet in a rod 

(h) 

An English measure of 

26. Crate of berries 


money 

27. Bushel 

<0 

1728 

28. Feet in a mile 

0) 

4 inches 

29. Ordinary ton 

(ft) 

Metric measure of ca¬ 

30. Liter 


pacity 


(0 

277.274 cubic inches 


(m) 

2240 pounds 


(n) 

Base of 12 


(o) 

24 quarts 


(P) 

2218.192 cubic inches 


(?) 

2000 pounds 


(0 

Quart 
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THE ELEMENTS OF MENSURATION 

Mensuration in the intermediate grades. There ij 
considerable variation in courses of study as to the 
amount of attention which should be given to elt 
mentary work in mensuration in the intermediate 
grades. Some provide for none; others begin the subject 
early and carry the program to the point where,pupils 
do many constructions to scale, learn to find areas oi 
many plane figures, calculate volumes, find perimeters, 
do related work in graphs, and solve involved prohleuis 
in which principles and facts learned in meiisurationare 
employed. 

Mensuration can easily be made too difficult for pupils 
in these grades. The difficulty may inhere in the fact 
that pupils can see no real uses for what they leam, it 
may be due to the abstract nature of the examples and 
the problems, or it may be due to the teaching method 
employed, a method which is too often based on the 
drill theory of instruction. On the other hand, if the 
materials of instruction are selected in the light of pupil 
interest and pupil experience and if the method is one 
in which the meaning theory is incorporated, the 
elements of mensuration wiU not be too difficult for 
pupils in the intermediate grades. It may be easy 
enough for pupils to attain to a reasonable degree of 
success in it and it may also be interesting and worth 
while. 

The work in measurement which is done in the 
primary grades and continued in the intermediate grades 
432 





433 


defining plane figures 

quite naturally to the elements of mensuration. 
Measures of distance may include lengths and widths of 
rectangular figures, for example. Then it is but a short 
step to the measurement of perimeters and not a very 
long step to the measurement of areas. 

Pupils in the intermediate grades may study the 
rectangle, its special case, the square, the triangle, and 
they may have some experience with the circle. They 
will learn to recognize each of these figures by its 
characteristic shape. They will learn that a rectangle 
may be a square but that a square is always a rectangle. 
They will have experiences in finding perimeters. And 
they will leam to find areas of rectangles and triangles. 
Some would say with justification, that the triangle 
should be postponed until the junior high school years 
but some attention may be given to the right triangle 
in the intermediate grades since two right triangles are 
formed by the diagonal of a rectangle. 

Defining plane figures. It is well for the more mature 
student to learn as a summary of his experiences with 
plane figures that a quadrilateral is a plane figfure 
bounded by four straight lines, that a parallelogram is 
a quadrilateral whose opposite sides are equal and 
parallel, that a rectangle is a parallelogram having four 
right angles, and that a square is a rectangle whose sides 
are equal. But for the beginner, such definitions are 
more of a hindrance than a help. If the pupil in the 
intermediate grades can identify a square, a rectangle, 
and a triangle, as well as a circle, it matters little 
whether or not he knows or remembers formal defini¬ 
tions. If given at all, the definitions should come after a 
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series of interesting, meaningful experiences with the 
things defined. 

Early explanations should be made in terms of actual 
examples. These examples may be objects in the school- 
room and elsewhere and they may be drawings which 
are placed on the blackboard and on sheets of paper, 
These illustrations should be numerous and varied. 
When drawings are used, the development may proceed 
in some such manner as tlie following: 

We call figures like these rectangles. 


□ 


You see, rectangles always have four sides and all four 
corners are square. Figures like those in the group below 
are not rectangles because some of them do not have 
four sides and in none of them are all of the corners 
square. Can you tell which corners are not square? How 
many sides are there in each of these figures? 


,z:7c:] 


Look at the figures in the next two groups and tell 
which are rectangles. Is figure A a rectangle? How do 
you know? Is B a rectangle? How can you teU? Answer 
the same questions for the rest of the figures. 
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Look at the four rectangles in the next group of 
figures. Two of them are squares. Can you tell which 
two are squares? 

You see, if all four sides of a rectangle have the same 
length, the rectangle is a square. Do the four sides of 
number 1 have the same length? Number 2? Is number 



3 a square? How can you tell? Is number 4 a square? 
Why? Look again at the 10 figures which are lettered A 
to J. Are any of them squares? 

After a few lessons with rectangles the term, right 
angle, may be introduced and used in the place of 
square comer. No formal definition of right angle is 
necessary at this time. Nor is it necessary to use and 
define the term, angle, before right angle. The pupil 
simply learns that when two straight lines meet so as 
to form a square corner, they form a right angle. This 
is learned from observation; it is not formally 
memorized. Then, it is seen that a rectangle has four 
right angles. 

Finding the area of a rectangle. The first step toward 
finding areas of plane figures is for the pupil to gain 
an understanding of what is meant by 1 square inch, 
1 square foot, etc., as a unit of measurement. The pupil 
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learns that if a square, each side of which is 1 inch in 
length, is drawn, the area of the square is 1 square inch. 
Then, if a rectangle four inches long and three inches 
wide is drawn, our problem is to find the number ot 
square inches in the area of this rectangle. 



First, we draw the rectangle four inches long and 
three inches wide. Then, we draw 1 square inch in a 
corner of the rectangle, as shown, and place marks to ! 
divide the remainder of each of two adjacent sides into 
one-inch lengths. The pupils see now that we are to find 
how many of these square inches there would be in the 
entire area of the rectangle. 



Scale’f-in.™! In. 


The next step is to lay off a strip of square inches, that 
is, a strip 1 inch wide which is then divided into square 
inches. These strips may run either lengthwise or aoss- 
wise. Two figures may be drawn so as to make them run 
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both ways, as shown. Now, the pupils see that there are 
4 square inches in a strip, i£ the strips run lengthwise. 
Since there are 3 strips, there would be 3 X 4 square 
inches, or 12 square inches, in the figure. Again, if the 
strips run crosswise, they see that there are 3 square 
inches in a strip and 4 strips and in the entire rectangle, 
4X3 square inches, or 12 square inches. 


VI 

P' 



4'r 












3" 3" 











U — 



' Scale ■!-tn.“= 

lln. 


Of course, each of the strips may be cut into square 
inches and the pupil may simply count the number of 
square inches in the entire figure to determine that 
there are 12. It seems better, however, to use the plan 
which has been sketched. Perhaps, we may go a step 
farther and divide the entire rectangle into one-inch 
squares if the pupils, particularly the duller pupils, are 
unable to see what the area would be from the figures 
which have been drawn, but this should be done only 
as a last resort. 

At any rate, pupils should soon see that the number 
of square inches in a strip is equal to the number of 
inches in the length (or width), that the number of 
strips is equal to the number of inches in the widA (or 
length), and that the number of square inches in the. 
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entire figure is equal to tite number of square inches in 
one strip multiplied by the number of strips. 

Two or three examples should be worked out in the 
objective manner which has been illustrated. In these, 
various units of measure should be used and various 
dimensions should be employed. Gradually, the pupil 
generalizes to the effect that length times width equU 
area. There should be frequent repetition of such sute- 
ments as the following: 

l.ength in inches times width in inches =s area in square indra 
Length in feet limes width in feet =r area in square feet 
Length in yards times width in yards = area in square yards 
Length in rods times width in rods = area in square rods 
Length in miies times width in miles = area in square miles 

From such statements as the preceding and those 
which follow, the formula will gradually evolve. 

The area equals the length times the width. 

Area equals length times width 

Area =. length X width 

A -= 1 X w 

A —Iw 

The formula, A = Iwj thus summarizes in a brief, 
concise manner what the pupil has learned. Coming as 
the culmination of a series of interesting concrete ex¬ 
periences, it is meaningful and is likely to be retained. 
If it is forgotten, the pupil probably can recall it by 
constructing rectangles and reproducing some of the 
experiences by which the formula was originally ob¬ 
tained. 

Although the pupil's first concept of the square inch, 
the square foot, etc., is that of a square each side of 
which is 1 inch, 1 foot, etc., in length, he must soon 
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leam that a figure may have an area of 1 square inch, 1 
square foot, etc,, although it is not a square. Several 
examples of this should be illustrated objectively. Thus, 
a figure 2 feet long and % foot wide may be drawn and 
the pupil may discover that the area is 1 square foot by 
cutting the figure crosswise into two equal parts and 
fitting the parts together to make a figure one foot 
square. Again, he sees that the area may be found by 
using the formula, A — Iw. 

Such expressions as, "3 in. X 4 in. = 12 sq. in.” or 
"3X4X1 = 12 sq- In*’’ should be avoided, the 

former because it is meaningless and the latter because 
it is pedantic. We have discussed briefly the subject of 
abstract and concrete numbers (pages 166-170). Pupils 
should not be disturbed by rules for abstract and con- 
CTete numbers when learning the elements of mensura¬ 
tion but the teacher should set good models for them 
to follow. Inches times inches do not give square inches, 
or anytliing else, but length in inches times width in 
inches does give area in square inches. 

The older method was to start with the formula, or 
its equivalent in the form of a verbal statement of a 
rule. After memorizing a definition of a rectangle, the 
pupil was confronted with some such rule as die follow¬ 
ing: The area of a rectangle is the number of units in 
the length multiplied by the number of units in the 
width times the unit of measure. To all but the most 
gifted such a rule was meaningless and probably did 
more harm than good. 

Pupils frequently make errors when the dimensions 
are expressed in different units of measure. From the 
beginning, emphasis should be placed upon the neces* 
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sity of expressing both dimensions in the same unit oE 
measure. This is done by repeating such statements as 
"Length in feet times width in feet equals area in square 
feet.” by solving problems in which the dimensions are 
expressed in different units, and by using diagrams 
drawn accurately to scale witli the dimensions written 
in their appropriate places. 

Finding the area of a triangle. In this discussion, we 
shall refer to the right triangle only. The pupils learn 
to recognize a plane figure bounded by three straight 
lines as a triangle. They can easily see that if a diagonal 
is drawn in a rectangle, two triangles are formed. Thq 
also see that these triangles are equal. It is weU to con¬ 
struct such a figure carefully on paper, cut out the 
figure, cut it into two triangles by cutting along the 
diagonal, and show that the two triangles are equal by 
superimposing one on the other. Each pupil may do 
this for himself and the rectangles with which the 
various pupils work need not have the same dimensions. 


sm. 



Now, the pupils have learned that the area of a 
rectangle is found by the formula, A = Iw. Then, the 
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area of either of the two triangles would be given by the 

formula, 

, . Iw. 

A = % Iw. or A = -^ 

In the figure on page 440, the area of the rectangle is 48 
square inches and the area of the triangle is one-half of 
48 square inches, or 24 square inches. 

Practice in finding areas. The only practice which 
many pupils receive in finding areas of rectangles, tri- 
anglk and other plane figures which they study comes 
from the solution of textbook problems, such as, “Find 
the area of a rectangle whose base is 12 inches and whose 
altitude is 4 inches," or, “A triangle has a base of 8 
feet and an altitude of 6 feet. Find the area.” Practice of 
this kind is good enough as far as it goes but it is very 
inadequate if pupils are to be enabled to find areas of 
real rectangles and triangles at home and elsewhere in 
out-of-school activities. A pupil who has become pro¬ 
ficient in solving textbook problems such as those just 
stated may be utterly unable to find the area of the floor 
of a room in his home. He may even be unable to find 
the area of a figure when the drawing is presented to 
him with the dimensions properly written in, because of 
his inability to tell which is the length and which is 
the width or which is the base and which is the altitude. 

The remedy lies in providing problems with a more 
realistic setting and in correlating the finding of areas 
with actual work in measuring. The class may begin by 
measuring and finding areas of surfaces of objects close 
at hand such as a page of a book, a sheet of paper, the 
top of a desk, the top of a table, a pane of glass, a 
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section of blackboard, the floor of the classroom, etc 
Later, garden plots, a section of playground, a vacant 
lot, the floor of a room at home, etc., may be measured 
and the areas found. Practical problems pertaining to 
the buying of paint and varnish may be used to give 
the exercises a real setting and to make i-Vim more 
interesting. 

Good practice may be provided by cutting heavy 
cardboard into rectangles and triangles of various di¬ 
mensions and letting pupils measure the pieces and 
compute the areas. The first pieces should be cut very 
carefully so as to be just 6 inches, 9 inches, 4 inches, 
etc., in length or -width. Later, pieces may be cut with.- 
out reference to any particular number of inches and 
practice provided in measuring to the nearest inch, the 
nearest half-inch, the nearest quarter-inch, or the nearest 
eighth-inch. This will give practice in careful measure¬ 
ment and in the multiplication of mixed numbers. The 
answers which the various pupils obtain naturally will 
differ somewhat but the teacher need not be concerned 
about this if the differences are not great for expert sur¬ 
veyors do not get exactly the same result in finding the 
area of a tract of land. In measuring triangular pieces, 
pupils should be permitted to use any convenient side 
as the base if they use as the altitude the perpendicular 
distance from that side to the opposite vertex. Ho-wever, 
early work with triangles should be limited to right 
triangles, as has been suggested. When cardboard figures 
have been cut and measured and the areas have been 
computed by the teacher, they may be numbered and 
filed away with the data pertaining to them, for the use 
of later classes. 
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Some teachers object to the kind of practice material 
which has just been suggested. They complain that there 
are no certain answers with which the pupils can com¬ 
pare their results. Right here lies a significant merit of 
this of exercise. Practice and good measuring in¬ 
struments enable teachers and pupils to increase the 
skill with which they measure and the accuracy of their 
measurements but both teachers and pupils should learn 
that there is no such thing as an exact measurement. 
The pupil’s concern, both in and out of school, should 
be to malc e the most accurate measurements of which he 
is apable. He should learn early that errors will be 
made and that individual measurements will vary. One 
pupil registered his distress and his confusion by saying, 
when he was handed a cardboard triangle and was asked 
to find its area, “Mine ain’t got no base or altitude.” 

The following problems are suggestive of the kinds 
which may be used. They are deliberately chosen so as 
to represent a rather wide variety of conditions. They 
should suggest other problems which may be better 
adapted to the needs and interests of the pupils in a 
particular class. 

1. Measure a sheet of your tablet paper. What is the 
length? What is the width? What is the area? 

2. Find the number of square inches in the top of your 
desk. The number of square feet. How do you change 
square inches to square feet? 

3. A quart of varnish will cover 150 square feet. Would 
a quart be enough to varnish the tops of the desks of all 
the pupils in your room? 

4. There should be at least 18 square feet of floor area 
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in a schoolroom for eadi pupil. How many square feet 
are there for each pupil in your room? 

5. This figure represents a pennant made of a piece of 
red felt and a piece of black felt. How many square inches 
of each kind does it take to make a pennant? 



6. Mr. Dennis is getting ready to paint his bam. This 
figure represents one end of the barn. How much paint will 
it take to cover this end if a quart will cover 125 square 
feet? How much will be needed to paint both ends? 



7. If Mr. Dennis' barn is 36 feet long, how much paint 
will be needed to paint the two sides? 

8. Which is larger, a 3-inch square or 3 square inches? 
How much larger? How many times as large? 
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9. Ralph, who lives on a farm, wanted to find how many 
acres there were in his father's com field. He found that the 
com was planted in rows both ways across the field. The 
rows were three feet apart. He counted the rows and found 
that there were 284 one way and 192 the other. The field 
was how many rods long? How many rods wide? How many 
acres in the field? 

10. The number of square feet of window glass in a 
schoolroom should be about one-fifth the number of square 
feet in the floor. Is this true of your schoolroom? 

11. A rug 6 feet long and 4% feet wide costs $4.50 and a 
rug 12 feet long and 9 feet wide costs $16.00. Which costs 
the more per square foot? 

12. Dick is going to build a chicken yard back of the 
garage. It will be 18 feet long. If he allows 6 square feet 
for each chicken, how wide should the yard be to make 
room for 40 chickens? 

Finding perimeters. While the rectangle and the tr> 
angle are being studied and areas are being found, it is 
an interesting and valuable exercise to find perimeters 
also. Problems requiring the amount of fencing needed 
for a lot or a garden plot, border for articles made in 
sewing, material to frame a picture, etc., are easily 
found. Some of the problems assigned will be combina¬ 
tion problems, requiring that both the area and the 
perimeter be found. In number 12 of the above list, for 
example, pupils may find the amount of fencing which 
Dick will need. This may be further complicated by the 
fact that the garage wall forms one side of the rectangle. 

Drawing to scale. In the first problems with plane 
figures which are used in class and which the pupils 
solve, the dimensions should be small numbers of inches 
so that the drawings may actually have the dimensions 
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which the problems give. Thus, we may talk about a 
rectangle 6 inches long and 3 inches wide and construct 
a figure just 5 inches long and 3 inches wide. Larger 
rectangles may be drawn on the blackboard. But in 
time, problems will be encountered which give dimen¬ 
sions in yards, rods, and even miles. It is then necessary 
that the diagrams be constructed on a reduced sray 
Pupils should learn to draw to scale. 

In teaching pupils to draw to scale, we should use a 
series of exercises which are of gradually increasing diffi¬ 
culty. For example, it is much easier for the beginner 
to represent by a scaled drawing a rectangle 24 feet long 
and 16 feet wide than a rectangle 28 feet long and 15 feet 
wide since the dimensions of the former contain com¬ 
mon integral factors while tlie dimensions of the latter 
do not. In the former, an inch can represent 8 feet or 4 
feet and the drawing will be of convenient size. In the 
latter, if the pupil lets one inch represent 3 feet, 5 feet, 
6 feet, or 7 feet, fractions are obtained which are not 
readily measured with an ordinary rule. Probably, the 
best scale in this case is that in which one inch repre¬ 
sents 4 feet for this will make the drawing 7 inches long 
and 3% inches wide. Skill in choosing a desirable scale 
grows slowly and gradually with experience but for its 
best development, the exercises should be planned and 
graded with care. 

Pupils learn that a scaled drawing differs in size from 
that which it represents but that it has the same shape. 
The size may be changed to suit our convenience but 
the shape remains the same. It is well to have a garden, 
a room floor, or other rectangle represented by drawings 
having two or three different scales in order that pupils 
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« see that the size of the drawing is not very impor- 
2 but that the iiape must not be changed Floor 
Ians of houses are easily found in magazines and may 
be examined by the pupils and the scales noted. Local 
Le-scale maps of a city, showing the streets and prin- 
lal uoints of interest, and of a rural neighborhood, 
howing highways, railroads, etc., can be obtained and 
studied. Maps in geography texts can be examined and 
he scales compared and discussed. Pupils learn that 
they can not tell about the comparative sizes of coun¬ 
tries by comparing maps unless the scales of these maps 


are taken into account. _ 

Drawing to scale is a valuable type of training. It not 
only helps the pupils in the visualization of the condi¬ 
tions of a problem in mensuration but also it forms the 
basis for later construction work in geometry and for 
the graphic representation of statistical data. 

Finding the volume of a rectangular solid. When 
pupils begin their work with three-dimensional figures, 
they should have concrete materials to illustrate the ob¬ 
servations made since they find it difficult to visualize 
the details of three-dimensional space even when good 
drawings are made. It is well to have a supply of one- 
inch cubes and a box each of whose dimensions is an in¬ 
tegral number of inches. By actually placing the cubical 
blocks in the box, the pupils see that the number of 
inches in the length of the box tells the number of 
blocks required for a row. tiiat the number of inches in 
the width of the box indicates the number of rows of 
blocks in a layer, that the product of these two numbers 
gives the number of blocks in a layer, that the number 
of inches in the height, or depth, of the box tells the 
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number of layers of blocks, and that the product of the 
length, the width, and the height gives the cubic con¬ 
tents of the box, or its volume. 


Of course, the first concept to be developed is that of 
the cubic inch, cubic foot, or whatever is to be used » 
the unit of measure. Again, the concrete representation 
in the form of the cubical block, is to be recommended’ 
The pupil learns tliat a block which is an inch long, an 
inch wide, and an inch high, contains one cubic inch. 
This should be associated with the square inch. Later 
tlie pupil broadens his concept of the meaning of a 
cubic inch by learning that a block may contain a cubic 
inch even though the dimensions are not equal. For ex¬ 
ample, a block, two inches long, one inch wide, and one- 
half inch thick contains one cubic inch. 


From concrete examples, the formula for the volume 
of a rectangular solid is gpradually evolved in a manner 
similar to that used in developing the formula for the 
area of a rectangle. The pupil learns that the dimen¬ 
sions must all be in the same unit of measure; that 
length in inches times width in inches times height in 
inches equals volume in cubic inches; that length in feet 
times width in feet times height in feet equals volume 
in cubic feet; etc.; and then, in general, that volume 
equals length times width times height; or, V = Iwh. 

The number of cubic inches in a cubic foot and the 


number of cubic feet in a cubic yard should be worked 
out by the pupils from their knowledge of volumes of 
rectangular solids just as the number of square inches in 
a square foot and the number of square feet in a square 
yard should be deduced from their knowledge of areas 
of rectangles. Thus, eacli pupil discovers for himself 
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that there are 144 square inches in a square foot, 
square feet in a square yard, 1,728 cubic inches m a 
cubic foot, and 27 cubic feet in a cubic yard. It is muc 
better to develop these facts from known facts in linear 
measure than to memorize them as separate and m e 
pendent facts. If facts which have merely been memo 
rized are forgotten, they are lost; but if facts which ave 
been derived from other known facts are forgotten, ley 
ran be derived again. 


QUESTIONS AND REVIEW EXERCISES 

1. To what extent can the seventh-grade teacher of 
metic or junior high school mathemadcs assume ^ 
pupils have already been instructed in the elements 

mensuration? ,i‘fficult 

2. Some teachers contend that mensuration is too i 
for sixth-grade pupils. Is this true? What reasons can y 
suggest for this contention? 

3. How is the measurement of area related to the meas 

ment of distance? How is the measurement of vo u 
lated to the measurement of area? . 

4. Should the parallelogram have been include m 
list of plane figures treated in this chapter? Wny 

5. How early in his study of the rectangle an 

angle should a pupil learn a formal definition t 
these figures? , 

6. What is the difference between a square 
tangle? Between a rectangle and a parallelogram ^ 
a parallelogram and a quadrilateral? Is a square a qu 

lateral? . j^ced? 

7. How early should the term right angle be in r 
What does a pupil call a right angle before he e* 
term? Should the term angle be used and define e o 
term right angle is introduced? 
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8 , Outline the development suggested for leading the 
pupil to see that the area of a rectangle is the product nf 
the length and the width. ^ ° 


9. Thorndike objects to this development on the giound 
that it leads the pupil to believe that a rectangle must be 
made up of a whole number of individual one-inch squares 
and that he can not see the application of the formula to 
such a rectangle as one 314 inches long and 2% inches wide. 
What do you think of tlris objection? 

10. Why should one not say that inches times inches 
gives square inches or that inches times inches timw inrli a 
gives cubic indies? Why is it not recommended that one 
write "6x5X1 sq. in." in finding the area of a rectangle 
6 inches long and 5 inches wide? 

11. Why is it better to have the pupils develop the 
formula^ A mm Iw, from objective experience with drawings 
than to have them memorize the formula at the beginning 
of their work with rectangles? 

12. Why is it that pupils who can solve textbook 
problems on areas of plane figures sometimes can not find 
the areas of such surfaces in out-of-school situations? 


13. If two pupils measure and find the area of the same 
triangle, will they obtain the same answer? Why? 

14. If cardboard triangles are supplied to the pupib for 
practice in finding areas, should the bases and altitudes be 
labeled? Why? 

15. Can the dimensions of a plane figure be determined 
exactly? Can the exact area be found? 

16. If the length and width of a rectangle are each de¬ 
termined to the nearest inch and are found to be 10 inches 
and 8 inches respectively, what is the maximum possible 
error in the area obtained? 

17. Suggest a variety of practical applications for work 
in finding perimeters of rectangles. 
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CHAPTER TEST 

18. Should sixth-grade pupils learn to draw to scale? 
Do they have need for an understanding of scale drawing 
aside from that which arises in connection with their work 
in arithmetic? 

19. Why is it advisable to use concrete materials instead 
of drawings in teaching pupils to find volumes of rec¬ 
tangular solids? 

20. Should a pupil learn from a table the number of 
square inches in a square foot and the number of cubic 
inches in a cubic foot or should he discover these facts for 
himself? Why? How can he be expected to discover such 
facts for himself? 


CHAPTER TEST 

Determine whether each statement is true or false. A 
scoring key will be found on page 534. 

1. The recommended list of plane figures for study in the 
intermediate grades includes the parallelogram. 

2. When the pupil begins the study of the triangle, he 
should memorize a definition of the triangle. 

3. All rectangles are squares, 

4. All squares are rectangles. 

5. All rectangles are parallelograms. 

6. To find the area of a rectangle 8 inches long and 6 
inches wide, the pupil should be taught to multiply 1 
square inch by 6 X 8. 

7. Feet times feet gives square feet. 

8. The only type of triangle treated in this chapter is the 
right triangle. 

9. Pupils can not be expected to make exact measure¬ 
ments. 

10. If two persons find the area of the floor of a room, 
they usually get the same answer. 

11. If cardboard triangles are supplied to pupils for 
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practice in finding areas, the base and altitude should l,. 
labeled. 

12. The perimeter of a plane figure is the distance around 

13. Pupils in the intermediate grades should leam to 
draw to scale. 

14. A scaled drawing should have tlie same shape as the 
original which it represents. 

15. When pupils are learning to find the volume of a 
rectangular solid, the meaning of the steps should be 
represented by drawings. 

16. Pupils should discover for themselves the number of 
cubic inches in a cubic foot. 

17-26. For each item in tire first column, select an item in 
the second column which matches it. 


17. A rectangle 

<«) 

A =>lw 

18. A right angle 

(*) 

The distance around a 

19. Area of rectangle 


figure 

20 . Area of triangle 

W 

A plane figure bounded 

21 . Perimeter 


by three straight lines 

22 . Quadrilateral 

(d) 

An angle of 90 degrees 

23. A triangle 

(«) 

A rectangle having equal 

24. A square 


sides 

25. A cubic foot 

(f) 

A parallelogram having 

26. Volume of rectan¬ 


right angles 

gular solid 

is) 

A^y^lw 


(*) 

The diagonal 


(0 

2150.42 cubic inches 


0 ) 

A plane figure bounded 
by four straight lines 


W 

1728 cubic inches 


(0 

144 square inches 


(m) 

An acute angle 


(”) 

231 cubic inches 


(o) 

V<—lwh 
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SOLVING PROBLEMS 

Why should problem solving be emphasized? It U the 
chief purpose of arithmetic instruction to teach pupils 
o solve problems. Frequently, it has been emphasized 
hat as pupils learn the basic operations with numbers 
they should apply their skills in the solution of proh 
lems. In the preceding chapter, many new types of 
examples have been introduced through the medium 
of problems. These operations are taught in order that 
the pupils may be able to solve the problems which 
they encounter in their school days and in their after- 
school experiences. Skills in the fundamental operations 
aie not ends in themselves; they are the means to an 
end. The end is the ability to solve problems. 

Distinction between a problem and an example. In 
this volutne and in the one which precedes it, the word 
problern" has been used consistently to refer to an 
arithmetical situation in which the operation to be per¬ 
formed is not indicated but must be decided upon by 
the pupil. A problem is a verbal statement, followed 
by a question or a demand; hence, problems are often 
called "verbal problems” or "word problems," although 
these latter terms are not often used except by those 
who call all arithmetic exercises "problems." Examples, 
on the other hand, are exercises in arithmetic which 

^Morton, Robert Lee. Teaching Arithmetic in the Elementary 
School, Volume 1, Primary Grades. New York: Silver Burdett Com- 
8« 369^^^' 245-249. 273-274. and 315. See also pages 
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are accompanied by instructions in the form of verbal 
directions or signs which indicate to the pupil the opera¬ 
tions which he is to perform. Examples give the pupil 
practice in and test his skill in the performance of the 
fundamental operations with numbers. Problems re¬ 
quire the pupil to appraise situations and to decide 
upon the operation or operations which are to be per¬ 
formed and the order in which they are to be performed 
if there is more than one operation. 

This distinction between a problem and an example 
is an arbitrary one, to be sure. It is an arbitrary one be¬ 
cause some problems are so simple and the solutions 
are so obvious that they are hardly more than examples 
to the pupils who solve them while examples in new 
and involved operations may be real "problems” to 
pupils who are just learning to solve them. But the dis¬ 
tinction is a convenient one for teachers to make as 
they organize their lesson plans and provide pupils with 
exercises for practice. 

Factors conditioning success in problem solving. The 
author has given a battery of tests to 300 pupils in 
grades five, six, seven, and eight in a small city school 
system to determine the extent to which problem solv¬ 
ing ability is related to each of several other factors 
or abilities. For each of the 300 pupils, information was 
obtained on the following points: 

1. The ability to solve arithmetic problems, 

2. Verbal intelligence. 

3. Non-verbal intelligence. 

4. Skill in the fundamental operations of arithmetic, 

5. Comprehension in silent reading. 

6 . Rate in silent reading. 
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7. Regularity in school attendance. 

8. Age in months. 

The relation of problem solving ability to each of 
the other factors or abilities was determined by the 
method of correlation. This method yields a conehtion 
coefficientj a decimal fraction which tells how dosely 
two sets of scores or other variables are related. The 
correlation coefficients which tell how closely problem 
solving ability is related to each of the other seven fac¬ 
tors are given in Table 8. 


Table 8. Correlations with Ability in Problem 
Solving 


Factor or Ability 

Correlation 
with Ability in 
Problem Solving 

Verbal intelligence 

.78 

Non-verbal intelligence 

.52 

Skill in the fundamental operations 

.70 

Reading comprehension 

,61 

Reading rate 

.25 

School attendance 

.11 

Age in months 

.34 


The larger the correlation coefficient, the doser the 
relationship. If the correlation between two sets of 
scores were perfect, that is, if the pupils all had the same 
rank in both tests, the correlation coefficient would be 
1.00. Of the seven correlation coefficients given in Table 
8, some are much higher than others. Apparendy, the 
ability to solve arithmetic problems is rather dosdy 
related to intelligence, to skill in the fundamental opera- 
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tions, and to reading comprehension. This is what one 
would naturally expect. To solve problems as they ap¬ 
pear in tests and textbooks, pupils must have brains; 
they must be competent in addition, subtraction, mul¬ 
tiplication, and division; and they must be able to read 
with understanding. On the other hand, reading rate, 
reg^ularity in school attendance, and age were not found 
to be very important factors. Again, this is what one 
would have expected. Reading rate surely is not so im¬ 
portant as reading comprehension for one who is trying 
to grasp the conditions of a printed problem. What little 
correlation there is here probably is due to the fact that 
good readers usually read more rapidly than do poor 
readers. The low correlation with school attendance is 
due to the fact that none of the pupils had been absent 
excessively and that within narrow limits there is little 
relationship between attendance and school success. The 
correlation with age would have been much higher if all 
of the children in these schools had been tested, for the 
age range is considerably restricted in these four grades 
and there is some tendency for dull pupils to be re¬ 
tarded in grade progress and for bright pupils to be 
accelerated. 

There is considerable evidence, according to psycholo¬ 
gists, that what we call "intelligence" is largely an in¬ 
herited trait and is not modifiable to a very great extent. 
That is, if a pupil is dull, there is not much which the 
teacher can do about it. This sounds like a fatalistic 
doctrine but it need not be so- The teacher can improve 
on current practices in making use of the intelligence 
which the pupils possess and in providing opportunities 
for their max i mum growth and development. The 
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teacher can adapt the materials and methods of teach- 
ing to the intellectual level of the dull pupil but she can 
not cure his dullness. Stupid children can not solve 
complicated, difficult problems. No mafn-r ^hat the 
skill of the teacher or how nearly adequate the ma¬ 
terials of instruction, there is a very definite limit to the 
difficulty of those arithmetic problems which pupils of 
a given intelligence level can solve. 

But children of equal intelligence differ considerably 
in the success which they attain in problem solving, 
Other factors condition that success. We do not know 
what all of these are but our correlations tell us that 
two of them—^and two very important ones—are (1) 
skill in the fundamental operations of arithmetic and 
(2) comprehension in silent reading. No teacher who 
would have her pupils accomplish all that they are ap 
able of accomplishing in problem solving can afford to 
neglect these two important factors.. 

It is easy to see how success in problem solving must 
depend upon skill in the fundamental operations of 
addition, subtraction, multiplication, and division. 
However correct the pupil’s reasoning may be, if he can 
not perform operations correctly after he has decided 
what they are, his answers must be wrong. We see here 
the fundamental operations in their proper r61e—^tools 
which enable the pupil to carry out the solutions which 
he has devised. 

Nor is it surprising that the ability to read printed 
paragraphs understandingly counts heavily in solving 
arithmetic problems. Before the pupil can begin to de¬ 
vise a solution for a problem, he must know what the 
conditions of the problem are and he must understand 
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clearly what is required. Ordinarily, he gets this intor- 
mation by reading a printed or written statement of the 
problem as given in a textbook or elsewhere. Skillful 
reading precedes the pupil’s efforts to think out the 
steps of the solution. Accurate computation follows and 
permits him to put his thinking into full effect. 

What has just been said applies particularly to the 
solution of problems in school. If the problems which 
a pupil solves are drawn largely from books and lists 
prepared and written by his teacher, reading and arith¬ 
metic skills are of almost equal importance. Each is 
indispensable. In actual life experiences, however, prob¬ 
lems are not written out; they occur as integral parts of 
larger and more extensive experiences. What is de¬ 
manded is apparent with no reading. Hence, skill in 
the fundamental operations is probably more important 
than skill in reading so far as the solution of such prob¬ 
lems is concerned. 

Not the least important of the findings of the study 
which has been reported very briefly is the fact that 
problem assignments should be varied to suit the greatly 
varying capacities of the children to be taught. What 
is suitable for average children is too easy for the gifted 
and too difficult for the dull. Providing a uniform as¬ 
signment for all is likely to result in a loss of interest 
on the part of the brighter children because the tasks 
are not a fit challenge to their abilities and an equal or 
greater loss of interest on the part of the duller because 
they fail to underst^lnd what is required of them. Only 
by making the assignments conform to the differing 
capacities and interests of the pupils in the class can we 
hope to accomplish a maximum of benefit for all. 
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Summarizing the preceding paragraphs, we may say 
that the teacher who would get better results in problem 
solving may proceed as follows: (1) apply tests of at¬ 
tainment in problem solving, intelligence, reading, and 
fundamental arithmetic skills; (2) where deficiencies 
are found to exist, teach for better skills in the funda¬ 
mental operations of arithmetic and in reading; (3) 
adapt problem assignments to individual Hiffprpnw, 
among the pupils. 

Further causes of difficulty in problem solving. Many 
plans for increasing the success of pupils in problem 
solving have been tried experimentally and have been 
written up in periodical literature and in monographs 
in recent years. One bibliography includes 85 references 
and, of course, no bibliography is complete.® The author 
has examined a vast amount of published material on 
this subject—thousands of pages—^but has found few 
specific suggestions which can be relied upon to produce 
better results with pupils. Many of the suggestions are 
based upon experiments conducted with small numbers 
of pupils and some others are of the subjective or opin¬ 
ion type. Some of the results secured by different in¬ 
vestigators fail to agree. 

There seems to be rather general agreement that the 
points which have been mentioned are points of great 
importance. Intelligence is probably the most important 
single factor. But the teacher should remember that a 
dull pupil who can not solve the problems which are 
in the assignment for the grade in which he is located 
may well be able to solve these problems when he is 

* Wilson, Guy M. "Bibliography—^Written Problems in Arithmetic" 
Education, LIV: 480-483, April, 1984. 
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older and intellectually more mature. In the meantime, 
he should be given easier problems rather than be sub¬ 
jected continuously to the experience of failing what 
he undertakes to do.* Hence, the plea which has been 
made to adapt the problem assignments to the varying 
abilities found among the pupils. 

The ability to perform the required computations 
is also of fundamental importance and, if the problems 
are book problems, it is quite necessary that the pupil 
be able to read them understandingly. To read prob¬ 
lems successfully, the pupil must not only be able to 
get meaning from printed paragraphs but also he must 
be acquainted with the more or less technical terms 
which are used. One investigator found a pupil who 
was bewildered by the term, “hogshead.”* There may be 
little justification for including “hogshead” in an in¬ 
termediate grades problem but if it is there, it can be a 
real stumbling block for the pupil who does not know 
its meaning. A very elaborate study by Hydle and Clapp 
in which 350,000 problem solutions were analyzed 
showed a very consistent difference in favor of problems 
in which familiar terms were used as opposed to those 
in which unfamiliar terms were employed. For example, 
pupils who easily found costs in terms of units of United 
States money often were stopped by problems in which 
costs were expressed in terms of kopecks? 


* Osburn, Worth J. Corrective Arithmetic, Volume 11, Boston: 
Houghton MifHin dompany, 1929, p. 7. 

* Gray, Olive. "Teaching Pupils To Read Arithmetic and Other 
Subject Matter." Elementary School Journal, XXVI: 607-618, April 
1926. 

® Hydle, L. L. and Clapp, Frank L. Elements of DigieiAty in the 
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The authors of textbooks have been guilty of using 
words in arithmetic problems and in directions for 
solving problems which are not technical arithmetic 
terms but which are unfamiliar to most pupils for whom 
the problems were intended. Foran reports finding 
"estimate reasonable answers” in text material designed 
for pupils in the third grade.* He found one pupil who 
thought a reasonable answer would be a "cheap an¬ 
swer."’ The author has found the following words in 
textbooks designed for use in grades five and six: ap¬ 
proximate, calculation, consumption, detect, efficiency, 
facility, horizontal, innumerable, installment, invest¬ 
ment, maxim, obtainable, promote, redemption, trans¬ 
action. These words are in Thorndike’s list of ten 
thousand, but are not sufficiently common to be in the 
first five thousand.® The following words, taken from 
the same books, are of such rare occurrence that they 
are not included in Thorndike’s list of ten thousand: 
athlete, boulevard, computation, compute, consecutive, 
dissimilar, divisibility, extreme, familiarize, frequency, 
intersect, organdie, parsnip, payroll, realization, salsify, 
systematic, tonnage, unclaimed, usable. No effort has 
been made to compile a complete list of the words which 
are not included in Thorndike’s list of ten thousand. 
Those given were found in a short time by leafing 
through a few pages of the books used. Although the 

Interpretation of Concrete Problems in Arithmetic. Madison, Wis¬ 
consin: University of Wisconsin, 1927, p. 41. 

9 Foran, T. G. "The Reading of Problems in Arithmetic." Cotholu 
Educational Review, XXXI: 601-612, December, 1983. 

Ubid., p. 607. , „ .. 

9 Thorndike, Edward Lee. The Teacher's Word Book. New York. 

Teachers College, Columbia University, 1921, 134 pp. 
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books examined were not the most recently published 
arithmetic textbooks and although the authors o£ the 
later books have given considerable attention to this 
matter o£ vocabulary, words which pupils do not know 
are still found too often in text materials which have 
been prepared for their use. 

Hydle and Clapp found that success in problem solv¬ 
ing depended in no small degree upon having an ob¬ 
jective setting for the problem. Thus, a problem about 
rabbits was easier than a problem about hours of time, 
other things being equal.® They also found that prob¬ 
lems having small numbers were easier than similar 
problems having large numbers." These findings sug¬ 
gest that the teacher should proceed slowly from prob¬ 
lems dealing with familiar, objective situations to those 
dealing with less familiar, subjective situations and that 
small numbers should be used long enough in prob¬ 
lems of a given type for the pupils to develop compe¬ 
tence in their solution before large numbers are used. 

There is difference of opinion as to whether prob¬ 
lems which are based upon familiar situations are easier 
for pupils than are problems which are based upon un¬ 
familiar situations. Hydle and Clapp concluded that 
unfamiliar situations which are easily visualized are 
neither harder nor easier than familiar situations which 
are hard to visualize.*^ A carefully conducted experi¬ 
mental study of familiar versus unfamiliar situations in 
problems was made by Brownell." This study failed to 

^ Hydle, L. L. and Clapp, Frank L., op. n't., p. 27- 

^oibid., p. 34. 

11/6 id., pp. 62-63. 

1® Brownell, William A., with the assistance of StretdtiLoiena B, 



SOLVING PROBLEMS 


464 

reveal a significant advantage for the familiar situation. 
Commenting on the results of these two studies, White 
suggests that teacher opinion of familiarity was used in 
both and that such opinions may not have been valid. 
Experimenting with 1,000 pupils in grade 6B, she 
found experience with the situation involved in the 
problem to be important and especially important for 
the more difficult problems “ It is possible that pupils 
may find greater interest in problems which are based 
upon familiar situations, particularly those which are 
readily visualized because of their objectivity. If tins is 
true, the less familiar situation and the less readily 
visualized situation should come later. 

Lazerte made a number of scientific studies of prob¬ 
lem solving.” One of his conclusions was that a rich 
background of experience in the situations with which 
problems deal is a very important aid to the pupils who 
undertake to solve them.” Furthermore, he found that 
boys had an advantage over girls, especially in the fifth 
grade, because the problems dealt more with boys’ af¬ 
fairs than with girls' affairs.” There was no evidence 
that boys have more native arithmetic ability than girls 

have. . . , 

Teaching pupils to solve problems. Investigations ot 


The Effect of Unfamiliar Settings on Problem-Solving. Durham. North 
r-ivniina! Duke University Press, 1931, 86 pp. . . , j 

IS White, Heien M. “Does Experience in 1934 

feet the Solving of a Problem?" Education: LIV: 451-455. April, 1934. 

MLarertc, M. E. The Development of Problem ^"^ 93 , 

Arithmetic. Toronto: Clarke. Irwin and Company. Limited, 1939, 


136 pp. 
isfbid., p. 124. 
w Ibid., p. 125. 



TEACHING PUPILS 


465 


what pupils actually do when they undertake to solve 
problems usually reveal results which are far from en¬ 
couraging. Monroe made quite an elaborate study of the 
nature of pupils’ responses in solving problems.” His 
subjects were 9,256 pupils in 41 Illinois cities. He recog¬ 
nized that solving a problem should be an exercise in 
reflective thinking.” However, most of the pupils 
seemed to "perform almost random calculations on the 
numbers given.” This meant, of course, that many of 
their solutions were incorrect but when they were cor¬ 
rect, they seemed to be more the result of habit than of 
reflective thinking. As long as the problems were stated 
in familiar terminology and there were no irrelevant 
data, they got along rather well but when unfamiliar 
terminology was used or new elements were introduced, 
they seemed to make no attempt to reason. Either they 
did not try to solve the problems or their solutions were 
incorrect.” 

In making analyses of pupils’ errors in problem solv¬ 
ing, the author has found much evidence of what 
seemed to be purely random manipulation of the num¬ 
bers which the problems contained. In many cases, there 
seemed to be no grasp of the conditions of the problem 
and no plan for its solution. In fact, in one study in¬ 
volving 1,196 errors made by 117 pupils in grades five, 
six, seven, and eight, 691 of the errors, or 57.8 per cent 
of the total, were classified as “procedure wholly wrong 
or entirely inadequate.” These errors represented a 

^’'Monroe, Walter S. Haw Pupils Solve Problems in drithmelle, 
Urbana, Illinois: University of Illinois, 1929, 32 pp. 

“/bid., p. 7. 

“/bid., p. 19. 
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great variety o£ wild guesses and random manipulations 
such as finding the interest on $2,000 from January 15 
to July 15 at 6 per cent by multiplying $2,000 by 15 and 
dividing the product by 6, or, finding the total number 
of yards of lace Mary sold, when she sold 2 yards to one 
customer and 1% yards to another, by multiplying 2 
by 13^“ 

It was discovered that the teachers were responsible 
for some of these wild guesses for they had urged the 
pupils to "try" all of the problems including those 
which they could not be expected to solve. Thus, fifth- 
grade pupils whose work had included no reference to 
percentage or its application in interest "tried” the in¬ 
terest problem referred to in the preceding paragraph. 
T his seems to be a common condition in some school¬ 
rooms, particularly when tests or examinations are the 
order of the day. If, by chance, a pupil stumbles on to a 
correct solution, the teacher seems to share his satisfac¬ 
tion. If the solution of problems is to constitute practice 
in effective thinking, it would seem that the attainment 
of this important objective is rendered no more prob¬ 
able by such experiences. 

It is obvious that many pupils solve problems by a 
trial-and-error procedure and that few of the trials are 
the result of reflective thinking. Stevenson suggested 
that pupils often decided what process to use from the 
form of the problem. One pupil said that he added be¬ 
cause there were too many numbers for him to do any¬ 
thing else. He quoted a sixth-grade colored girl who 

“ Morton, R. L. "An Analysis of Errors in the Solution of ^ithme 
tic Problems." Educational Research Bulletin, (Ohio State University) 
IV; 187-190, April 29, 1925. 
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described her method of solving problems as follows: 

"If there are lots of numbers I adds. If there are only 
two numbers with lots of parts (digits) I subtracts. But 
if there are just two numbers and one littler than the 
other, it is hard, I divides if they come out even, but if 
they don't I multiplies.”*^ It is the author’s observation 
that the use of this method is by no means confined to 
members of the colored race. 

Bsadford showed that if children are given a series of 
impossible problems, most of them undertake to write 
out solutions.** The five problems which he used in¬ 
cluded the following: 

1. A boy is five years old and his father is 35 years old. 
If his unde is 40 years, how old will his cousin be? 

2. If Henry VIII had six wives, how many had Henry II? 

Sixty-eight per cent of the twelve- and thirteen-year-old 
pupils worked out answers for the first of these prob¬ 
lems and 58 per cent for the second. These were Eng¬ 
lish pupils but it would be interesting to see what 
American pupils would do under similar circumstances. 

Various investigators have undertaken to determine 
which is the best method for teaching problem solving. 
The methods are called by various names but they may 
be summarized conveniently as follows: 

1. The conventional or formal analysis method. 

2. The analogies method. 

3. The individual method. 

4. The graphic or diagrammatic method. 

Stevenson, P. Jt. “Difficulties in Problem Solving." Journal of 
Educational Research, XI: 95-103, Pebruary, 1925. 

Bradford, E. J. G. "Suggestion, Reasoning, and Arithmetic." 
Forum of Education, III: 3-12, February, 1925. 
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The method of formal analysis. Where there has been 
any conscious attempt to develop a method in teaching 
problem solving, the method of formal analysis prob¬ 
ably has been the most frequently used. Because of the 
frequency with which it is found, it is also rallpff the 
“conventional” method. In its simplest form, this 
method consists of teaching the pupil to ask and answer 
these three questions if he is not sure that he knows how 
to solve the problem.** 

1. What am I to find out? 

2. What facts (numbers) are given? 

3. What shall I do with the numbers? 

Sometimes, these questions are elaborated and others 
are added. For example, Durell describes a method 
which includes six steps, as follows:®* 

1. State what is given. 

2. State what is to be found. 

3. Make a list of the operations to be performed. 

4. Estimate the answer. 

5 . Make the computations. 

6. Check the answer. 

It will be seen that this outline of steps differs but little 
from that which is involved in the three questions pro¬ 
posed by Thorndike. Making an estimate of the answer 
and checking the answer are steps which may well be 
taken in connection with any method. 

“ Thorndike, Edward I-ee. The New Methods in Arithmetic. 
Chicago: Rand McNally and Company, 1921, p. 139- 
** Durell, Fletcher. "Solving Problems in Arithmetic.” School Science 
and Mathematics, XXVIll; 925-935, December, 1928. 
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The method o£ formal analysis seems to have an. ad¬ 
vantage in that it requires the pupil to read the problem 
CTitically and to think specifically of what is required 
and of what facts he is given. If these data are written 
down and properly labeled, it seems to be easier for the 
pupil to think of them with reference to the question 
which the problem asks. But the difficulty with the 
method seems to lie in the fact that there is a tremen¬ 
dous gap between seeing what is given and what is to 
be found and deciding what steps should be taken to 
solve the problem. In other words, the so-called formal 
analysis method can hardly be called a method at all. 

A rather extensive investigation by Washburne and 
Osborne led to the conclusion that training in formal 
analysis had no appreciable effect upon the ability of 
pupils, especially the brighter pupils, to solve prob- 
lems.™ They got better results by simply having pupils 
solve many problems without the use of any particular 
method of attack. 

The conventional method was one of three methods 
tested by Hanna.** He used fourth- and seventh-grade 
pupils of three levels of ability in arithmetic for a period 
of six weeks. The conventional method was found to be 
inferior to both of the other methods, although the 
differences were not large. 

Two methods, one of which was called an analytical 
method and the other a non-analytical method, were 


Washburne, Carleton W. and Osborne, Raymond. "Solving Arith¬ 
metic Problems." Elementary School Journal, XXVII: 219-S86 and 
293-304, November and December, 1926. 

“Hanna, Paul R. Arithmetic Problem Solving. New York: Bureau 
o£ Publications, Teachers College, Columbia University, 1929, 68 pp. 
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used by Adams.®^ The non-analytical method was es¬ 
sentially the same as the method which we have been 
referring to as the conventional method. The analytical 
method went furtlier; it provided for a greater degree 
of analysis, more detailed questions. The pupil was to 
determine what name his answer would have and 
whether the answer would be more or less than some 
number given in the problem. The results favored the 
analysis method slightly but there was little difiEerence. 

On the whole, the conventional method of teaching 
problem solving can not be recommended. There is 
little reason to believe that it will yield results better 
than those secured by mere practice and without the use 
of any specific method. 

The method of analogies. The author's observations 
lead him to believe that the method of analogies is very 
commonly used by teachers in their efforts to get pupils 
to see the method of solution for a difficult problem. By 
this method, the pupil is given an easy oral problem 
which is similar to a difficult written problem. It is 
presumed that the pupil can solve the easy oral problem, 
that he will see the analogy to the difficult written prob¬ 
lem, and then be able to solve the latter. 

The analogies method was one of those used by Wash- 
burne and Osborne.®* They found that pupils in the 
sixth and seventh grades made marked progress by the 
use of this metliod but that they made greater progress 
by the so-called individual method which will be de- 

Adams, Roy Edgar, A Study of the Comparative Worth of Taio 
Methods of Improving Problem Solving Ability in Arithmetic, 
Philadelphia: University of Pennsylvania, 1980, 68 pp. 

*®Washburne, Carleton W. and Osborne, Raymond, op. cit. 
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scribed later. They found the analogies method to be 
slightly superior to the method of formal analysis for 
the brighter pupils but decidedly inferior for those 
below the average in intelligence. It has already been 
indicated that the method of formal analysis was in¬ 
ferior to the individual method for all intelligence 
levels. 

It hardly seems probable that the use of the analogies 
method will be very successful in stimulating the use 
of the higher thought processes. As Foran points out, 
the use of this method may result in the habit of as¬ 
sociating problems with a certain type problem merely 
because there is a superficial resemblance. This does not 
stimulate thinking but may well discourage thinking.®" 
The teacher’s purpose in teaching problem solving 
should be the guidance of the pupil through the major 
difficulties which he encounters and tlie development in 
him of the ability to surmount such difficulties for him¬ 
self. The method of analogies holds little hope for the 
accomplishment of such a purpose. 

The individual method. The individual method is not 
a separate method. It is simply a name applied to the 
procedure of those who were left to their own devices. 
We have seen that Washbume and Osborne used the 
analogies method, the method of formal analysis, and 
the individual method.*® The pupils described as using 
the individual method were those constituting the con¬ 
trol group, that is, those against whose progress the 
progress of those using the method of formal analysis or 

Foran, T. G. "Methods of Teaching ProWem Solving in Arithme¬ 
tic." The Catholic Educational Reviewj XXXII: 269-282, May, 1984. 

•® Washbume, Carleton W. and Osborne, Raymond, op. cit. 
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the method of analogies was checked. In other words 
the individual method is not a distinct method. The 
term is used by investigators to indicate the absence of 
a method. 

Hanna also used three methods,—the conventional, 
the dependencies, and the individual." Here again, the 
individual method was the method used by those in the 
control group and with whose progress the progress of 
those using the other two methods was compared. 
Hanna found the individual method to be superior to 
the conventional methodj so did Washburne and Os¬ 
borne, as has been stated. 

The superiority of the individual method over the 
conventional method should not be taken as proof that 
the best way to teach problem solving is to leave the 
pupils to their own devices. Rather, it should be taken 
as evidence of the ineffectiveness of the conventional 
method. To leave pupils to their own devices is to deny 
that the teacher can do anything at all to help pupils 
learn to solve problems except to provide them with 
problems for practice. 

The graphic method. Clark and Vincent experi¬ 
mented with a method which they called a graphical 
analysis method.” They compared results secured 
through the use of this method with those secured from 
the conventional method and found the former to be 
better. Pupils using the method of graphical analysis 
Were more successful in determining what operations to 

Hanna, Paul E.., op. cit. 

Clark, John R. and Vincent, E, Leona. "A Comparison o£ Two 
Methods of Arithmetic Problem Analysis." Mathematics Teacher^ 
XVIII: 226-238, April, 1925, 
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perform although they had no advantage in determin¬ 
ing what the problem demanded. This method helped 
the duller pupils more than the brighter. 

The graphical analysis method provides for analyzing 
the problem by means of a diagram. The writers use 
the following problem to illustrate the method.®' 

A grocer bought 24 fau. of potatoes at $1.50 per 
bushel. Four bushels spoiled. The others were sold at 
$2.00 per bushel. Find his profit. 


< Number of bushels bought (24) 
Price per bushel ($1.50) 


<< Number of bushels 
bought (24) 

Number of bushels 
Price per spoiled (4) 
bushel ($2.00) 


The pupil is supposed to use the diagram to help him 
see that to find the profit, he must know the cost and 
the selling price; that to find the cost, he must know the 
number of bushels bought and the price paid per 
bushel; and that to find the selling price, he must know 
the number of bushels sold and the price received per 
bushel. 

Hanna used a similar method which he called the 
dependencies method. After noting what is to be found, 
the pupil observes that the answer depends upon the 
data given in the problem, that these data may depend 


“ Clark, lohn R. and Vincent, E. Leona, op. eif., pp. 2S6-887. 
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upon certain other data, etc. He illustrates with this 
problem.®* 

Sam had 12 marbles. He found 3 more and then gave 6 
to George. How many did Sam have left? 


To find the number of marbles Sam has left, the pupil 
is supposed to think that he must find the total number 
of marbles Sam had and the number which he gave away. 
To find the total number of marbles Sam had, he must 
know the number he had at first and the number he 
found. Hanna suggests that these facts ma y be repre¬ 
sented graphically as follows: 


Number left 



Number at 

< first (12) 

Number he 
found (3) 

Number given 
away (6) 


The pupil would start by writing “Number left” since 
this is what is to be found. Then he would recognize 
that this depends upon the total number and the num¬ 
ber given away and would write these items in, con¬ 
necting them with lines to "Number left" as shown. 
Since the number given away is known, 6 is written in 
parentheses. Then, recognizing that the total number 
depends upon the "Number at first” and the “Number 
he found,” lines are drawn from “Total number" and 
these items are written in as shown. These facts are 
given, so 12 and 3 are written in parentheses. With the 


** Hanna, Paul K., op. clt.j pp. 4-5. 
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analysis completed in this manner and the data re¬ 
corded, the required computations are made. 

Of course, the dependencies method can be used with 
or without the graphic representation although it would 
not be called a graphic method unless a diagram were 
used. In either event, the outstanding advantage of the 
method lies in the fact that it emphasizes the relation¬ 
ships between the given numbers. This emphasis seems 
to aid the pupil in arriving at a solution. 

Hanna used the dependencies method with fourth- 
grade and seventh-grade pupils. The results were better 
than those secured from the use of the conventional 
method in each grade but not enough better to guar¬ 
antee significance. 

The value of visual aids in solving arithmetic prob¬ 
lems is also emphasized by Otis.“ He illustrates with 
the following problem. 

If a stick 20 in. long is cut into two pieces so that one 
piece is % as long as the other, how long will the longer 
piece be? 

4 4 4 4 4 

I _I_I_ \ -1-1 

20 Inches 
Scale 1 ln.^8 In. 

Since one piece is to be % as long as the other, the longer 
piece may be represented by S segments and the shorter 
by 2. Then the entire stick whose length is 20 in. may 
be thought of as divided into 5 segments, each of which 
would be 4 in. in length. A drawing makes the remain- 

Arthur S. *‘The Visual Method of Solving Arithmetic 
Problems.” Mathematics Teacher, XXI: 48S-489, December, 1928. 
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which can take the place of a good teacher. And there 
is no substitute for intelligence and hard work on the 
part of the pupil. As Monroe and Engelhart remark, 
after reviewing studies of problem solving methods, the 
effectiveness of any method depends to no small extent 
upon the skill and the zeal of the teacher who uses it." 
The teacher whose enthusiasm stimulates the pupils to 
hard work and whose skill is sufficient to enable her 
to locate precisely where their difficulties lie and to as¬ 
sist them in surmounting these difficulties will do better 
with a poor method than will a poor teacher with a 
method which is known to be good. But the good 
teacher probably will do better if she will emphasize 
dependencies and represent relationships diagrammatic- 

ally. 

Special exercises to improve problem solving skill. 
Various schemes have been advanced for the purpose of 
helping pupils to overcome some phase of problem solv¬ 
ing difficulty. Mitchell reconstructed five rather difficult 
problems by adding a series of analytical questions to 
be asked concerning each.” The results secured from 
117 pupils in grades 7 and 8 were much better as a re¬ 
sult of the use of this plan. Whether such an improve¬ 
ment is permanent and transfers to other problems, 
particularly those different in kind, is not known. How- 
5 g 0 xiis reasonable that pupils should learn to 


Monroe Walter S. and Engelhart, Max D. A Critical Summary of 
Research Relating to the Teaching of Arithmetic. Urbana. Illinois: 

University of Illinois, 1931, p- 67. . „ ,, c i ■ in 

“Mitchell Claude. “Problem Analysis and Problem Solving In 
Arithmetic."’ Elementary School Jourrtal. XXXII: 464-466, February, 
1932. 
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analyze problems to the extent that they see cleailv 
what is required. 

A program o£ special exercises was used in grades 4 to 
8 for several weeks by Wilson.®® She had pupils estimate 
answers and judge absurdities. The absurd answers 
used were those actually given by pupils who had taken 
a test. In another exercise, the pupils substituted other 
expressions for those which were underlined, such as 
at the rate, total, and average to determine whether 
their failures had been due to the presence of unfamiliar 
expressions. In another exercise, they read problems and 
indicated the processes which would be used to solve 
them. The result was a greater increase in scores on the 
Buckingham Scale for Problems in Arithmetic" than 
was made by a control group which did not have the 
advantage of the special exercises. 

Specially constructed reading exercises are recom¬ 
mended by Brueckner." He suggests three kinds of 
exercises to encourage the pupils to read problems care¬ 
fully.^® In one of these, a problem is given and is fol¬ 
lowed by several statements with instructions for the 
pupil to decide whether the statements are true or false. 
In another, an important fact is missing from the state¬ 
ment of each problem and the pupil decides what fact 
is missing. In the third, problems are given without 

Wilson, Estaline. “Improving the Ability to Solve Arithmetic 
Problems.” Elementary School Journal, XXII: 380-386, January, 1922. 

Buckingham, B. S.. Scale for Problems in Arithmetic. Bloomington, 
Illinois; Public School Publishing Company. 

Brueckner, Leo J. “Improving Work in Problem Solving.” Elemen¬ 
tary English Review, VI: 136-140, May, 1929. 

** Brueckner, I.eo J. Diagnostic and Remedial Teaching in Arithme¬ 
tic. Philadelphia: The John C. Winston Company, 1930, pp. 315-317. 
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numbers and the pupil states the process which would 
be used in solving each problem. An example of the 
last is, “If you know the price of sugar a pound, how 
would you find the number of pounds you can buy for 
a dollar?” Brueckner states that the use of reading ex¬ 
ercises results in marked growth in the ability to solve 
problems.^* 

Many writers recommend that pupils should estimate 
the answers to problems before solving them. The pur¬ 
pose, apparently, is to lead them to reject absurdly im¬ 
possible answers if they are obtained. The author 
recalls watching a pupil obtain the answer, $67.60 as 
the price of a pair of shoes. He checked through his 
computations and, apparently, was completely satisfied 
with his answer. When his teacher inspected his work, 
she made no effort to make him skeptical as to the an¬ 
swer, $67.50, for the price of a pair of shoes. She simply 
said; “Your work is all right, John, except that you have 
the decimal point in the wrong place.” Naturally, her 
correction had very little permanent effect. 

A limited experiment on the value of estimating an¬ 
swers has been reported by Dickey." According to his 
results, the sixth-grade group which estimated answers 
apparently did no better than another group which fol¬ 
lowed the traditional practice. Of course, this does not 
mean that answers which are absurdly at variance with 
the conditions of the problem or with ordinary experi¬ 
ence should be tolerated by either the teacher or the 

«r6/d., p. 328. 

^Dickey, John W. "The Value of Estimating Answers to Arithme¬ 
tic Problems and Examples.” Elementary School Journal. XXXV: 24-31, 
September, 1934. 
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pupils. It is often quite difficult for a pupil to make a 
reasonable answer for a problem in advance of his ef¬ 
forts to solve it. 

Much emphasis is placed upon cues by Osburn." Just 
as an actor in a theater knows what he is to do or say 
when his cue comes, a pupil would take his cue as to the 
operation to be performed from the wording of the 
problem.'^® The total list of cues found in a sampHTij r of 
textbooks is very long. For multiplication alone, 190 
cues were found. Osburn suggests that we should select 
from these cues those most frequently used and 
them well. For multiplication, he gives an abbreviated 
list of 59 cues for use in grades 3 to 6 and selects SO of 
these which he would have taught more carefully than 
the others." The first three of these in the third grade 
list are stated as follows; 

1. How much do _ articles cost at _cents 

each? 

2. If I can pick-qt. (bu., etc.) of berries (etc.) 

in one day, how many quarts (bushels, etc.) can I 
pick in-days? 

3. What is the cost of-dozen oranges at- 

cents a dozen?*® 

There is no doubt that pupils do make use of cues 
and that teachers encourage their use. One pupil whom 
the author asked how he knew he should multiply in 
solving a problem, said, “Whenever it says ‘at,’ I mul- 

“ Osbum, Worth J., op. cit., pp. 12-25 and 205-234. 

p. 12. 

Ibid., pp. 224-226. 
p. 224. 
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tiply.” Apparently, this pupil had not thought about the 
problem at all. His reactions were as mechanical as if 
he had been solving a series of multiplication examples. 
This suggests the weakness of the cue approach to prob¬ 
lem solving. Kramer suggests that the cue approach does 
not stimulate thinking, that problems are solved me¬ 
chanically rather than intelligently if the solutions are 
simply learned reactions to familiar cues." We have in¬ 
dicated frequently that the meaning theory should be 
the foundation of arithmetic instruction. In problem 
solving, particularly, the meaning theory should pre¬ 
dominate. 

In some schools it is the custom to require that all 
solutions be written out in accordance with a set form. 
If two or more solutions are possible, none is accepted 
except that which has been prescribed. For example, a 
class was given the following problem as one of several 
which were similar. 

Dick's mother has a rug 9 ft. by 12 ft. in the living room. 
The room is 18 ft. long and 14 ft. wide. Next Saturday, 
Dick is going to varnish the strip of floor around the room 
which the rug does not cover. The man at the paint store 
told Dick that a pint can of varnish would cover 150 sq. ft. 
Will a pint be enough? 

The teacher had solved a similar problem on the black¬ 
board, making a drawing and showing that there were 
four strips to be varnished. Two of these strips ran the 
full length of the room and two others ran the width of 
the room less twice the width of the lengthwise strips, 

Kramer, Grace A. "Some Wrong Notions in Devising Arithmetic 
Problems." Education, LIV: 473-476, April, 1934. 
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In solving the above problem the pupils were expected 
to make a drawing and find the areas of the strips, as 
shown. Each of the two long strips would then have an 
area of 45 sq. ft. and each of the short strips would have 
an area of 27 sq. ft. Then the entire area to be var¬ 
nished would be 144 sq. ft. 


18' 


2t 


12' 

9' 


3' 



3' 



Scale 1 ln.=9 ft. 


Obviously, there is another solution. One pupil—a 
very capable one—saw this solution and presented it 
the next day in class. He said: The area of the whole 
floor would be 252 sq. ft. The area of the part covered 
by the rug would be 108 sq. ft. Then, you would have 
to varnish 144 sq. ft. So a pint can would be enough." 
The teacher rejected his solution and insisted that the 
other be given. 

A pupil should be given credit for any solution if it 
is sound and if he gets the correct answer. If his solu¬ 
tion is long, laborious, and time-consuming, he should 
be shown that there is a shorter and easier way. But to 
discount the work of a pupil who thinks out a different 
solution for himself because his solution does not con- 
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form to the model which we have set is a short-sighted 
policy indeed when we are trying in problem solving 
to teach pupils to think for themselves. In actual life 
problems it is the answer which counts, together with 
assurance that the answer is correct, regardless of how 
it was obtained. Thorndike says, “Concerning the tech¬ 
nique of solving problems and expressing the solution, 
the newer methods advocate extreme catholicity."® 

Summary of suggestions for teaching problem solv¬ 
ing. Any serious effort to outline a program for the 
teaching of problem solving will leave the reader with 
a feeling of disappointment. We have seen that this is 
a phase of arithmetic teaching concerning which not 
very much is known. There is scant experimental evi¬ 
dence to support any recommendation. What evidence 
there is fails to agree in several important respects. In 
this chapter, an effort has been made to review the best 
of the literature on the subject and to offer suggestions, 
partly colored by the author’s own experience and point 
of view, for the teacher’s guidance. The teacher will 
find, nevertheless, that much depends upon her own 
insight and skill and upon her ability to stimulate the 
pupil to make the best possible use of the intelligence 
which he possesses. 

The main recommendations may be summarized 
briefly as follows. 

1. Standardized tests should be used at the begin¬ 
ning of a program of instruction and occasionally there¬ 
after to determine the attainments of the pupils and 
their capacity to learn. 


Thorndike, Edward l.ee> Op^ cttv p. 1S8. 
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2. The chief factor conditioning success in problem 
solving is intelligence. Therefore, assignments should 
be varied to suit the varying capacities of the members 
of a class. The teacher should recognize that dull pu¬ 
pils who are unable to solve the problems in the assign¬ 
ment for the grade in which they are classified may be 
able to solve those problems when they have become 
intellectually more mature. 

3. Success in solving problems is rather highly cor¬ 
related with skill in the basic operations. Therefore, 
pupils must become proficient in these operations. 

4. Problems solved in school come largely from 
printed sources. Hence, pupils must be skilled in read¬ 
ing. 

5. The terms and vocabulary used in statements of 
problems should be those with which the pupils arc 
acquainted. Necessary new terms should be taught be¬ 
fore they are used and should be practised until they 
are known. 

6. Problems dealing with relatively u nfami l ia r or 
subjective situations should be used later than those 
dealing with more familiar or objective situations. 

7. Problems in which large numbers occur should be 
used later than similar problems which use small 
numbers. 

8. Teachers should not urge pupils to try to write out 
solutions for problems which they can not solve. Pupils 
should be encouraged and stimulated to make their 
best efforts but bluffing is not a substitute for reflective 
thinking. 

9. The conventional or formal analysis method may 
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encourage pupils to read problems carefully but there 
is little evidence that it is an effective method for ar¬ 
riving at solutions. 

10. The method of analogies increases the pupil’s 
chances of success as long as the problems conform to 
patterns which have been learned but this method does 
not seem to be an effective means for stimulating think¬ 
ing. 

11. The so-called individual method is not a method 
at all. Progress credited to the use of this method prob- 
ably is merely the progress which is accomplished 
through unguided practice. 

12. The graphic or diagrammatic method seems to 
produce results better than those secured through the 
use of any other method which has been tried under 
experimental conditions. Its advantage seems to lie in 
the fact that the visual aid which it supplies increases 
the probability that the pupil will analyze the problem 
successfully and perceive the necessary relationships. 

13. Special exercises designed to help the pupil read 
a problem critically and understandingly, to perceive 
absurdities, and to look for necessary data, seem to help 
him in arriving at a solution. 

14. Special emphasis upon cues, like the use of the 
method of analogies, does not seem to encourage the 
use of the higher thought processes. 

15. Next to the possession of intelligence by the pu¬ 
pil, probably the most important single factor in de¬ 
veloping the ability to solve problems is skill and 
insight on the part of the teacher. No method can 
substitute for a good teacher. 
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QUESTIONS AND REVIEW EXERCISES 

1. Which is more important, the ability to solve problems 
or the ability to make computations? Why? 

2. If the ability to perform the fundamental operations 
is a means to an end and the end is problem solving, can 
problems be used to introduce new types of examples? 

3. What distinction is made in this chapter between a 
problem and an example? Can a problem be an example? 
Can an example be a problem? 

4. What is the chief factor conditioning success in 
problem solving? What other factors rank high in im¬ 
portance? 

5. What is the correlation coefficient which expresses the 
relation between two variables if these variables are 
perfectly related in a positive sense? If they are perfectly 
related in a negative sense? If they are not related at all? 

6. Is reading an important factor in solving problems in 
school? Why? In solving problems outside of school? Why? 

7. Do you believe that there is a positive correlation 
between children’s scores on a test in problem solving and 
the incomes of the fathers of these children? Why? 

8. How do you account for the very low correlation be¬ 
tween ability in problem solving and school attendance? 

9. Can dull children learn to solve difficult arithmetic 
problems? What should be the teacher's attitude toward 
dull children as regards problem solving? 

10. Some teachers object to the criticisms which have 
been made of the use of difficult or unusual words in arith¬ 
metic problems on the ground that one objective of the 
arithmetic teacher should be the enlargement of the pupil s 
vocabulary. Discuss. 

11. What should be the effect upon the course of study 
of a finding to the effect that problems having a familiar 
objective setting are easier than those having a less familiar 
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and subjective setting? Give examples of problems in each 
of these two classes. 

12. How do you account for the seemingly random cal¬ 
culations of pupils who are trying to solve problems? 

13. Which would be better as a part of an intelligence 
test, a group of arithmetic problems or a group of arith¬ 
metic examples? Why? 

14. What is the conventional or formal analysis method 
of problem solving? What merit does the method have? 
What are its weaknesses? 

15. What is the method of analogies? Point out the good 
qualities and the poor qualities of this method. 

16. What is the graphic or diagrammatic method? Can it 
be used equally well for all problems? How does it resemble 
what Hanna calls the dependencies method? 

17. Why is it stated in this chapter that the individual 
method is really not a method at all? 

18. In the light of the discussion in this chapter, which 
is the best problem solving method? Has evidence been 
assembled to the efEect that this method is undoubtedly 
better than any other method? 

19. Which is the more important, a good method or a 
good teacher? Why? 

20. What benefit is there in your opinion in including 
unnecessary or irrelevant numbers in a problem? 

21. Describe exercises which you would construct for the 
purpose of teaching pupils to read problems more carefully. 

22. What were Dickey's findings as to the advantage of 
estimating the answer before solving the problem? How 
can pupils be expected to recognize absurd answers if they 
obtain them? 

23. What use would you make of cues in teaching 
problem solving? Why? 

24. As a summary of the chapter, make a list of the 
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supstions which you would give a group of teachers to 
help them m teaching problem solving. 

CHAPTER TEST 

For each of these statements, select the best answer. A 
scoring key will be found on page 534. 

1. Pupils’ first experiences in problem solving should 

come (1) before they have acquired the needed basic skills 
(2) while they are acquiring the needed basic skills (3) 
after they have acquired the needed basic slriiu ' 

2. Find the square root of 500. This is (1) a problem 
(2) an example (3) neither a problem nor an example. 

3. Problems are more difficult than examples (1) always 

(2) sometimes (3) never. ^ 

4. The factor "skill in the fundamental operations” 
correlates rather highly with "ability in problem solving” 
because (1) it is used in problem solving (2) it is taught 
first (3) it increases the ability to solve problems. 

5. Ability in problem solving was found to correlate most 
highly with (1) verbal intelligence (2) reading compre¬ 
hension (3) skill in the fundamental operations. 

6. The largest possible positive correlation coefficient is 
(I) .90 (2) 100 (3) 1.00. 

7. The correlation between school attendance and 
problem solving ability was found to be (1) very low (2) 
moderately high (3) very high. 

8. Of the three factors, intelligence, skill in the funda¬ 
mental operations, and reading comprehension, the least 
modifiable is (1) intelligence (2) skill in the fundamental 
operations (3) reading comprehension. 

9. In the solution of life problems, reading comprehension 
is (1) less important (2) equally important (3) more 
important than in die solution of typical school problems. 
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10. A child with an I. Q. of 85 can be expected to solve 
typical fifth-grade problems (1) when ten years of age 
(2) when twelve years of age (3) not at all. 

11. In teaching problem solving, the enlargement of a 
child’s vocabulary should (1) be a major objective (2) be 
a minor objective (3) not be considered at all. 

12. The Teacher^s Word Book was prepared by (1) 
Brueckner (2) Brownell (3) Thorndike. 

13. The problem solving method found most frequently 
in textbooks and books on the teaching of arithmetic by 
Hanna was (1) the conventional method (2) the graphic 
method (3) the method of analogies. 

14. Those who have investigated the efficacy of the con¬ 
ventional method (1) disagree markedly as to its value 
(2) tend to agree that the method is effective (3) tend to 
agree that the method is not very good. 

15. On the whole, the best method seems to he (1) the 
conventional method (2) the analogies method (3) the 
graphic method. 

16. The graphic method jvas investigated by (1) Hydle 
and Clapp (2) Washbume and Osburne (3) Clark and 
Vincent. 

17. In the discussion of this chapter, the dependencies 
method was classified with (1) the conventional method 
(2) the analogies method (3) the graphic method. 

18. Compared with methods of problem solving, good 
teaching is (1) more important (2) equally important (3) 
less important. 

19. The teaching of a list of cues (1) was recommended 
as a means of stimulating thinking (2) was recommended 
for dull pupils only (3) was not recommended. 

20. The use of standardized tests in connection with the 
teaching of problem solving (1) was recommended (2) was 
not recommended (3) was not mentioned. 
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THE USE OF TESTS AND EXAMINATIONS 

In recent years, much has been written and much 
more has been said about tests and examinations in 
arithmetic and other school subjects. Prior to the early 
years of the twentieth century, there was little disposi- 
tion to question the value or significance of 
tions. The results obtained from the use of examinations 
were taken at their face value for the simple reason 
that no one had gone to the trouble to determine 
whether or not those results were valid. Even today 
there are many teachers in elementary and secondary 
schools and in colleges who prepare examinations on 
short notice and who score the resulting papers with 
supreme confidence in the accuracy of their judgments. 

Common defects in examinations. That examinations 
as prepared and used by many teachers are seriously 
defective is easily shown. In the first place, if two or 
more teachers grade the same examination paper, and 
do not confer on the subject, they frequently disagree 
markedly as to what the paper is worth. Thus, the mark 
which a pupil receives on an examination depends not 
only on what he writes on his paper but also on the 
individual who grades the paper. Although the objective 
nature of arithmetic examples and problems has led 
many teachers to believe that grades in this subject are 
likely to be reliable, variation from teacher to teacher 
in marking the results of arithmetic examinations has 
been found to be almost as great as variation in marking 
the results of examinations in other school subjects. 
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Furthermore, papers are not rated consistently by the 
same teacher. It has been found that if a teacher scores 
a set of papers, makes a record of the marks on a separate 
sheet of paper, and rescores them a few weeks later 
when the first set of marks has been forgotten, there are 
frequently large differences between the two marks 
given the same paper. 

In the second place, it is contended that no single 
examination can measure adequately a pupil’s grasp of 
a subject. Serious injustice may be done by basing pro¬ 
motion upon the results of a single examination. This 
is particularly true if the examination is one of the 
essay type or, in arithmetic, one consisting simply of a 
series of problems and examples to be solved. Because 
of limitations of time and energy, only a sample of all 
that has been taught may be included in the examina¬ 
tion. Final examinations at the end of a semester's or a 
year's study may include only a small sample of all that 
has been taught. Although this sample may give a fairly 
satisfactory measure for the class as a whole, it may give 
a very unsatisfactory measure for individual members 
of a class, underrating some and overrating others. 

In the third place, it is said sometimes that examina¬ 
tions are out of harmony with desirable educational 
objectives. Teachers complain that they can not elimi¬ 
nate the unreal problem, the formal definition or the 
topic of doubtful social value for fear that these things 
will be called for in examinations prepared by super¬ 
visors or others. Hence, teachers and pupils work to 
get ready for examinations and they judge the value of 
what has been taught and learned by the marks earned 
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on these examinations rather than by their usefulnp«. 
in social situations. 

There are many other objections to traditional ex¬ 
aminations. It is claimed that although they may reveal 
the fact that a pupil is weak, they fail to show where 
his weaknesses are; that they are not diagnostic, in other 
words. It is said also that examinations neglect the rate 
at which pupils work altliough rate may be an important 
dimension of a pupil’s ability; that questions of greatly 
varying value and difficulty are given equal weight in 
scoring; that examinations encourage the cramming of 
details rather than the understanding of broad princi¬ 
ples; that examinations put a premium upon dishonesty 
in the form of cheating; that they are injurious to the 
pupil's health; that grading papers requires too much 
of the teacher’s time; etc. 

So vigorous has been the criticism of examinations 
that many teachers and others have come to doubt 
whether they should be used at all. It is sometimes sug¬ 
gested that, in the long run, better work can be done 
without examinations than with them. However, there 
are many who believe that there are so many benefits 
to be derived from the use of examinations that they 
should not be discontinued but should be improved so 
as to rid them of the objections which have been raised. 
Such persons do not contend that the objections are 
unsound but they assert that the defects which give rise 
to these objections can be removed or considerably re¬ 
duced without detracting from the benefits which ex¬ 
aminations yield. 

The benefits of examinations. There are a number of 
advantages which may come from the use of examina- 
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tions if examinations are well prepared and are properly 
administered. The preparation of examinations will be 
discussed on later pages. The chief advantages may be 
stated as follows. 

In the first place, the examination furnishes valuable 
information. Through its use, both the teacher and the 
pupil can be informed as to what the pupil knows and 
can do. Information furnished by an examination, par¬ 
ticularly if the examination is diagnostic in character, 
may result in significant changes in later teaching plans. 
A good examination not only tells whether a pupil is 
weak or strong in a subject but also it tells where his 
weaknesses are. Thus, a good examination in the addi¬ 
tion of common fractions will be constructed so as to 
reveal to the teacher whether or not the pupil has 
mastered the various elements of difficulty in this sub¬ 
ject and precisely which elements, if any, he has failed 
to master.^ 

A good examination may reveal both a pupil’s relative 
ability and his absolute ability. By relative ability is 
meant the ability of the pupil with reference to the 
abilities of other members of the class or a larger group 
—^whether he ranks first, tenth, eighteenth, etc., or 
whether he is above or below the average. By absolute 
ability is meant the amount of ability which the pupil 
possesses above zero ability, or no ability at all. Exami¬ 
nations prepared by teachers and supervisors ordinarily 
do not reveal the pupil’s absolute ability. Ordinarily, 
this is revealed through the use of specially prepared 
standardized scales. 


^ See Chapter 5 for a disciusion of the addition of couunon fractioiu. 
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Secondly, through the information which they supply, 
or it is thought they may supply, examinations give 
both teachers and pupils a motive for better work. It is 
human nature to want to do well on a test, to stand 
well with reference to others or to one’s own previous 
record. Teachers, naturally, want their pupils to malte 
a good showing and it is quite right that they should 
if the examination is a good examination. Thus, the 
examination is a stimulus both to teachers and to pupils. 

A third benefit of the examination lies in the fact 
that it constitutes a good review lesson. Material which 
might otherwise be forgotten is thus met another Htup 
F urthermore, pupils are stimulated to review in prepa¬ 
ration for the examination and, with the teacher’s help, 
they may organize better the content of the courses 
which they study. Monroe summarizes the benefits of 
such reviews as follows: “Even the intensive cramming 
which is deplored by many persons has educational 
value. If a student studies throughout the course, an 
intensive review and organization of the material is 
extremely valuable. In fact, the profit to the student is 
probably relatively greater for time expended in this 
work than for any other equal amount of time devoted 
to the subject. Unless carried to an extreme, aamming 
is undesirable only when it has not been preceded by 
thoughtful study. Even in this case it is better to have 
the student ‘cram’ for the examination than to go 
through the course without engaging in any learning, 
Incidentally, it should be noted that the existence of 
‘cramming’ is not the fault of the examinations but of the 
type of instruction given and of the policy of making the 
student’s final grade depend wholly or very largely upon 
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his examination mark. . . . The writing of an exami¬ 
nation may itself be an important part of the student’s 
learning. ‘There is no impression without expression.’ 
The writing of a three hour examination is undoubt¬ 
edly an intensive form of expression. In case the ques¬ 
tions are such that the reasoning and organization of 
information are required, the student may learn a great 
deal from the act of writing his answers to the questions. 
From this point of view, it may be urged that a student 
who is not required to take final examinations is de¬ 
prived of an important opportunity for learning.”* 
Monroe was writing with particular reference to the 
needs and experiences of students older than those in 
the intermediate grades but the teacher in die interme¬ 
diate grades also may secure real benefits from the use 
of examinations. To secure them, however, the teacher 
must prepare for an examination lesson with painstak¬ 
ing care. The preparation of an examination lesson 
probably should require more time and energy of the 
teacher than the preparation of any other lesson in the 
course. On the contrary, some teachers who give ex¬ 
aminations to their pupils make no advance preparation 
whatsoever for the occasion. The author has seen teach¬ 
ers turn the pages of the textbook searching for prob¬ 
lems to be solved, items of information to be called for 
in questions, and terms to be defined, after the hour 
for the examination had arrived and the pupils with 
paper on their desks and sharpened pencils in hand 
were ready for work. One by one, the questions were 
written on the blackboard, the teacher whirling occa- 

* Monroe, Walter S. Written Examinations and Their Improvement- 
tJrbana, Illinois: University of Illinois, 1933, pp. 84-26. 
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sionally to catch any would-be miscreant in an effort to 
give or receive help. All of the ills of examinations 
which have been enumerated—and more—are likely to 
be present in such cases. 

Qualities of a good examination. We turn now to the 
important question, How are good examinations con¬ 
structed?” or, "What are the qualities of a good exami- 
nation?" Some of the same criteria which are commonly 
used in determining the value of a “standardized" test 
may be applied to examinations which the teachers 
themselves prepare. They are: 

1. Objectivity. Is the examination so constructed that 
the personal judgment or bias of the scorer is not 
an important factor in determining the mark 
which the pupil receives? To what extent would 
two or more persons secure the same marks if they 
were to score the papers of a class? 

2. Validity. Does the examination really measure 
what it purports to measure? 

3. Reliability. Do two or more forms of the examina¬ 
tion or two halves of the examination yield con¬ 
sistent results? 

4. Ease of giving and scoring. Must the examination 
be given by a person especially trained for this 
purpose? Is it difficult to score the papers? 

We shall discuss briefly each of these four qualities. 

Objectivity. It has been suggested that the mark which 
a pupil receives on an old-style examination depends 
upon two factors—first, what he writes on his paper and, 
second, the person who grades it. Manifestly, the second 
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factor should not count, but, in some cases, it determines 
a pupil’s mark as much as does the first factor. Broad, 
general questions beginning with “Discuss,” "Describe,” 
“Tell about,” etc., usually call forth equally broad, 
general answers. Obviously, an examination calling for 
such responses is not objective. 

Non-objective tests encourage bluffing by verbose in¬ 
dividuals who are deficient in knowledge of the subject, 
If the schools exist for the purpose of training children 
for effective participation in the affairs of a desirable 
social order, their purpose is defeated if tests which 
encourage this questionable type of ethics are used. 
An interesting illustration of bluffing came to the 
writer’s attention a few years ago. On a teacher’s ex¬ 
amination in physiology and hygiene, the following 
item occurred: "Discuss: ‘Expectoration in public places 
is to be condemned as a disgusting habit.’ ’’ A young 
aspirant for a teacher’s certificate was stopped by this 
question because he did not know the word, expectora¬ 
tion, He knew, though, that to leave tire question un¬ 
answered meant a deduction of 10 per cent from his 
score and he had reason to think that his paper could 
not stand this 10 per cent loss. He wrote two pages in 
answer to this question. He generalized and moralized 
on bad habits in a very broad and comprehensive man¬ 
ner; he then cited the habit of expectoration as a par¬ 
ticularly unfortunate habit for one to possess; and he 
finally reached the conclusion that in public places 
especially the habit of expectoration was highly dis¬ 
gusting and should be condemned most heartily. Since 
the answer was long and was written in a fluent and 
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persuasive style, the member of the board of examiners 
who scored the paper allowed the item 10 per cent, a 
perfect score. 

There are two rules which should be followed by 
those who must take old-style examinations. They are; 

1. Answer every question, whether you know any¬ 
thing about it or not. 

2. The less you know about a question the more you 
should write. 

That is, these rules should be followed if one would 
make a good mark on the examination. In most old- 
style examinations, it pays to bluff. Bluffing never de¬ 
tracts from one’s score in such an examination; it may 
increase it quite materially. 

When examinations of the essay type are employed, 
those who rate the papers must use their judgment in 
determining the worth of an answer. But people’s judg¬ 
ments do not agree; hence, essay type examinations 
ordinarily are not objective. In another county teacher’s 
examination the following question and answer oc¬ 
curred in arithmetic. 

Question: Explain as to a class the rule for ascertaining 
the area of a trapezoid or the volume of a 
cone.- 

Answer: The sides which are parallel to each other 
—Make a drawing illustrating the sides 
and altitude. (Trapezoid) Add the sides 
together and divide by 2 —this is to get 
the average length of the sides. Show them 
that it is finished by (multiplying this by 
the altitude) and this is now the same as 
finding the area of a rectangle. 
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The English of this answer is poor as to punctuation and 
sentence structure hut it is evident that the examinee 
knows something about trapezoids and could probably 
find the area of one. It is not evident that he would be 
able to make a good class presentation of this subject. 
What credit should this answer receive, if a perfect score 
is 10 per cent? 

Fifty-five county school examiners, representing the 
boards of examiners of 55 different counties in one 
state, graded this answer. Each had been supplied with 
a mimeographed copy of the question and answer as 
given above. One of the 55 examiners gave this answer 
a score of 0] nine others scored it, 10; the remaining 
45 gave marks between these extremes. 

To be perfectly objective, a question must permit 
only one correct answer and the correctness of this 
answer must be obvious to one who knows the subject. 
Many of the new-type examinations are perfecdy ob¬ 
jective or nearly so. They will be explained and illus¬ 
trated in later pages. 

The essay type of examination is usually anything 
but objective. But the subjectivity of essay examinations 
need not be as great as it is. Ruch suggests that the 
variability in scoring such examinations may be reduced 
fifty per cent by agreeing upon and following scoring 
rules.® Kelly had six fifth-grade teachers give the same 
examination in arithmetic to their pupils and then had 
them score the papers. Later tliey rescored the papers 
using a set of scoring rules which had been prepared 
for them. The result was a marked decrease in the vari- 

SRuch, G. M. The Objective or New-Type Examination. Chicago' 
Scott, Foresman and Company, 1929, p. 105. 
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ability of the scores.^ A similar experiment was carried 
out by O. W. Fauber. He had an arithmetic paper 
graded by 40 teachers without any specific rules for 
scoring and then by 48 teachers with a set of scoring 
rules. The result was a reduction of about one-half in 
the variability of the scores.® 

Validity. If an examination is valid, it measures what 
it purports to measure. A valid examination is one 
which actually tells whether the pupil has the knowl¬ 
edge, skills, and attitudes which the course aims to de¬ 
velop. It must be evident, then, that the items which 
appear in the examination must be important items of 
the course. The inclusion of irrelevant matter or the 
failure to touch upon the outstanding facts, skills, and 
principles which have made up the course will tend to 
reduce the validity of the examination. 

The validity of an examination is best determined by 
statistical methods, particularly by correlating the re¬ 
sulting scores with some acceptable criterion or stand¬ 
ard of judgment, or by finding the per cents of pupils 
who were able to answer each of the items correctly at 
the various age levels. Such methods require more time 
than the teacher usually can give to the preparation of 
examinations. They also require a knowledge of sta¬ 
tistical techniques with which the teacher may not be 
acquainted. Ordinarily, one must estimate the validity 
of an examination by checking it against the opinions 

* Kelly, Frederick James. Teachers Marks: Their Variability and 
Standardization. Nexv York, Teachers College, Columbia University, 
1914, pp. 88-84. 

<• Sported by Ruch, G. M., op. cit,, pp. 102-105. . 
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of experts, especially those who have had a distinct 
influence upon educational practice through their pub¬ 
lished books and articles, courses of study, committee 
reports, etc. 

In many cases, teachers can greatly improve the va¬ 
lidity of their examinations by giving more thought to 
their preparation and by studying the published works 
of experts on aims and accomplishments in the subject. 
For example, a sixth-grade teacher prepared an exami¬ 
nation in multiplication and division with decimals. 
She selected with care the numbers which should be 
included in the examples so as to provide for certain 
decimal variations in multiplicand, multiplier, prod¬ 
uct, dividend, divisor, and quotient. When she had 
finished, she recalled that some of the standardized tests 
in decimals which she had used gave the digits of the 
products and quotients and required the pupil merely 
to insert decimal points and write zeros where neces¬ 
sary. A little reflection convinced her that the test which 
she had prepared was not so much a test in decimals as 
a test in multiplication and division. She then greatly 
improved the validity of her examination by working 
out the products and quotients and giving the pupils a 
limited amount of time to write in needed zeros and to 
insert decimal points. 

To be valid, an examination must cover thoroughly 
the significant details of the subject. If we would meas¬ 
ure a pupil’s ability in multiplication with decimals, 
for instance, we should include in the test all of the 
essential varieties of examples. Because a pupil can solve 
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428.16 

the example. 2.62. for instance, we can not be sure 
7.5 .025 

that he can solve .006, or 40. 

A valid examination not only includes the important 
items of subject matter but it includes them under cir¬ 
cumstances analogous to those under which they will 
normally he used. It is a much better test of a pupil's 
knowledge of plane figures, for example, to let him 
indicate which of a group of figures are triangles, which 
are rectangles, which are circles, etc., than to ask him to 
define triangle, rectangle, circle, etc. The pupil who 
has memorized definitions of proper and improper frac¬ 
tions but who cannot tell which of a number of fractions 
are proper and which are improper knows far less of 
the subject than the pupil who can readily identif}> 
these classes but who is unable to give acceptable defini¬ 
tions. Rarely, indeed, is tin examination which calls for 
memorized definitions a highly valid examination. 

Reliability. If the same pupils are tested twice by the 
same examiner with the same test, the reliability of the 
test is the extent to which the results of the two testings 
agree. The reliability is determined by correlating the 
two sets of scores. The resulting correlation coefficient 
is called the “reliability coefficient.’’ 

Reliability is often measured by correlating the scores 
obtained on two different tests rather than those ob¬ 
tained by giving the same test twice. If we prepare two 
examinations and try to make them equally good meas¬ 
ures of the abilities in question, the reliability of either 
examination may be judged by measuring the extent to 
which the results secured through its use agree with the 
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results secured through the use of the other, that is, by 
finding the amount of correlation between the two sets 
of scores. 

Many teachers do not recognize the distinction be¬ 
tween reliability and validity. It should be noted that 
if a test gives consistent results it is reliable no matter 
whether or not it measures what it is supposed to meas¬ 
ure; but a test is not valid unless it measures what it is 
supposed to measure. An examination may be reliable 
but not valid. But it can not be valid without being 
reliable. 

To increase the reliability of an examination, we may 
first provide that it be objective. Objectivity has been 
discussed in a preceding section. 

Another method of increasing the reliability of an 
examination is to inaease its length. Other things be¬ 
ing equal, the longer a test, the greater its reliability. 
The results on two addition tests, made up of examples 
of the same kind and of equal difficulty, will agree more 
closely if each test contain ten examples than if each 
test contain only five examples. A short test will be 
much more reliable for a class than for an individual in 
the class. That is, if one wished to compare two fifth- 
grade classes in their ability to add fractions, a short test 
would yield a reliable comparison but if one wished to 
compare two pupils in a class, a much longer test would 
be necessary. This is because the individual scores are 
combined to make a class score and chance errors tend 
to balance each other. The effect is the same as the 
effect of increasing the length of the test for an indi¬ 
vidual. 

To increase the reliability of the marks which we give 
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pupils we may either increase the length of the test or 
give several tests and combine the results. A combina¬ 
tion of these two methods probably should be used. 

An examination can often be made more reliable by 
using fine rather than coarse units of measurement. If 
an examination contain five items or questions, weighted 
equally, an error or misunderstanding in any one of 
them may affect the score to the extent of 20 per cent. 
But if the same material be incorporated in ten items, 
the same error or misunderstanding may not affect the 
score by more than 10 per cent. The necessity of giving 
partial credits on answers involves personal judgment 
and thereby decreases both the objectivity and the re¬ 
liability of the examination. 

Consider the following problem as a part of an ex¬ 
amination. 

Two girls made three gallons of lemonade which they 
sold at five cents a glass, two glasses to a pint. They used 
20 lemons at 45 cents a dozen, three pounds of sugar at 
seven cents a pound and 10 cents worth of ice. How much 
profit did each girl receive? 

The problem calls for one bit of information for an 
answer, namely, each girl's share of the gain. A single 
computational error, or the lack of a bit of information, 
such as the number of pints in a gallon, will be as seri¬ 
ous, so far as the pupil’s mark is concerned, as the utter 
inability to think out the steps in the solution of the 
problem, unless we undertake to give partial credits. 
We can obtain a more reliable measure of the abilities 
of the individual members of the class if we ask several 
questions, such as. What did the lemons cost? How many 
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glasses of lemonade were sold? How much money was 
received? etc. 

We can further increase the reliability of a test if we 
can remove or avoid certain variable conditions found 
among the pupils. It is best not to examine a pupil if 
he is sufiEering from a severe toothache, if the sun is 
shining directly on the paper on his desk, if he has been 
out quite late the night before, if his parents have 
quarreled at the breakfast table, etc. Some of these 
variable factors are beyond the knowledge or control of 
the teacher; others may be regulated. 

Ease of giving and scoring. Much more labor is re¬ 
quired for the preparation of the new-type examinations 
described in later pages than for the preparation of 
essay examinations, but time and energy are saved in 
scoring papers. The author has scored 40 "true-false” 
test papers, each containing 50 items, converted the 
scores into per cents, alphabetized the papers, and copied 
the marks in a class record book in one hour. The labor, 
after the scoring-key has been prepared, is quite routine 
in character and can be performed by a clerk. 

The better examinations are easily given and easily 
scored. The hours which teachers spend in reading the 
tedious papers of pupils who have taken essay examina¬ 
tions often could be used in more profitable ways. Such 
labor consumes the teacher's energy, uses the time which 
might be spent in making constructive plans, and may 
do the pupil little good because the resulting scores 
may be unreliable and, therefore, invalid. 

New-type examinations. There are four common 
kinds of new-type tests or examinations. 
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1. Alternate response tests. 

2. Multiple response tests. 

3. Matching tests. 

4. Completion exercises. 

Some of these occur in varied forms and are some¬ 
times given special names. The chapter tests in this 
book include three of these four kinds of tests. 

Alternate response tests. The commonest of the al¬ 
ternate response tests is the true-false test. This type of 
test consists of a series of statements, some (usually 
about one-half) true and some false. A true-false test 
may be mimeographed with the words, ‘‘True’’ and 
"False," after each statement. The pupil then under¬ 
lines the word “True" when he believes an item to be 
true and the word "False" when he believes an item to 
be false. A common practice, also, is to omit the words, 
"True" and “False," and to instruct the pupils to place 
plus signs (-}-) before true statements and minus signs 
(—) or O’s before false statements. The words, "Yes" 
and "No," are sometimes used instead of “True" and 
"False.” 

In constructing true-false and similar tests, the teacher 
should go over the work carefully and prepare a list of 
statements covering the work in considerable detail. 
There should be no systematic order in arranging the 
true and the false statements but there should be ap¬ 
proximately the same number of each when the ex¬ 
amination is completed. The truth or falsity of the 
statements should not be obvious to one unacquainted 
with the subject if they are to be valid for testing pur¬ 
poses. Such statements as, “The divisor is one of the 
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numbers used in dividing,” or, "There are just 50 feet 
in a mile," are of little or no value. 

In writing the statements, great care should be ex¬ 
ercised to see that the language used is language which 
the pupils can understand and that tlie statements are 
not ambiguous. One of the commonest faults of true- 
false tests, especially those which are the work of be¬ 
ginners, is this matter of ambiguity. It is sometimes 
found that the pupils read into the statements mean¬ 
ings quite different from those which the teacher had in 
mind. After a list of statements has been prepared it is 
well to have it criticized by other teachers before it is 
used. 

If it is not possible to have the statements duplicated 
so that each pupil may have a copy, they can be written 
on the blackboard, or they can be written by the pupils 
from dictation, or the pupils can simply write the words, 
"Yes” or "No,” in numbered blanks as the statements 
are read. Writing the statements is time-consuming and 
the latter plan is open to the objection that the pupils 
do not have sufficient opportunity to reflect on the more 
difficult items. For the most satisfactory results, the 
statements should be duplicated. 

One of the duplicated copies may be marked by the 
teacher and used as a scoring key. The scoring of the 
papers is very rapid and easy for the scorer does not 
have to read the statements but simply compares the 
pupils’ papers with the key. Since there are only two 
possible responses for each statement, a pupil can be 
expected in the long run to get about one-half of his 
guesses right and one-half of them wrong. The score, 
then, is usually the number right minus the number 
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wrong, although some contend that a more reliable 
measure is obtained by using the number right as the 
score. Of course, the right-minus-wrong method yields 
lower scores and the results must be interpreted ac¬ 
cordingly. 

The following true-false statements will illustrate this 


type of examination. The statements pertain to the 
mensuration of simple plane figures. 

1. The sides of a square are equal.True False 

2. All rectangles have square comers.True False 

3. All rectangles are squares.True False 

4. All squares are rectangles.Tme False 

5. To find the area of a triangle, we multi¬ 

ply the base by the altitude.True False 

6. A triangle has four sides.Tme False 

7. The area of a rectangle is found by 

using the formula, A«—iw.Tme False 


8. The diagonal of a square divides the 

square into two triangles.Tme False 

These eight statements do not make a comprehensive 
examination of the elements of mensuration; they 
merely illustrate how such examinations may be pre¬ 
pared. 

Multiple response tests. In the multiple response test, 
as the name indicates, the pupil makes a choice from the 
three or more answers which are given. In one form of 
tlris test, the word or number which correctly completes 
a sentence is selected from several words or numbers, 
usually three, four, or five. In another form, a sentence 
is completed by choosing one of a number of phrases or 
clauses which are given. The latter is sometimes called 
the “best answer” type. 
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The following are examples of the first form; 

1. The number of feet in a mile is 1728 5280 2500 144. 

2. 1% is equal to 1% 3% 8. 

3. 17% is equal to 17 .17 1700 1.7. 

4. The number of square feet in a rectangle 6 feet long 
and 4 feet wide is 10 20 12 24. 

In each of these four items three incorrect responses, as 
well as the correct response, are suggested. These in¬ 
correct responses are not just random numbers but are 
usually responses which might reasonably be given by 
one whose information on the subject is vagfue and in¬ 
definite. In the fourth item, for example, the first an¬ 
swer suggested is the sum of the two dimensions, the 
second is the perimeter, and the third is twice the 
length. Of course, the correct response may be the first, 
the second, the third, or the fourth response suggested. 
Each of these should be the correct response about 
equally often and, again, there should be no systematic 
order as to which response is correct. 

Examples of the second form are: 

1. To find the area of a rectangle, we (a) multiply the 
length by the width (b) find the distance around it (c) add 
the two dimensions together. 

2. To change common fractions to decimals, we (a) re¬ 
duce them to lowest terms (b) find the least common de¬ 
nominator (c) divide the numerators by the denominators. 

3. The margin on a sale is (a) the selling price plus the 
cost (b) the selling price minus the cost (c) the selling 
price times the cost. 

Neither form of the multiple response test is as well 
adapted to arithmetic as to other elementary school sub* 
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jects. However, its use as a variety form adds interest to 
the examination and gives the pupil valuable experi' 
ence in rejecting incorrect statements and selecting 
those which are correct. When it is used, duplicated 
copies should be supplied to the pupils. When the test 
is scored, the pupil usually is given credit for the num¬ 
ber of items which he has correct. In the first form, the 
pupil draws a line under the response which he selects; 
in the second, he writes in front of the test item the 
letter indicating his selection. 

Matching testa. In a matching test, two series of items 
are given and die pupil is to decide which item of the 
second aeries is best associated with each item of the 
first series. It is convenient to number the items of the 
first series and to letter the items of the second series. 
All that the pupil has to do, then, is to write before or 
after each item of the first series the letter of the cor¬ 
responding item of the second series. The pupil’s score 
is the number of correct choices. It is well to have more 
items in the second series than in the first so that the 
pupil who knows nearly all of the items will be less 
likely to guess correctly the few items which he does not 
know. The following test in denominate numbers will 
illustrate this type of examination. 

Care must be taken in constructing a matching test 
lest an item in the second list match equally well two 
items in the first list. For example, since we have ‘‘Two 
pecks” in the first list, we can not have "A half-bushel" 
for any item which matches one of these will also match 
the other. 

The matching test can also be used for (a) plane 
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First List Answers Second List 


1. One bushel 
'2. Two days 

— (0) Three quarts 

, 1.600 saiia.vi> THrls 

3. A Vialf-jrallfin 

_ lc\ 24 

4. Thi-pe weelcs 

_ (d) Ten cents 

ii. A quart 

_ (e) One week 

fi. Onp yard 

_ (/) Two bushels 

7 A milp 

_ (g\ 18 inches 

R Tpn arrps 

_ (h) 30 days 

Q Two pppifs 

_ (i) 365 days 

in. Sivty sppnnda 

_ (j) 16% feet 

11. A half-yard 

_ (k) Nine square feet 

13 TTA/n dnrpn 

_ (1) 48 hours 

13. Thirty TniTiiitpa 

_ (m) Two pints 

14 Onp ypar 

_ (n) 31 days 

1.S Fniir fppt 

_ (0) 320 rods 

Ifi. Onp aqiiarp yard 

_ (p) Four pints 

17 Hnp dimp 

_ ( 0 ) One minute 

ia. TiwpIvp Tnnnths 

_ (r) Four pecks 

10. Mnvpmhpr 

_ (s) One year 

20. ripremher 

__ h) Three feet 

(u) 144 square inches 

(v) 48 inches 

(w) A half-hour 
(*) 21 days 

(y) 16 quarts 

(z) 866 days 


figures (drawings with their dimensions given) and 
their areas; (b) types o£ plane figures and formulas for 
finding their areas; (c) definitions and illustrative 
cases; (d) common fractioiis and their decimal equiva¬ 
lents; (e) per cents and their common fraction equiva¬ 
lents (particularly aliquot parts); etc. However, there 
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are many phases of arithmetic to which the matrhmg 
test is not well adapted. 

Completion exercises. In a completion test exercise, 
sentences are given with blank spaces in which the 
pupil is to supply missing words. Such exercises are not 
easy to prepare for deciding which words should be 
omitted requires good judgment. The best plan seems 
to be to prepare a number of statements covering the 
important items or points of the subject and then to 
erase certain significant words. The words to be sup¬ 
plied must be significant words and the sentences should 
not be written so as to suggest what the correct words 
are. The omitted words should be such that only one 
answer can be counted correct in each case. The sen¬ 
tence, "There are_in a bushel,” would not 

do at all for the blanks are correctly filled by “four 
pecks," or "32 quarts," or “64 pints." 

The following completion test exercise will illustrate 
the use of this type of examination as it may be applied 
to certain phases of work with fractions. 

1. We reduce a fraction to lower terms by. 

both the numerator and the denominator by the same num¬ 
ber. 

2. When the divisor is . than one, the 

quotient is larger than the . 


3. To change an.fraction to a mixed 

number,.the numerator by the. 


4. When the divisor is more than one, the 

is smaller than the. 

5. In a proper fraction, the. 

than the... 


is smaller 
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Scores on completion tests correlate highly witli scores 
on intelligence tests. A pupil's success on such a test, 
then, may be due as much to his general native ability 
as to his knowledge o£ the subject matter which the 
test is designed to cover. Sometimes, the items of a 
completion test are so difBcult that the pupil is unable to 
see what words belong in the blank spaces even though 
he may know the facts which the statements demand. 
Completion tests must be prepared with great care and 
must be used discreedy. 

The use of new-type teats in arithmetic. The sam¬ 
ples of tests which have been given indicate the kind 
of efforts which are being made to remove the defects 
of old-style examinations. The new-type examinations 
are far more objective than the examinations of the 
older kind, they usually have greater validity and re¬ 
liability, and they are easier to give and to score. How¬ 
ever, new-type examinations have their faults. They 
possess to a lesser degree many of the same defects which 
have been noted in examinations of the older kind. 
Furthermore, there is a danger that they may be con¬ 
structed so as to emphasize specific facts which may 
have been memorized rather than principles which 
the pupil should understand. Teachers should work 
hard on the preparation of new-type tests and should 
use them for the distinct advantages which they possess. 

However, it is not to be expected that the old-style 
examination question will be entirely displaced. It will 
be retained but it will be improved so as to eliminate 
some of its defects and reduce others. There is a value 
in the experience which children get from discussing, 
describing, and stating. The old-style examination prob- 
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ably is more valuable for the training it gives children 
in written expression than as a measuring device. In 
arithmetic, however, there is little to be discussed, de¬ 
scribed, or stated. The new-type examinations can be 
used to find out how well the children know the signifi¬ 
cant facts and, to a degree, to find out how well they 
understand the fundamental principles and how ex¬ 
tensively they have mastered the techniques. But there 
is no complete substitute in an arithmetic examination 
for the actual solving of problems and examples. 

In choosing and arranging examples and problems 
for examination purposes, care should be taken to rep¬ 
resent the various specific skills which it has been the 
object of the course to develop. In a fourth grade test 
in the addition of integers, for instance, each of the 
various types of addition skills which were discussed in 
Chapter 2 should be included. Such a test not only 
yields a fairly accurate general measure of the pupil’s 
ability in addition but becomes a valuable diapiostic 
device as well, showing, for each pupil, the specific ele¬ 
ments which are in need of further practice. Detailed 
suggestions as to tlie composition of the topics m the 
arithmetic of the intermediate grades have been given 
in the preceding chapters. 

Standardized tests. A standardized test is one tor 
which standard scores for the various grades or ages are 
available. Standard scores are obtained by givmg a 
test to many pupils representing a wide variety of edu¬ 
cational and other conditions—urban and rural, Eas 
and West, North and South, native-born and foreign 
born, etc. The standard for a given grade ^ “ 

usually the average of the scores of all the children of 
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that grade or age who have taken the test. A standardized 
test may be made up o£ a number of items of equal 
difficulty—as examples in addition—in which case the 
standard is the number of such examples solved by the 
average child of a given age or grade in a designated 
period of time. Or, the test may be composed of items 
of gradually increasing difficulty, in which case the 
standard may be the difficulty level which the average 
pupil is able to reach. Standardized tests are prepared 
with greater care than are most tests and are frequently 
criticized by a number of competent judges before they 
are given to pupils. If the test is made up of items of 
gradually increasing difficulty, the difficulty of these items 
is first determined by giving them to pupils and finding 
the per cent of pupils able to do each item correctly. 
The items finally selected for the test are then arranged 
in order of increasing difficulty. Such a test is frequently 
called a scale. 

Other standardized tests in arithmetic are mixtures of 
the two types described in the preceding paragraph. 
Some tests include several sections representing various 
phases of arithmetic. The items of eacli section may be 
arranged in order of increasing difficulty. 

Standardized tests are sometimes classified as general 
survey tests, diagnostic tests, and standardized practice 
exercises. General survey tests, as the name indicates, 
are tests which give a general appraisal of what the pupils 
have learned. Diagnostic tests indicate more specificdly 
the weaknesses of the individual pupils. They point the 
way to a program of remedial instruction. Standardized 
practice exercises are carefully constructed, standardized 
drill materials. 
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AdvMit&S®® standardized tests. 0£ course, a well- 
prepared test is better than a poorly prepared test. Since 
standardized tests are usually prepared by experts and 
are prepared with greater care than are most home¬ 
made tests, they are better measuring instruments. 
Ordinarily, they are objective, are easily given and 
scored, are fairly reliable, and, if they accord with the 
program of instruction in the schools in which they are 
used, are probably valid. 

A standardized test enables a teacher to tell where her 
pupils stand with reference to pupils in the nation who 
belong to the same grade or age group. It is distinctly 
worth while to know whether a class can add fractions 
as well as or better than the average class of the same 
grade. In one small city where the author directed a 
testing program, it was found that the average attain- 
ment of the eighth-grade pupils in addition, subtrac¬ 
tion, multiplication, and division of integers was just 
equal to the fifth-grade standard. This information 
came as a distinct shock to the three eighth-grade teach¬ 
ers concerned. They could hardly believe that ±eir 
pupils were relatively so ineflicient in these processes. 
It was too late to do much for the eighth-grade pupils 
but a program of remedial teaching was at once 
taken in the grades below the eighth, each of which 

was also much below standard. 

Not only does a standardized test tell the teacher 
where her pupils stand but it also enables each pupil 
to see where he stands. He is shown his position in the 
group to which he belongs and also his position with 
relercnce to the standard scores. The author has in mind 
an over-age fourth grade boy who was so far below the 
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grade norms in all of the processes of arithmetic that 
his teacher believed that he would be completely dis¬ 
couraged if he were shown his standing. The effect, how¬ 
ever, was just the opposite. For the first time in his 
school life he began to take his practice work in arith¬ 
metic seriously and to show an interest in more effi nV n t 
methods. He learned to plot a graph showing his prog¬ 
ress from week to week and by the end of the year had 
almost reached the standard for his grade. He made 
more progress than was made by any other pupil in the 
school. 

Standardized tests thus furnish a goal for both the 
teacher and the pupils. Setting a goal for the month, for 
the semester, or for the year supplies a motive for work 
and it is well known that an appealing motive is a 
powerful stimulus for effective work. It is much more 
interesting to work toward some definite goal than just 
to work. There are other ways of supplying motives, to 
be sure, but there are few which act more readily and 
more surely than setting up specific goals to be reached. 

Standardized tests also make possible certain interest¬ 
ing and important comparisons. We can compare the 
pupils in the class, discover the great variability which 
usually exists, and plan instruction which shall be dif¬ 
ferentiated for the various ability levels. We can com¬ 
pare the class with other classes of the same grade in 
the same school system. Interesting group rivalry is 
sometimes fostered thereby. We can compare the classes 
of one grade with the classes of the grades which pre¬ 
cede and follow and ascertain the average amount of 
improvement from grade to g;rade. And, as already indi- 
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cated, we can compare attainments with average attain* 
ments for the nation. 

When used in conjunction with intelligence tests, 
standardized tests make it possible to evaluate a pupil’s 
performance in terms of his ability. If a ten-year-old boy 
has a mental age of ten years (I. Q., 100) he is of aver¬ 
age ability and can be expected to do average work; all 
that he attains beyond what average ten-year-olds attain 
is just that much extra to his credit. But if he has a 
mental age of eight years (I. Q., 80) we cannot expect 
him to do so well as other ten-year-olds. If, on the other 
hand, his mental age is twelve years (I. Q., 120) a ten- 
year standard is below his ability level and we are 
justified in expecting him to make greater progress. 
Evaluating the performances of pupils in terms of their 
native ability throws new light on problems of instruc¬ 
tion, problems of classification, problems of promotion, 
and, sometimes, problems of discipline. It is usually 
found that the dullest children are the most accelerated, 
when progress is measured in terms of mental age. 

Disadvantages of standardized tests. There has been 
a tendency for some teachers to look upon standardized 
tests as educational panaceas which not only would 
eliminate the faults that other tests were known to 
possess but also would be free of faults themselves. How¬ 
ever, students of tests and testing have witnessed many 
educational crimes which were committed through the 
misuse of tests and test results. In other words, stand¬ 
ardized tests may have their disadvantages as well as 
their advantages. 

In the first place, the tests themselves may be fa^ty. 
They are usually objective but they may be unreliable 
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and, hence, invalid. Before purchasing standardized 
tests, teachers should insist upon seeing the statistical 
evidence which has been collected as to the validity and 
the reliability of the tests. 

Secondly, the use of standardized tests sometimes has 
too great an influence upon schoolroom practices. If 
teachers know that their pupils are to be tested and if 
they have some information as to the nature of the 
tests which are to be used, they may teach so as merely 
to prepare their pupils for the tests. If the tests measured 
all of the desirable educational outcomes, getting ready 
for tests would not be a bad method of teaching; but it 
is readily admitted that some desirable educational out¬ 
comes are not measured by the standardized tests which 
are used. Furthermore, the use of standardized tests 
sometimes has the effect of perpetuating the status quo. 
It is useless to undertake to rid the course of unreal 
problems, for instance, if the standardized tests which 
are used contain such problems. 

In Chapter One, it was suggested that the use of stand¬ 
ardized tests sometimes had the effect of encouraging the 
use of methods which are based upon the drill theory 
of instruction. It is easily possible for a testing program, 
standardized or otherwise, to cause teachers to think too 
much of those outcomes of arithmetic teaching which are 
easily measured. Good tests are a most valuable aid in 
teaching arithmetic; but poor tests, or good tests poorly 
used, may easily do more harm than good by focusing at¬ 
tention on routine skills to the exclusion of more worth¬ 
while objectives. In testing, as elsewhere, the meaning 
theory should predominate. Tests should measure the 
pupil’s understanding of basic ideas and his grasp of 
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Fundamental principles as well as his skill in the proc¬ 
esses. There is an increasing tendency to do this in the 
newer and better standardized tests. 

Again, teachers are sometimes wrongly judged by the 
performances of their pupils on tests. There are many 
factors which contribute to the success of teachers and 
not nearly all of these are measured by standardized 
tests. A teacher may very properly use standardized tests 
as one means of evaluating the results of her efforts but 
the sometimes hasty judgments which supervisors base 
upon test results may easily be wrong. The practice of 
basing promotions and salary increases of teachers upon 
the scores which pupils make on standardized tests may 
drive teachers to the use of methods which are founded 
on the drill theory and to a very narrow interpretation 
of the aims of education. 

Finally, tests often are misused in that the results are 
not carefully analyzed and made the basis for improve¬ 
ment of instruction. Many dollars and many hours of 
time have been expended on tests which were merely 
filed away in an office somewhere and which failed al¬ 
most entirely to affect teaching practices. 

An intelligent and fairminded use of tests will avoid 
most of the disadvantages which have been enumerated. 
Hence, standardized tests should be used for the benefits 
which have been described. It is a good plan to use them 
at least three times in the school year: first, soon after 
the beginning of the year; again, near the middle of 
the year; and finally, near the end of the year. 

Standardized tests in arithmetic. Standardized tests 
in arithmetic and other elementary school subjects be¬ 
gan to appear in the years, 1909 to 1915. Since the latter 
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date, a great many arithmetic tests have been published. 
Generally speaking, the more recently published tests 
are better than the older tests, although there are ex¬ 
ceptions. 

Before purchasing tests, teachers should examine the 
statistics as to validity and reliability, as has already been 
suggested, and also should find out the grades for which 
the tests are designed, whether they are general survey 
or diagnostic, whether they have been standardized, 
and the prices. 

More arithmetic tests are published by the Public 
School Publishing Company at Bloomington. Illinois, 
than by any other concern. Tests are published also by 
The World Book Company, Yonkers-on-Hudson, New 
York; by The Educational Test Bureau, Minneapolis, 
Minnesota; by the Bureau of Publications, Teachers 
College, Columbia University, New York City; by the 
Southern California School Book Depository, Ltd., Hoi* 
lywood, California; by Houghton Mifflin Company, 
Boston, Massachusetts; by Scott, Foresman and Com¬ 
pany, Chicago, Illinois; by the Bureau of Educational 
Measurements and Standards, Kansas State Teachers 
College, Emporia, Kansas; and by others. ' 

Locally constructed tests are used for state-wide test¬ 
ing programs in several states, such as Iowa, Kansas, and 
Ohio. These tests are usually prepared by well qualified 
persons and, after use, are standardized for the states in 
which they are used. Usually, such state tests may be 
obtained by interested persons and at a very reasonable 
price. 

Testing is an important phase of teaching. Undoubt¬ 
edly, examinations have been poorly constructed and 
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administered and the results have been interpreted un¬ 
wisely. However, it has been shown that the defects of 
examinations can be eliminated or considerably re- 
duced.Taking an examination should be a beneficial 
experience to a pupil. It should be a valuable review, 
helping him to organize the facts which he has learned 
and to retain them. Rather than abolish the examina¬ 
tion, then, we should keep it and improve it. Its ju¬ 
dicious use should mean better teaching and better 
learning. 

QUESTIONS AND REVIEW EXERCISES 

1. What are the more common defects in old-style exami¬ 
nations? Can these defects be eliminated or materially re¬ 
duced? 

2. Should an examination on a unit of work cover all of 
the important points in the unit? If the examination covers 
only one-fourth of the important points in the unit, is it 
possible that a pupil who knows three-fourths of the points 
in the unit may score zero on the test? Is it possible that a 
pupil who knows only one-fourth of the points may make a 
perfect score on the test? Is either of these probable? 

3. Should final examinations be prepared by the teachers 
or by supervisors, principals, or others? Summarize the ad¬ 
vantages and the disadvantages of each plan. 

4. Under what circumstances is rate of work an important 
dimension of a pupil’s ability? 

5. Should those who stand high in a subject be excused 
from final examinations? What are the advantages and the 
disadvantages of such a plan? 

6. What benefits is it reasonable to expect from the use 
of well prepared and properly administered examinations? 

7. What is the difference between relative ability and ab¬ 
solute ability? 
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8. Which do you think should require the more time and 
energy from the teacher, the preparation of an examination 
or the preparation for an ordinary class period? 

9. The examination sometimes is referred to as the ex¬ 
amination lesson. May an examination he a lesson? 

10. Give suggestions for preventing cheating on examina¬ 
tions. What would you do about cheating if you detected it? 

11. What is meant by objectivity in examinations? How 
may an examination be made objective? 

12. Does it pay to bluff on an old-style examination? On 
a new-style examination? 

13. How would you reduce the subjectivity of an essay 
examination? 

14. When is an examination valid? Is it correct to say that 
the value of an examination varies directly with its validity? 

15. How can a teacher increase the validity of an ex¬ 
amination? How is the validity of an examination meas^ 
ured? 

16. When is an examination reliable? Can an examina¬ 
tion be reliable but not valid? Can it be valid but not re¬ 
liable? 

17. How is the reliability of an examination determined? 
How can reliability be increased? 

18. Which is easier to prepare, an old-type examination 
or a new-type examination? Which is easier to administer? 
Which is easier to score? Which is easier for pupils to take? 

19. Which would you prefer, to spend one hour prepar¬ 
ing an examination and three hours scoring the papers or 
to spend three hours preparing an examination and one 
hour scoring the papers? 

20. What are the chief kinds of new-type examinations? 

21. Summarize the directions for preparing alternate re¬ 
sponse tests. How should they be scored? 

22. What are the more common faults of true-false tests? 
How can these faults be eliminated? 
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23. What is a multiple response test? How many answers 
should be supplied in such a test? How should these an¬ 
swers be chosen? 

24. Why is it customary to use the right-minus-wrong 
method in scoring true-false tests but to give credit for the 
number right in scoring a multiple response test? 

25. Give directions for preparing a matching test. Why 
should the number of items in the two columns not be 
equal? 

26. Give directions for preparing completion tests. Why 
is it harder to prepare completion tests than other new-type 
tests? Do pupils find completion tests harder than other 
new-type tests? 

27. Is it reasonable to expect all arithmetic tests to be 
new-type tests? Why? 

28. What is a standardized test? Why do you think arith¬ 
metic was one of the first sdiool subjects for which stand¬ 
ardized tests were developed? 

29. How is the standard on a standardized test deter¬ 
mined? What is a norm? 

30. What can you say as to the progress of a class if one- 
half of the pupils are above the standard and one-half are 
below it? 

31. What is the difference between a test and a scale? 

32. Are standardized tests usually better than home made 
tests? Why? 

33. What is the difference between a general survey test 
and a diagnostic test? Under what conditions should each 
be used? 

34. What advantages may the teacher expect to gain from 
the use of standardized tests? 

35. What is meant by mental age? Chronological age? 
I. Q.? Of what use are intelligence tests in evaluating the 
performances of pupils on achievement , tests? 
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36. Should the work of a teacher be judged entirely in 
terms of the performance of her pupils on standardized 
tests? Why? 

37. Summarize the disadvantages which may arise from 
the use of standardized tests in arithmetic. 

38. Can a test be reliable without being objective? 

CHAPTER TEST 

Determine whether each statement is true or false. A scor¬ 
ing key will be found on page 534. 

1. By absolute ability is meant the amount of ability of 
an individual above zero ability. 

2. By relative ability is meant the ability of a pupil with 
reference to other members of the class. 

3. Examinations should supply a motive for better work. 

4. Preparation for an examination should require less 
time of the teacher than preparation for the average of 
other lessons. 

5. If two persons grade a perfectly objective examination 
paper, they will obtain the same score. 

6. The scoring of objective examinations requires good 
judgment on the part of the scorer. 

7. Objective examination questions sometimes begin with 
the word '‘Describe." 

8. Bluffing pays on a subjective examination more than 
on an objective examination. 

9. In the long run, it makes no difference whether a pupil 
guesses on items he does not know on a true-false test or 
omits them. 

10. The essay type of examination is usually objective. 

11. Variability in scoring subjective examinations can be 
considerably reduced by the use of a set of scoring rules. 

12. Validity and reliability are synonymous terms. 

13. Validity in an examination is more important than 
objectivity. 



530 . USE OF TESTS AND EXAMINATIONS 


14. If an examination is valid, it must also be reliable. 

15. If an examination is reliable, it must also be valid. 

16. If an examination is reliable, it must measure what 
it is supposed to measure. 

17. The reliability of a test is measured by correlating the 
scores with some acceptable criterion. 

18. An objective examination usually is more reliable 
than is a subjective examination. 

19. Other things being equal, the longer a test the greater 
its reliability. 

20. Essay examinations usually require more time for 
preparation than do new-type examinations. 

21. Essay examinations usually require more time for 
scoring the papers tlian do new-type examinations. 

22. A true-false test is an alternate response test. 

23. In a true-false test, the true statements and the false 
statements should be arranged in a systematic order. 

24. Some alternate response test items should be am¬ 
biguous. 

25. On an alternate response test, the score is usually the 
number right. 

26. On a multiple response test, the score is usually the 
number right. 

27. Multiple response tests are as well adapted to arith¬ 
metic as to other elementary school subjects. 

28. In a matching test, the number of items in the second 
series should be equal to the number of items in the first 
series. 

29. Scores on completion tests usually correlate highly 
with scores on intelligence tests. 

30. It is a reasonable expectation that the old-style ex¬ 
amination question will be entirely displaced. 

31. A pupil who just reaches the standard on a stand¬ 
ardized test is better tlian the average. 
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32. Standardized tests are prepared with greater care ±an 
are most tests. 

33. In a scale, the items are all of equal difficulty. 

34. A diagnostic test is designed to give a general ovei> 
view of what has been learned. 

35. The I, Q. is the ratio of the mental age to the chrono¬ 
logical age. 

36. The use of standardized tests sometimes tends to re¬ 
tard educational progress. 

37. Standardized tests should be used at least three times 
in the school year. 

38. Standardized tests always should be administered to 
pupils by supervisors, principals, or superintendents. 

39. Those pupils having the highest grades should be ex¬ 
cused from final examinations. 

40. The judicious use of examinations should mean bet 
ter teaching and better learning. 
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ANSWERS FOR CEDVPTER TESTS 

Chapter 1. 1. False. 2. True. 3. True. 4. False. 5. True. 

6. False. 7. True. 8. True. 9. True. 10. False. 11. True 

12. True. 13. False. 14. False. IS. True. 16. False. 17. False 

18. False. 19. True. 20. False. 21. True. 22. True. 23. False 

24. False. 2S. False. 26. False. 27. True. 28. False. 29. True 

30. True. 

Chapter 2. 1. (1). 2. (2). 3. (2). 4. (1). 5. (3). 6. (1) 

7. (3). 8. (3). 9. (3). 10. (1). 11. (3). 12. (2). 13. (2) 

14. (3). 15. (1). 16. (3). 17. (2). 18. (1). 19. (3). 20. (2) 

21. (3). 22. (1).23. (1).24. (3). 25. (3). 26. (1). 27. (1) 

28. (2). 29. (2). 30. (1). 31. (3). 32. (2). 33. (2). 34. (1) 

35. (1). 36. (3). 37. (2) - 38. (1). 39. (1). 40. (3). 

Chapter 3. 1. True. 2. True. 3. False. 4. False. 5. True 

6. True. 7. True. 8. False. 9. False. 10. False. 11. True 

12. True. 13. False. 14. True. IS. True. 16. True. 17. True 

18. False. 19. False. 20. False. 21. True. 22. Fake. 23. Fake 

24. False. 2S. True. 26. False. 27. True. 28. Fake. 29, True 

30. False. 31. False. 32. False. 33. False. 34. True. 35. Fake 

36. False. 37. False. 38. False. 39. True. 40. True. 

Chapter 4. 1. (3). 2. (3). 3. (1). 4. (3). 5. (1). 6. (2) 

7. (2). 8. (3). 9. (1). 10. (2). 11. (1). 12. (2). 13. (2) 
14. (3). 15. (1). 16. (1). 17. (3). 18. (2). 19. (2). 20. (1) 
21. (1) . 22. (3). 23. (8). 24. (2). 25. (2). 

Chapter 5. 1. (2). 2. (3). 3. (2). 4. (3). 5. (1). 6. (1) 
7. (2). 8. (1). 9. (3). 10. (1). 11. (3). 12. (2). 13. (2) 
14. (1) . 15. (3). 16. (1). 17. (3). 18. (3). 19. (2). 20. (1) 
21. (2). 

Chapter 6. 1. True. 2. True. 3. False. 4. True. 5. Fake 
6. False. 7. Fake. 8. False. 9. Fake. 10, False. 11. True 
12. True. 13. True, 14. True. 15. True. 16, True, 17. True 

18. False. 19. Fake. 20. True. 21. False. 22. True. 23. False 

24. False. 25. True. 26. True. 27. Fake. 28. True. 29. True. 
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30. False. 31. True. 32. True. 33. False. 34. True. 35. False. 

Chapter 7. 1. (2). 2. (3). 3. (1). 4. (1). 5. (3). 6. (?). 

7. (3). 8. (3). 9. (1). 10. (2). 11. (2). 12. (1). 13. (3). 
14. (1). IS. (2). 16. (2). 17. False. 18. True. 19. True. 

20. True. 21. True. 22. True. 23. False. 24. False. 25. True. 

26. True. 27. False. 28. True. 29. False. 30, False. 31. False. 

32. False. 

Chapter 8. 1. (2). 2. (3). 3. (2). 4. (2). S. (1). 6. (3). 
7. (3). 8. (1). 9. (3). 10. (2). 11. (1). 12. (1). 13. (3). 
14. (2). 15. (1). 16. (3). 17. (1). 18. (1). 19. (2). 20. (3). 

21. (2). 22. (3). 23. (2). 24. (1). 

Chapter 9. 1. True. 2. True. 3. False. 4. True. 5. True. 
6. False. 7. False. 8. False. 9. True. 10. False. 11. True. 
12, False. 13. False. 14. False. IS. True. 16. True. 17. False. 
18. (h). 19. (d). 20. (1). 21. (a). 22. (b). 23. (n). 24. (j). 

25. (c). 26. (o). 27. (e). 28. (g). 29. (q). 30. (k). 

Chapter 10. 1. False. 2. False. 3, False. 4. True. 5. True. 

6. False. 7. False. 8. True. 9. True. 10, False. 11. False. 
12. True. 13. True. 14. True. 15, False. 16, True. 17. (f). 
18. (d). 19. (a). 20. (g). 21. (b). 22. (j). 23. (c). 24. (e). 
25. (k). 26. (o). 

Chapter 11. 1. (2). 2. (2). 3. (2). 4. (1). 5. (1). 6. (3). 

7. (1). 8. (1). 9. (1). 10. (2). 11. (2). 12. (3). 13. (1). 
14. (3). IS. (3). 16. (3). 17. (3). 18. (1). 19. (3). 20. (1). 

Chapter 12. 1. True. 2. True. 3. True. 4. False. S. True. 
6. False. 7. False. 8. True. 9. True. 10. False. 11. True. 
12. False. 13. True. 14. True. IS. False. 16. False. 17. False. 

18. True. 19. True. 20. False. 21. True. 22. True. 23. False.- 

24. False. 25. False. 26. True. 27. False. 28. False. 29. True. 

30. False. 31. False. 32. True. 33. False. 34. False. 35. True. 

36. True. 37. True. 38, False. 39. False. 40. True. 
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Courtis Standard Practice Tests, 2 

Dalrymple, Charles O., 218 
Decimal fractions, 317-365; ap¬ 
proach to, 317-322; reading and 
writing, 322-326; function of 
zeros In, 326-327; changing com¬ 
mon fractions to, 327 - 833 ; pu¬ 
pils’ errors in, 833-334; addition 
and subtraction of, 334-336; 
multiplication with, 836-343; 
division with, 343-357; circulat¬ 
ing. 345-346; devices for locating 
point in, 356-357; tests in, 357- 
358 

Decomposition, method of, 75 
Definitions, 191-193 
Denominate numbers, 411-S:Si, 
development of weights and 
measures, 411-415; when taught, 
415-416; in primary grades, 416- 
418; in intermediate grades, 41B- 
420' unreal problems and ex¬ 
ercises in, 420-421; operauons 
with, 422-424; learn through 

Discount, 393-395 
Dlstad, H. W« 364 
Division, teaching of. 170. a 
dlffiailt operaJon. 127d28, m 

primary grades, I*”*® 

before short, 129-130; by oni^ 
digit divisors, 180-137; outline 
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o£ difficulty steps in, 130-131, 
141; tesu in, 132: carrying in. 
132-137: zeros in, 135-137, 139- 
140; divisors dassified, 138; 
dividends dassified, 138-139; 
remainders in, 140; divisors 
ending in zero, 142-143; divisors 
filing in 1 or 2, 143-146; di¬ 
visors ending in 9 or 8, 146-150; 
divisors ending in 3, 4, 5, 6, or 
7, 150-155; by three-digit divi¬ 
sors, 156-168; short, 158-165; 
checking results in, 165-166; in 
problems, 166; with tractions, 
291-309; with dedmals, 343-357 
Drill theory, 4-8 
Duodecimal numbers, 62 
Durell, Fletcher, 468 

Edwards, Arthur, 409 
Elwell, Mary, 315 
Engelhart, Max D., 477, 490 
Equal additions, method o£, 75-76 
Examinations, see tests and ex¬ 
aminations 


sequence of topics in, 258-259; 
multiplication with, 267-291; 
chan^ng mixed numbers to, 
285-286; cancelation in, 289- 
291: division with, 291-309 
Functions of arithmetic instruc¬ 
tion, 19-32 

Glazier, Harriet E,, 212, 364, 409, 
430, 453 
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Greene, Harry A., 531 
Grossnickle, Foster E., 64, 65, 102, 
147, 161, 172, 176 

Hallock, William, 430 
Hanna, Paul R., 9, 39, 469, 472, 
474, 476, 487, 491 
Harap, Henry, 27-28, 39, 364 
Hatch, Bertha M., 213 
Higher-decade addition, 16, 48-58, 
66-68; in multiplication, 54-57; 
nature of, 56-58 

Higher-decade subtraction, 87- 
94; in short division, 88-91 
Hindu-Arabic numerals, 63 
Hydle, L. L., 461, 463, 491 


Fischer, Louis A., 429 
Foran, T. G., 462, 471, 491 
Fractions, 178-316; in primary 
grades, 178-179; taking inven¬ 
tory of, 179-180; developing 
understanding of, 181-185; in 
division facts, 185-187; in varied 
situations, 187-191; terms and 
definitions in, 191-193; common 
versus uncommon, 198-197; 
comparison of, 197-199: chang¬ 
ing denominator of, 199-207; 
addition with, 214-247; survey 
of attainment in, 215-216; pu¬ 
pils’ errors in, 217-223, 247-252, 
267-270, 292-293; types of ex¬ 
amples in, 223-225, 252. 270- 
272, 293-294: addition of simi¬ 
lar, 225-229: changing to 
integers or mixed numbers, 229- 
231: carrying in, 231-233; addi¬ 
tion of unlike, 233-247: sub¬ 
traction with, 247-259: sub¬ 
traction of similar, 252-255: 
subtraction of unlike, 255-258; 


Incidental-learning theory, 8-12 
Informational function, 2, 3, 23- 
25 

Interest, 399-403 

Jeep, H. A., 147,177 

John, Lenore, 49, 102, 160, 177, 
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Jorgensen, Albert N., 531 
JucW, Charles Hubbard, 28-29. 30, 
31-32,40,490 

Rarpinski, Louis Charles, 21? 
264, 864, 430 

Kelly, Frederick James, 504, 531 
King, L. A., 19 

Klapper, Paul, 103, 212, 264, 315, 
364, 410, 426. 430, 453. 531 
Knight, F. B., 147, 177, 264, 816, 
410 

Kramer, Grace A., 481, 491 

Lazerte, M. E., 464, 492 
Lindquist, Theodore, 453 
Louth, Mary DeSales, 430 
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McClure, Worth, 19 
Mapes, Charlotte £., 964 
Meaning theory, 1?-17, 352, 481 
Measurement, in division, 185'186 
Measures, see Denominate num¬ 
bers 

Mensuration, 432-458; in the in¬ 
termediate grades, 432-433; de¬ 
fining plane figures, 433-485; 
area oE rectangle, 435-440; area 
of triangle, 440-441; practice in 
finding areas, 441-445; finding 
perimeters, 445; drawing to 
scale, 445-447; finding volumes, 
447-449 

Metric measures, 411 
Mitchell, Claude, 477 
Monroe, Walter Scott, 357, 360, 
365 , 465, 477, 492, 499, 532 
Morton, Robert Lee, 6, 9, 12, 14, 
15, 18, 19, 25, 40, 54, 59, 68, 77, 
79, 81. 84, 88. 103, 109, 113, 122, 
129, 137, 160, 161, 177, 185,212, 
265 , 268. 269. 295. 297, 816, 816, 
416, 430, 454, 466, 492, 632 
Multiplication, teaching of, 105- 
127; inventory in, 106-108; com¬ 
binations, 108-112: tests in, 109- 
110, 111, 112-113; without car¬ 
rying, 112-113: with carrying, 
113-115; with two-digit multi¬ 
pliers, 116-123; zeros in, 122- 
124; checks in, 124-126; work 
habits in, 126; in problems, 126- 
127; with fractions, 267-291; 
with decimals, 336-343 
Myers, Garry Clevdand, 270 

National Industrial Gonferencx 
Boarcl, 431 
Neal, Lima A., 19 
Number system, 60-62 

Olander, Herbert T., 161, 177, 
220, 316 

Osborne, Raymond, 469, 470, 471, 
492 

Osbum, W. J., 19, 461, 480, 492 
Otis, Arthur S., 475 , 492 
Overman, J. R-, 19 


Parker, Bertha M., 431 
Partition in division, 185-186- 
Percentage and percents, 366-410; 
a familiar idea, 366-869; four 
processes of, 369; chanmng deci¬ 
mal fractions to, 369-371; chang¬ 
ing to decimal fractions, 371- 
372; changing common fractions 
to, 372-375; changing to com¬ 
mon fractions, 376-377; greater 
than one hundred, 377-378; 
type problems of, 378-390; 
teaching first type of, 379-381; 
teaching second type of, 381- 
386; teaching third type of, 386- 
390; pupils' errors tn, 390-393; 
applications of, 393-403; early 
use of. 403-405 
Perimeter, 445 
Pickell. F. G., 19 
Polkinghome, Ada R., IS, 40,178, 
185, 213 

Prime number, 184 
Problems, In addition, 73; in sub¬ 
traction, 95; in multiplication, 
126-127; in division, 166; solu¬ 
tion of, 454-493; distinguished 
from examples, 454-455; factors 
in, 455-460; causes of difficulty 
in, 460-464; teaching pupils to 
solve, 464-483; method of foirnal 
analysis in solving, 468-470; 
method of analogies in solving, 
470-471; individual method in 
solving, 471-472; mphic method 
in solving, 472-476,- special ex¬ 
ercises in, 477-481; summary of 
suggestions on, 483-485 
Profit and loss, 396-399 
Psychc^ogical function, 3, 29-32 


[Quantitative thinking, 16-17 
Questions and review cxerdses, 
33-36, 95-99, 170-173, 207-209. 
259-261. 309-312, 358-360, 405- 
407, 426427. 449-451, 48g488, 
526-529 


Rectan^e, 434-440 
Remainders, in division, 140 
Roantree, William F., 103, 263. 
816, 365, 410, 431, 453 
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Roth, William E., 27, S8 
Ruch, G. M., 19,316,603,504,532 
Russdl, G. E., 316 

Sanford, Vera, 413,431 
Sangren, Paul V., 532 
Scale drawing, 445-447 
Schaeffer, Grace E., 431 
Selected references, 38-41, 102- 
104, 176-177, 212-213, 264-265. 
315-816, 364-365, 409-410, 429- 
431, 458, 490-492, 531-532 
Sharp, E. Preston, 161,177 
Short division, i58-165 
Shotwell, Anna Markt, 532 
Shuster, C. N., 27, 38 
Smith, David Eugene, 196 
Sociological function, 2, 3, 25-29 
Steel. H. J., 20, 40 
Stevenson, P. R., 467 
Stretch, Lorena B., 13,40,463,490 
Studebaker Economy Practice Ex¬ 
ercises, 2 

Subtraction, teaching of, 73-95: 
methods of, 75-81; combina¬ 
tions, 81; tests in, 81-82, 83, 84; 
with borrowing, 88-84; new 
work in, 84-87; higher-decade, 
87-94; in short division, 88-91; 
checks in, 94-95; in problems, 
95; with fractions, 247-259; 
with decimals, 334-336; of de¬ 
nominate numbers, 423-424 

•fSIlor, E. H., 103, 266, 316. 365, 

Mary S., 103, 265, 316, 
^ f5, 410, 431, 453 
',-TwS and examinations, 494-532; 
'"ftfects in, 494-496; benefits of, 
«6-500; qualities of, 500-509; 
i iiwjectivity in, 500-504; validity 


of, 504-506; reliability of, 506- 
509; ease of giving and scoring, 
609; new-type, 509-518; alter¬ 
nate-response, 510-512: multiple 
response, 512-614; matching, 
614-616; completion, 516-517; 
use of new-type, 517-518; stand¬ 
ardized, 518-525 

Theories of arithmetic instruction, 
3-19 

Thorndike, Edward Lee, 127,169, 
177, 188, 213, 292. 301, 316, 377, 
450, 462, 468, 483, 532 . 

Triangle, 440-446 

Unit fraction, 179 

Vincent, E. Leona, 472, 473, 490 

Wade, Herbert T., 430 
Wanen, Dorothy E., 400, 410 
Washburne, Carleton W„ 469,470, 
471, 492 

Watson, Brantley, 220, 264 
Webb, L. W., 632 
Westaway, F. W., 365 
Wheat, Harry Grove, 68, 64, 65, 
103, 213, 265, 316, 865, 410, 431 
White, Helen M., 464,493 
Wildeman, Edward, 213, 265, 816, 
365 

Wilson, Dorothy, 481 
Wilson, Estaline, 478, 493 
Wilson, Guy Mitchell, 26, 41, 195, 
213, 431, 460 
Wise, Carl T., 213 
Woody, Clifford, 532 

Zero, in addition, 62-66; as a place 
holder, 63-64; in multiplication, 
122-124; in division, 135-137, 
139-140; in divisors, 142-143 
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